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Preface

1. The core of this book is an investigation of linear and nonlinear vector differential
delay equations, extended to coverage of the topic of causal mappings. Explicit
conditions for exponential, absolute and input-to-state stabilities are suggested.
Moreover, solution estimates for these classes of equations are established. They
provide the bounds for regions of attraction of steady states. We are also interested
in the existence of periodic solutions. In addition, the Hill method for ordinary
differential equations with periodic coefficients is developed for these equations.

The main methodology presented in the book is based on a combined usage
of recent norm estimates for matrix-valued functions with the following methods
and results:

a) the generalized Bohl-Perron principle and the integral version of the gener-
alized Bohl-Perron principle;

b) the freezing method,;

c¢) the positivity of fundamental solutions.

A significant part of the book is devoted to a solution of the Aizerman—
Myshkis problem and integrally small perturbations of linear equations.

2. Functional differential equations naturally arise in various applications, such
as control systems, viscoelasticity, mechanics, nuclear reactors, distributed net-
works, heat flow, neural networks, combustion, interaction of species, microbiology,
learning models, epidemiology, physiology, and many others. The theory of func-
tional differential equations has been developed in the works of V. Volterra, A.D.
Myshkis, N.N. Krasovskii, B. Razumikhin, N. Minorsky, R. Bellman, A. Halanay,
J. Hale and other mathematicians.

The problem of stability analysis of various equations continues to attract
the attention of many specialists despite its long history. It is still one of the most
burning problems because of the absence of its complete solution. For many years
the basic method for stability analysis has been the use of Lyapunov function-
als, from which many strong results have been obtained. We do not discuss this
method here because it has been well covered in several excellent books. It should
be noted that finding Lyapunov type functionals for vector equations is often
connected with serious mathematical difficulties, especially in regard to nonau-
tonomous equations. To the contrary, the stability conditions presented in this
book are mainly formulated in terms of the determinants and eigenvalues of aux-
iliary matrices dependent on a parameter. This fact allows us to apply well-known
results of the theory of matrices to stability analysis.

One of the methods considered in the book is the freezing method. That
method was introduced by V.M. Alekseev in 1960 forstability analysis of ordi-
nary differential equations and extended to functional differential equations by
the author.
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We also consider some classes of equations with causal mappings. These
equations include differential, differential-delay, integro-differential and other tra-
ditional equations. The stability theory of nonlinear equations with causal map-
pings is in an early stage of development.

Furthermore, in 1949 M.A. Aizerman conjectured that a single input-single
output system is absolutely stable in the Hurwitz angle. That hypothesis created
great interest among specialists. Counter-examples were set up that demonstrated
it was not, in general, true. Therefore, the following problem arose: to find the class
of systems that satisfy Aizerman’s hypothesis. The author has shown that any
system satisfies the Aizerman hypothesis if its impulse function is non-negative.
A similar result was proved for multivariable systems.

On the other hand, in 1977 A.D. Myshkis pointed out the importance of
consideration of the generalized Aizerman problem for retarded systems. In 2000
it was proved by the author, that a retarded system satisfies the generalized Aiz-
erman hypothesis if its Green function is non-negative.

3. The aim of the book is to provide new tools for specialists in the stability theory
of functional differential equations, control system theory and mechanics.
This is the first book that:

i) gives a systematic exposition of an approach to stability analysis of vector
differential delay equations based on estimates for matrix-valued functions
allowing us to investigate various classes of equations from a unified view-
point;

ii) contains a solution of the Aizerman—Myshkis problem;

iii) develops the Hill method for functional differential equations with periodic
coefficients;
iv) presents an integral version of the generalized Bohl-Perron principle.

It also includes the freezing method for systems with delay and investigates
integrally small perturbations of differential delay equations with matrix coeffi-
cients.

The book is intended not only for specialists in stability theory, but for anyone
interested in various applications who has had at least a first year graduate level
course in analysis.

I was very fortunate to have fruitful discussions with the late Professors M.A.
Aizerman, M.A. Krasnosel’skii, A.D. Myshkis, A. Pokrovskii, and A.A. Voronov,
to whom I am very grateful for their interest in my investigations.



Chapter 1

Preliminaries

1.1 Banach and Hilbert spaces

In Sections 1-3 we recall very briefly some basic notions of the theory of Banach
and Hilbert spaces. More details can be found in any textbook on Banach and
Hilbert spaces (e.g., [2] and [16]).
Denote the set of complex numbers by C and the set of real numbers by R.
A linear space X over C is called a (complex) linear normed space if for any
x € X a non-negative number ||z||x = ||z| is defined, called the norm of z, having
the following properties:

1. ||zl =0iff z =0,
2. |lox]| = |af|z]],
3. |z +yll < ||=|| + ||y|| for every z,y € X, « € C.
A sequence {h,}52 of elements of X converges strongly (in the norm) to

he X if
lim ||A, — h|| =0.
n— 00

A sequence {h,} of elements of X is called the fundamental (Cauchy) one if
||hn — || — 0 as m,n — oc.

If any fundamental sequence converges to an element of X, then X is called a
(complex) Banach space.

In a linear space H over C for all z,y € H, let a number (z,y) be defined,
such that

(x,2) > 0,if £ #£0, and (z,2) =0, if x =0,

- (z,y) = (y, ),
(1 +22,y) = (v1,y) + (22,9) (01,72 € H),
. (Az,y) = Mz,y) (A e C).

—_

= W N

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 1
DOI 10.1007/978-3-0348-0577-3_1, © Springer Basel 2013



2 Chapter 1. Preliminaries

Then (.,.) is called the scalar product. Define in H the norm by

]l = v/ (2, ).

If H is a Banach space with respect to this norm, then it is called a Hilbert space.
The Schwarz inequality

(@, )| < [l]] [yl
is valid.

If, in an infinite-dimensional Hilbert space, there is a countable set whose
closure coincides with the space, then that space is said to be separable. Any
separable Hilbert space H possesses an orthonormal basis. This means that there
is a sequence {e; € H}72 | such that

(e,ej) =0if j#k and (ex,ex) =1 (j,k=1,2,...)

and any h € H can be represented as

0o
h = E CLEL
k=1

with
Cr — (h,ek), k= 1,2,....
Besides the series strongly converges.

Let X and Y be Banach spaces. A function f : X — Y is continuous if for
any € > 0, there is a 0 > 0, such that ||z — y||x < ¢ implies ||f(z) — f(¥)]y <e.

Theorem 1.1.1 (The Urysohn theorem). Let A and B be disjoint closed sets in a
Banach space X. Then there is a continuous function f defined on X such that

0< f@) <1 f(A)=1 and f(B)=0.

For the proof see, for instance, [16, p. 15].
Let a function z(¢) be defined on a real segment [0, 7] with values in X. An
element ' (tg) (o € (0,7)) is the derivative of z(¢) at to if

x(to + h) — x(to)

—a'(to)|| = 0 as |h| — 0.

Let x(t) be continuous at each point of [0,7T]. Then one can define the Riemann
integral as the limit in the norm of the integral sums:

n

T
lim Zm(t;n))Atl(Cn) :/ x(t)dt,
0

max |At2") [—0 1

(0= <t <ol =T = 7).
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1.2 Examples of normed spaces

The following spaces are examples of normed spaces. For more details see [16,
p. 238].

1. The complex n-dimensional Euclidean space C™ with the norm

n 1/2
12l = (Z ka2> (@ = {z}iy € C).
k=1

2. The space B(S) is defined for an arbitrary set S and consists of all bounded
scalar functions on S. The norm is given by

IfIl = sup[f(s)|-
seS

3. The space C(5) is defined for a topological space S and consists of all bounded
continuous scalar functions on S. The norm is

If]l = sup [ f(s)]-
seS

4. The space LP(S) is defined for any real number p, 1 < p < oo, and any set
S having a finite Lebesgue measure. It consists of those measurable scalar
functions on S for which the norm

1/p
= pd
(il [/Slf(é’)I 8}
is finite.

5. The space L*(S) is defined for any set S having a finite Lebesgue measure.
It consists of all essentially bounded measurable scalar functions on S. The
norm is

[f]] = ess sup | f(s)].
seS

Note that the Hilbert space has been defined by a set of abstract axioms. It
is noteworthy that some of the concrete spaces defined above satisfy these axioms,
and hence are special cases of abstract Hilbert space. Thus, for instance, the n-
dimensional space C™ is a Hilbert space, if the inner product (z,y) of two elements

r=A{x1,...,xn} and y={y1,...,Yn}
is defined by the formula

n
(37, y) = Z xk@k'
k=1

In the same way, complex [? space is a Hilbert space if the scalar product
(x,y) of the vectors = {x} and y = {yx} is defined by the formula

oo
(1’, y) = Z wkyk'
k=1
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Also the complex space L?(S) is a Hilbert space with the scalar product

(f,9) = /S f(s)g(s)ds.

1.3 Linear operators

An operator A, acting from a Banach space X into a Banach space Y, is called a
linear one if

A(axy + Bro) = aAxy + BAxs

for any x1,x2 € X and «, 8 € C. If there is a constant a, such that the inequality
|AR]ly < a||lh||x for all h € X

holds, then the operator is said to be bounded. The quantity

Ah
lAllxoy = sup LAY
nex bllx

is called the norm of A. If X =Y we will write ||A||x—x = ||Al|x or simply ||4]|.

Under the natural definitions of addition and multiplication by a scalar, and
the norm, the set B(X,Y") of all bounded linear operators acting from X into ¥
becomes a Banach space. If Y = X we will write B(X, X) = B(X). A sequence
{A,.} of bounded linear operators from B(X,Y") converges in the uniform operator
topology (in the operator norm) to an operator A if

lim HAn - AHX—)Y =0.
n—00

A sequence {A,,} of bounded linear operators converges strongly to an operator A
if the sequence of elements {A, h} strongly converges to Ah for every h € X.

If ¢ is a linear operator, acting from X into C, then it is called a linear
functional. It is bounded (continuous) if ¢(z) is defined for any x € X, and there
is a constant a such that the inequality

lo(h)]ly < allh|lx for all h € X

holds. The quantity

o(h
ol = sup 121

nex [Pl x
is called the morm of the functional ¢. All linear bounded functionals on X form
a Banach space with that norm. This space is called the space dual to X and is
denoted by X*.

In the sequel I'x = I is the identity operator in X : Th = h for any h € X.
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The operator A~! is the inverse one to A € B(X,Y) if AA™t = Iy and
A71A = Ix.

Let A € B(X,Y). Consider a linear bounded functional f defined on Y.
Then on X the linear bounded functional g(z) = f(Axz) is defined. The operator
realizing the relation f — g is called the operator A* dual (adjoint) to A. By the
definition

(A" f)(z) = f(Az) (z € X).
The operator A* is a bounded linear operator acting from Y™* to X*.
Theorem 1.3.1. Let {A} be a sequence of linear operators acting from a Banach

space X to a Banach space Y. Let for each h € X,

sup || Aghlly < oco.
k

Then the operator norms of {Ar} are uniformly bounded. Moreover, if {A,}
strongly converges to a (linear) operator A, then

Allx—y < sup [|Anllx—y-
n

For the proof see, for example, [16, p. 66].

A point A of the complex plane is said to be a regular point of an operator
A, if the operator Ry(A) := (A—1I\)~! (the resolvent) exists and is bounded. The
complement of all regular points of A in the complex plane is the spectrum of A.
The spectrum of A is denoted by o(A).

The quantity

rs(A) = su&) ||
s€o

is the spectral radius of A. The Gel’fand formula
rs(A) = lim (/| A%
k— o0

is valid. The limit always exists. Moreover,

rs(4) < {114

rs(A) < [[A]-

for any integer £ > 1. So

If there is a nontrivial solution e of the equation Ae = A(A)e, where A(A) is a
number, then this number is called an eigenvalue of operator A, and e € H is an
eigenvector corresponding to A(A). Any eigenvalue is a point of the spectrum. An
eigenvalue A(A) has the (algebraic) multiplicity r < oo if

dim (U ker(A — A(A)D)F) = 7.
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In the sequel A\ (A), k = 1,2,... are the eigenvalues of A repeated according to
their multiplicities.

A vector v satisfying (A — A(A)I)"v = 0 for a natural n, is a root vector of
operator A corresponding to A(A).

An operator V is called a quasinilpotent one, if its spectrum consists of zero,
only.

On a linear manifold D(A) of a Banach space X ,let there be defined a linear
operator A, mapping D(A) into a Banach space Y. Then D(A) is called the domain
of A. A linear operator A is called a closed operator, if from z, € X — zg and
Az, — yo in the norm, it follows that xg € D(A) and Azy = yo.

Theorem 1.3.2 (The Closed Graph theorem). A closed linear map defined on the
all of a Banach space, and with values in a Banach space, is continuous.

For the proof see [16, p. 57].

Theorem 1.3.3 (The Riesz—Thorin theorem). Assume T is a bounded linear op-
erator from LP(21) to LP(Qs) and at the same time from Li(Q1) to L7(€9)
(1 <p,q <o0). Then it is also a bounded operator from L™ (1) to L"(Q2) for any
r between p and q. In addition the following inequality for the norms holds:

1T\ Lr(01)—Lr(9q) < max{[|T||r,)—Lr(Q2)s 1T La(r)—La(02) }-

For the proof (in a more general situation) see [16, Section VI.10.11].

Theorem 1.3.4. Let f € LY(Q) be a fized integrable function and let T be the
operator of convolution with f, i.e., for each function g € LP(Q2) (p > 1) we have

(Tg)(t) = /Qf(t — 5)g(s)ds.

Then
1TgllLr) < Iflzr@llgllr)-
For the proof see [16, p. 528].

Now let us consider operators in a Hilbert space H. A bounded linear operator
A* is adjoint to A, if

(Af,g9) = (f, A%g) for every h,g € H.

The relation ||A]| = ||A*|| is true. A bounded operator A is a selfadjoint one, if
A= A*. Ais a unitary operator, if AA* = A*A = I. Here and below I = Iy is the
identity operator in H. A selfadjoint operator A is positive (negative) definite, if

(Ah,h) >0 ((Ah,h) <0) for every h € H.

A selfadjoint operator A is strongly positive (strongly negative) definite, if there
is a constant ¢ > 0, such that

(Ah,h) > ¢ (h,h) ((Ah,h) < —c (h,h)) for every h € H.
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A bounded linear operator satisfying the relation AA* = A*A is called a normal
operator. It is clear that unitary and selfadjoint operators are examples of normal
ones. The operator B = A~ is the inverse one to A, if AB = BA = I. An operator
P is called a projection if P? = P. If, in addition, P* = P, then it is called an
orthogonal projection (an orthoprojection). The spectrum of a selfadjoint operator
is real, the spectrum of a unitary operator lies on the unit circle.

1.4 Ordered spaces and Banach lattices

Following [91], let us introduce an inequality relation for normed spaces which can
be used analogously to the inequality relation for real numbers.

A non-empty set M with a relation < is said to be an ordered set, whenever
the following conditions are satisfied.

i) x <z for every x € M,
i) <y and y <z implies that z =y and
iii) x <y and y <z implies that x < z.

If, in addition, for any two elements z,y € M either z < y or y < x, then
M is called a totally ordered set. Let A be a subset of an ordered set M. Then
x € M is called an upper bound of A, if y < z for every y € A. z € M is called a
lower bound of A, if y > z for all y € A. Moreover, if there is an upper bound of
A, then A is said to be bounded from above. If there is a lower bound of A, then
A is called bounded from below. If A is bounded from above and from below, then
we will briefly say that A is order bounded. Let

[Tyl ={zeM: z<z<y}

That is, [z, y] is an order interval.

An ordered set (M, <) is called a lattice, if any two elements x,y € M have
a least upper bound denoted by sup(z,y) and a greatest lower bound denoted by
inf(z,y). Obviously, a subset A is order bounded, if and only if it is contained in
some order interval.

Definition 1.4.1. A real vector space F which is also an ordered set is called an
ordered vector space, if the order and the vector space structure are compatible in
the following sense: if z,y € F, such that x <y, then x + 2z <y +z forall z €
and ax < ay for any positive number a. If, in addition, (E, <) is a lattice, then E
is called a Riesz space (or a vector lattice).

Let E be a Riesz space. The positive cone F of E consists of all z € E, such
that = > 0. For every z € E let

zt =sup (z,0), 2~ = inf (—2,0), |z| = sup (z, —x)

be the positive part, the negative part and the absolute value of x, respectively.
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Ezxample 1.4.2. Let E = R™ and
R? ={(21,...,2,) € R" : 3, > 0 for all k}.

Then R is a positive cone and for = (z1,...,2,),y = (Y1,.-.,Yn) € R", we
have
x<yiff o <yr and |z| = (Jz1],...,|za]).

Ezample 1.4.3. Let X be a non-empty set and let B(X) be the collection of all
bounded real-valued functions defined on X.

It is a simple and well-known fact that B(X) is a vector space ordered by
the positive cone

B(X)y ={feB(X): f(t)>0forallte X}.

Thus f > g holds, if and only if f — g € B(X)4. Obviously, the function hy; =
sup (f,g) is defined by

hi(t) = max {f(t), g(t)}
and the function hy = inf (f, g) is defined by
ha(t) = min {f (), g(t)}

for every t € X and f,g € B(X). This shows that B(X) is a Riesz space and the
absolute value of f is |f(t)].

Definition 1.4.4. Let E be a Riesz space furnished with a norm |.||, satisfying
lz]] < |ly|]| whenever |z| < |y|. In addition, let the space E be complete with
respect to that norm. Then F is called a Banach lattice.

The norm ||.|| in a Banach lattice F is said to be order continuous, if
inf{||z|| :x € A} =0

for any down-directed set A C E, such that inf{z € A} =0, cf. [91, p. 86].
The real spaces C(K),LP(K) (K C R™) and I? (p > 1) are examples of
Banach lattices.

A bounded linear operator T in E is called a positive one, if from x > 0 it
follows that Tx > 0.

1.5 The abstract Gronwall lemma

In this section E is a Banach lattice with the positive cone E .

Lemma 1.5.1 (The abstract Gronwall lemma). Let T' be a bounded linear positive
operator acting in E and having the spectral radius

rs(T) < 1.
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Let x, f € E,. Then the inequality
r< f+Tx
implies © < y where y is a solution of the equation
y=f+Ty.

Proof. Let Bx = f+Tx. Then 2 < Bz implies ¢ < Bx < B%x < --- < B™x. This
gives

m—1
x < B"x= Zka—l—me—>(I—T)flf:yasm—M)o.
k=0
Since 75(T") < 1, the von Neumann series converges. ]

We will say that F' : E — E'is a non-decreasing mapping if v <w (v,w € E)
implies F(v) < F(w).

Lemma 1.5.2. Let F : E — E be a non-decreasing mapping, and F(0) = 0. In
addition, let there be a positive linear operator T in E, such that the conditions

|F(v) = F(w)] < Tl —w| (v,w € E), (5.1)

and r5(T) < 1 hold. Then the inequality

< F)+f (z,f€Ey)
implies that x <y where y is a solution of the equation

y=F(y) + /.

Moreover, the inequality

2> F(E)+f (5 f € By
implies that z > y.
Proof. We have © = F(x) + h with an h < f. Thanks to (5.1) and the condition
rs(T) < 1, the mappings Fy := F+f and F}, := F+h have the following properties:
F{" and F}" are contracting for some integer m. So thanks to the generalized
contraction mapping theorem [115], F}“(f) — z, FF(f) = y as k — co. Moreover,

F}“(f) > FE(f) for all k = 1,2,..., since F is non-decreasing and h < f. This
proves the inequality x > y. Similarly the inequality < z can be proved. ]
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1.6 Integral inequalities

Let C(J,R™) be a space of real vector-valued functions defined, bounded and
continuous on a finite or infinite interval J. The inequalities are understood in the
coordinate-wise sense.

To receive various solution estimates, we essentially use the following lemma.

Lemma 1.6.1. Let K(t, s) be a matriz kernel with non-negative entries, such that

the integral operator
1 = / R(t, s)a(s)ds
J

maps C(J,R™) into itself and has the spectral radius rs(K) < 1. Then for any
non-negative continuous vector function v(t) satisfying the inequality

o(t) < /J R(t, s)o(s)ds + (1)

where [ is a non-negative continuous on J wvector function, the inequality v(t) <
u(t) (t € J) is valid, where u(t) is a solution of the equation

/Kts (s)ds + f(t).

Similarly, the inequality
o(t) > / R(t, s)o(s)ds + (1)
J
implies v(t) > u(t) (t € J).
Proof. The lemma is a particular case of the abstract Gronwall lemma. ]

If J = [a,b] is an arbitrary finite interval and

t
= / K(t,s)x(s)ds (t <b),
and the condition

sup / K (t, 5)||ds < oo
te [a,b]

is fulfilled with an arbitrary matrix norm, then it is simple to show that r(K) = 0.
The same equality for the spectral radius is true, if

b
_ /t K(t,8)z(s)ds (t > a),

provided
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1.7 Generalized norms

In this section nonlinear equations are considered in a space furnished with a
vector (generalized) norm introduced by L. Kantorovich [108, p. 334]. Note that
a vector norm enables us to use information about equations more complete than
a usual (number) norm.
Throughout this section E is a Banach lattice with a positive cone Ey and a
norm ||.|| g.
Let X be an arbitrary set. Assume that in X a vector metric M (., .) is defined.
That is, M(.,.) maps X x X into Ey with the usual properties: for all z,y,z € X
a) M(z,y)=0iff x = y;
b) M(x,y) = M(y,z) and
c) M(z,y) < M(z,2)+ M(y, 2).
Clearly, X is a metric space with the metric m(z,y) = || M (z,y)| g. That
is, a sequence {z} € X} converges to z in the metric m(.,.) iff M(zp,xz) — 0 as
k — oo.

Lemma 1.7.1. Let X be a space with a vector metric M(.,.): X x X — E,, and
F(x) map a closed set & C X into itself with the property

M(F(z), F(y)) < @M(z,y) (z,y € ), (7.1)

where @ is a positive operator in E whose spectral radius r(Q) is less than one:
rs(Q) < 1. Then, if X is complete in generalized metric M(.,.) (or, equivalently,
in metric m(.,.)), F has a unique fized point T € ®. Moreover, that point can be
found by the method of successive approximations.

Proof. Following the usual proof of the contracting mapping theorem we take an
arbitrary xop € ® and define the successive approximations by the equality

xp = F(xi—1) (k=1,2,...).
Hence,
M(zpi1,2r) = M(F(xg), F(zp_1)) < QM (xp, xp1) < --- < QM (1, x0).
For m > k we thus get

M(2m, xk) < M(Zm, Tm-1) + M (Tm—1, k)

m—1 m—1
<o <Y M(zgpasay) < QP M (w1, a0).
j=k j=k

Inasmuch as 75(Q) < 1,

M (2, ) < Qk(I — Q)flM(xl,xo) =0, (k— o).
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Here and below I is the unit operator in a corresponding space. Consequently,
points zj converge in the metric M(.,.) to an element T € ®. Since

lim F(x) = F(2),

k—o0

T is the fixed point due to (2.2). Thus, the existence is proved.
To prove the uniqueness let us assume that y # T is a fixed point of F as
well. Then by (7.1) M(Z,y) = M(F(Z), F(y)) < QM(T,y). Or

(I-Q) ' M(z.y) <0.

But I — @ is positively invertible, because r4(Q) < 1. In this way, M(z,y) < 0.
This proves the result. O

Now let X be a linear space with a vector (generalized) norm M (.). That is,
M(.) maps X into E4 and is subject to the usual axioms: for all x,y € X

M(x)>0ifz #0; M(\z) = [A|M(x) (A€ C); M(z+y) < M(z) + M(y).

Following [108], we shall call E a norming lattice, and X a lattice-normed
space. Clearly, X with a generalized (vector) norm M (.) : X — E. is a normed

space with the norm
[hllx = [M(R)][z (h € X). (7.2)

Now the previous lemma implies

Corollary 1.7.2. Let X be a space with a generalized norm M(.) : X — Ei and
F(x) map a closed set ® C X into itself with the property

M(F(z) — F(y)) < QM(z —y) (z,y € ®),

where Q is a positive operator in E with rs(Q) < 1. Then, if X is complete in the
norm defined by (7.2), F' has a unique fized point T € ®. Moreover, that point can
be found by the method of successive approximations.

1.8 Causal mappings

Let X(a,b) = X([a,b];Y) (—o00 < a < b < o0) be a normed space of functions
defined on [a,b] with values in a normed space Y and the unit operator I. For
example X (a,b) = C([a,b],C") or X (a,b) = LP([a,b],C™).

Let Pr (a < 7 < b) be the projections defined by

w(t) fa<t<rT,

X(a.b
0 itrcp<p (WEX(@D)

(Prw)(t) = {

and P, =0, and P, = I.
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Definition 1.8.1. Let F' be a mapping in X (a,b) having the following properties:
FO=0, (8.1)
and for all 7 € [a, b], the equality
P,FP. =P.F (8.2)
holds. Then F' will be called a causal mapping (operator).

This definition is somewhat different from the definition of the causal op-
erator suggested in [13]; in the case of linear operators our definition coincides
with the one accepted in [17]. Note that, if F' is defined on a closed set €2 5 0 of
X (a,b), then due to the Urysohn theorem, F' can be extended by zero to the whole
space. Put X(a,7) = P;X(a,b). Note that, if X(a,b) = C(a,b), then P.f is not
continuous in C(a,b) for an arbitrary f € C(a,b). So Py is defined on the whole
space C(a,b) but maps C(a,b) into the space B(a,b) D C(a,b), where B(a,b) is
the space of bounded functions. However, if P, F'f is continuous on [a, 7], that is
P, Ff € C(a,7) for all 7 € (a,b], and relations (8.1) and (8.2) hold, then F' is
causal in C(a, b).

Let us point an example of a causal mapping. To this end consider in C'(0,T)
the mapping

(Fw)(t) = f(t,w(t)) —|—/0 E(t,s,w(s))ds (0<t<T; weC(0,T))

with a continuous kernel k, defined on [0,7]? x R and a continuous function
f:10,T] x R — R, satistying k(¢,s,0) =0 and f(t,0) =0.

For each 7 € (0,T), we have

(P, Fw)(t) = £-(t,w(t)) + P, /0 (L, s, w(s))ds,

where
flt,w(t)) if 0<t<m,
T ta t)) = .
fr (b wlt)) {0 if T<t<T.
Clearly,
frt,w(t)) = fr(t,w-(t)) where w, = Prw.
Moreover,

¢ ¢
PT/ k(t,s,w(s))ds = PT/ k(t,s,w,(s))ds =0,t > 7
0 0
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and

PT/O k;(t,s,w(s))ds:/o k(t,s,w(s))dS:/O k(t,s,wr(s))ds,t < 7.

Hence it follows that the considered mapping is causal. Note that, the integral
operator

/OC k(t, s, w(s))ds

with a fixed positive ¢ < T is not causal.

1.9 Compact operators in a Hilbert space

A linear operator A mapping a normed space X into a normed space Y is said to
be completely continuous (compact) if it is bounded and maps each bounded set
in X into a compact one in Y. The spectrum of a compact operator is either finite,
or the sequence of the eigenvalues of A converges to zero, any non-zero eigenvalue
has the finite multiplicity.

This section deals with completely continuous operators acting in a separable
Hilbert space H. All the results presented in this section are taken from the books
[2] and [65].

Any normal compact operator can be represented in the form

A= \(A)Ey,
k=1

where Ej, are eigenprojections of A, i.e., the projections defined by Erh = (h, dj)dx
for all h € H. Here dj, are the normal eigenvectors of A. Recall that eigenvectors
of normal operators are mutually orthogonal.

A completely continuous quasinilpotent operator sometimes is called a Vol-
terra operator.

Let {ex} be an orthogonal normal basis in H, and the series

> (Aek, ex)

k=1
converges. Then the sum of this series is called the trace of A:
TraceA=Tr A= Z(Aek, er)-
k=1

An operator A satisfying the condition

Tr (A*A)Y? < o
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is called a nuclear operator. An operator A, satisfying the relation
Tr (A*A) < o0

is said to be a Hilbert—Schmidt operator.
The eigenvalues A\ ((A*A)Y/2) (k = 1,2,...) of the operator (A*A)Y/? are
called the singular numbers (s-numbers) of A and are denoted by si(A). That is,

se(A) == M (A" A2 (k=1,2,...).

Enumerate singular numbers of A taking into account their multiplicity and in
decreasing order. The set of completely continuous operators acting in a Hilbert
space and satisfying the condition

1/p

N,(A) = < 00,

PIEHEY
k=1

for some p > 1, is called the von Schatten—von Neumann ideal and is denoted by
SNp. Np(.) is called the norm of the ideal SN,. It is not hard to show that

N,(A) = {/Tr (AA*)P/2,

Thus, SNy is the ideal of nuclear operators (the Trace class) and SNo is the ideal of
Hilbert—Schmidt operators. Na(A) is called the Hilbert-Schmidt norm. Sometimes
we will omit index 2 of the Hilbert—Schmidt norm, i.e.,

N(A) := No(A) = /Tt (A A).

For any orthonormal basis {e;} we can write

. 1/2
Na(4) = (Z ||Aek2> .
k=1

This equality is equivalent to the following one:

1/2
oo

No(A) = D el |

7,k=1

where a;i, = (Aeg,e;) (J,k = 1,2,...) are entries of a Hilbert—-Schmidt operator
A in an orthonormal basis {eg}.

For all finite p > 1, the following propositions are true (the proofs can be
found in the book [65, Section 3.7]).
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If A € SN,, then also A* € SN,. If A € SN, and B is a bounded linear
operator, then both AB and BA belong to SN,. Moreover,

Np(AB) < Np(A)[|B| and = Ny(BA) < Np(A)||B]|.

In addition, the inequality

S INAP <Y HA) (=12,
j=1 j=1

is valid, cf. [65, Theorem II.3.1].

Lemma 1.9.1. If A € SN, and B € SN, (1 < p,q < ), then AB € SN;
with

Moreover,

N.(AB) < N,(A)N,(B).

For the proof of this lemma see [65, Section IIL.7]. Recall also the following
result.

Theorem 1.9.2 (Lidskij’s theorem). Let A € SNy. Then

Tr A= A(A)
k=1

The proof of this theorem can be found in [65, Section IIL.8].

1.10 Regularized determinants

The regularized determinant of I — A with A € SN, (p=1,2,...) is defined as

det] A) ﬁ

where \;(A) are the eigenvalues of A with their multiplicities arranged in decreas-
ing order, and

Ey(z):=(1—2z)exp [Z "(A)

m=1

,p>1 and FEq(z):=1-z.

As shown below, regularized determinant are useful for the investigation of periodic
systems.
The following lemma is proved in [57].



1.11. Perturbations of determinants 17

Lemma 1.10.1. The inequality

|Ep(2)] < explGp|2”]
s valid, where

szz%l (p#Lp#3) and G =G=1

From this lemma one can immediately obtain the following result.

Lemma 1.10.2. Let A€ SN, (p=1,2,...). Then

| det(l — A)] < expl¢, Ny (A)].

Let us point out also the lower bound for regularized determinants which has
been established in [45]. To this end denote by L a Jordan contour connecting 0
and 1, lying in the disc {z € C : |z| < 1} and not containing the points 1/\; for
any eigenvalue A; of A, such that

or(4) = seL;lknzfl,z,... 1= sh] > 0.

Theorem 1.10.3. Let A € SN, for an integer p > 1 and 1 & o(A). Then

PNy (A)
’dgt([ - A)’ > exp [—%] .

1.11 Perturbations of determinants

Now let us consider perturbations of determinants. Let X and Y be complex
normed spaces with norms ||.|x and ||.||y, respectively, and F' be a Y-valued
function defined on X. Assume that F(C + AC) (A € C) is an entire function for
all C,C € X. That is, for any ¢ € Y*, the functional < ¢, F(C—l—)\é) > defined on
Y is an entire scalar-valued function of A. In [44], the following lemma has been
proved.

Lemma 1.11.1. Let F(C + AC) (X € C) be an entire function for all C,C € X
and there be a monotone non-decreasing function G : [0,00) — [0,00), such that

IF(O)|ly < G(|C|lx) (C € X). Then
- - 1 1 . .
IF(©)=F(O)ly < llC-Clix G (1 + 510+ Cllx + 5l ~ cx) (C,C € X).

Lemmas 1.10.1 and 1.11.1 imply the following result.
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Corollary 1.11.2. The inequality
det (I — A) — det (I — B)‘ < 6,(A,B) (A, B € SN,,1<p< )
P P
is true, where

(A B) = N4~ B) exp |G, (1+ 5(N,(A+ B) + N, (4 - B)Y |
< Ny(A— B) expl(1+ Ny(A) + Ny(B))].

Now let A and B be n x n-matrices. Then due to the inequality between the
arithmetic and geometric mean values,

n n 1/n
1
[det A2 = T Ine(4)? < <EZ|A,€(A)2> .
k=1 k=1

Thus,

1 n

Moreover, |det A| < ||A||" for an arbitrary matrix norm. Hence, Lemma 1.11.1
implies our next result.

Corollary 1.11.3. Let A and B be n X n-matrices. Then

1 1 1 "

and

1 1 "
|det A —det B| < ||A— B [1+ Sl4=Bll+ QA—B]

for an arbitrary matriz norm ||.||.

Now let us recall the well-known inequality for determinants.

Theorem 1.11.4 (Ostrowski [97]). Let A = (a;i) be a real n x n-matriz. Then the
inequality

n
[det Al > T [lagl— D lajml
j=1

m=1,m#j

is valid, provided
n

lagil > > lagml (G=1,...,n).

m=1,m#j
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1.12 Matrix functions of bounded variations

A scalar function g : [a,b] — R is a function of bounded variation if

n—1
var(g) = Vaticjas) 9(t) := sup > lgltin) = g(ts)] < o,
i=0

where the supremum is taken over the set of all partitions P of the interval [a, b].

Any function of bounded variation g : [a,b] — R is a difference of bounded
nondecreasing functions. If g is differentiable and its derivative is integrable then
its variation satisfies

b
var(g) < / 19/ (s)lds.

For more details see [16, p. 140]. Sometimes we will write

b
var(g) = / dg(s)]-

Let ||z||,, be the Euclidean norm of a vector  and || A||,, be the spectral norm
of a matrix A. The norm of f in C([a, b],C"™) is sup, || f(¢)||n, in LP([a,b],C") (1 <
p < 00) its norm is (ff I£@®)2)P, in L ([a,b],C") its norm is vraisup, ||.f(¢)||n-

For a real matrix-valued function Ro(s) = (r4;(s));;=; defined on a real finite
segment [a, b], whose entries have bounded variations

var(rij) = varseia,p 7ij(s),
we can define its variation as the matrix
Var(Ry) = Varsejq,p) Ro(s) = (Var(rij))ﬂ’j:l.

For a ¢ > b and an f € C([a,c],C") put

b
Eof(t) = / dRo(s)f(t —s) (b<t< o).

Below we prove that Ey is bounded in the norm of L? (p > 1) on the set of
continuous functions and therefore can be extended to the whole space LP, since
that set is dense in LP.

Let

var(Rp) := || Var(Ro)||n,

and

So var(Ry) is the spectral norm of matrix Var(Ry).
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Lemma 1.12.1. Suppose all the entries rj. of the matriz function Ry defined on
[a,b] have bounded variations. Then the inequalities

I Eollc(fasel,cmy—c(ib.e,cmy < V/n var(Ro), (12.1)
1Eo | Lo (ac],cm)— Lo ([b,cl,cm) < V1 var(Ro), (12.2)
| Eoll L2 ([a,¢],cr)—L2(b,e],cm) < var(Ro), (12.3)
and
[ Eoll L1 (fa,e),cm)— L ((b.el,cm) < C1 (Ro) (12.4)
are valid.

Proof. Let f(t) = (fr(t))}~, € C([a,c],C"). For each coordinate (Eyf);(t) of
Eyf(t) we have

((Eof); ()] =

b n
/ Fiult = 8)drjn(s)
a k=1

n

no b
< A —3)| = . —3)|.
<37 [l max £t =) = 3 var(rye) max [filt = s)

k=1v4a k=1

Hence,
n n n 2
[(Eof); (01> <> (Z Var(Tjk)kaC(a,c))
j=1 J=1 \k=1
= || Var(Ro) volls < (var(Ro)llvelln)? (b <t <c),
where ve = (|| fkllc(a,e))hz1s I-llcae) = I-lc(ad.0)-
But

n n
lvellh = D 1 fellE e < nmasx | fillEa,e < nsgpz £ @I = 2l A2 (acg.cm)-
k=1 k=1

So
I Eofllc(b,e,cmy < Vvar(Ro)|| flc(a,d,cm

and thus inequality (12.1) is proved.
In the case of the space L™ by inequality (12.1) we have

1Eof | o= (p,c),cmy < Vn var(Ro) || fll e (fa,q,cm)

for a continuous function f. But the set of continuous functions is dense in L°°.
So the previous inequality is valid on the whole space L°°. This proves (12.2).
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Now consider the norm in space L?. We have

2
/bI(Eof) \dt</ (Z Filt — ) ldrses >|> dt

k=179

/ / S5 (i) [drye(sn) / Filt — ) filt — s1)]dr.

i=1 k=1

By the Schwarz inequality

(/ Fult — ) fi(t — 51) |dt> / ult — o) dt/ it — s1)2dt
< / Fe)2dn / ()2,

e n
/b (Bof); (0)17dt <> > var(re) var(ryi) || fill L2 (a.e) || fill L2(a.0)
i=1

k=1

Thus

3

n 2
( Var(rjk)kaLz(a,c)) (1 fxllz2(a,e) = I fxll L2((as),0))
k=1

and therefore

> [ Enita <3 (3wl |
=1 =
= || Var(Ro) v27, < (var(Ro)|v2|ln)*

where v is the vector with the coordinates || fi||z2(a,c)- But [[v2|ln = | fll22([a,q,c7)-
So (12.3) is also proved.

Similarly, for an f(t) = (fx(t))?_, € L'([a,c],C") we obtain

c n b c n c
/b (Bop) 0l < 3 / / = (5] < 3 var(r) / Felt)dt.

So
1 Eoflzt(b,q,cm) / ) |(Eof);(t)]2dt </ Z| Eof);(t)|dt
Jj=

Z var(rjg)| fx (t)|dt.

3 H
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Consequently, by the Schwarz inequality

1Eof s paen <3 / S var(ri))? SRR dt.
j=1v4a k=1 k=1

Hence (12.4) follows, as claimed. O

The Riesz—Thorin theorem (see Section 1.3) and previous lemma imply the
following result.

Corollary 1.12.2. The inequalities

| EollLr([a,,cm)—Lr(be,cm) < VR var(Ro) (¢ >b; p>2)

and

1 Eoll e ([a,e),c)—Lr (jb,e),cm) < max{(1(Ro),v/n var(Ro)} (c>b; p>1)

are valid.

Let us consider the operator
b
Ef(t) = / doR(t,$) f(t—s) (f € Cla,d,CM): b<t<c) (12.5)

where R(t,s) = (ri;(t,s)); ;=1 is a real n X n-matrix-valued function defined on
[b, c] X [a,b], which is piece-wise continuous in ¢ for each 7 and

vji = sup var(ri(t,.)) <oo (j,k=1,...,n). (12.6)
b<t<c

Below we prove that E is also bounded in the norm of LP (p > 1) on the set of
continuous functions and therefore can be extended to the whole space LP.
Let

Z(R) = (Ujk)?,k:r
Since for b <t < ¢,

(t — 8)dr(t.s)| < max [fult— s |/ st )] < 03k Frll ey

a<s<b

for each coordinate (Ef);(t) of Ef(t) we have

/ kat—sdrjkts

[(Ef); ()] = = ngk sup [ f(t = s)|.

a<s<b
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Hence,

ZI Ef);0PF < (Z Vjk > £l a.c) = 1ZR)velln < 1Z(R)|Inllvel
j=1 \k=1

where 7 ¢ is the same as in the proof of the previous lemma. As shown above
lvells <l fII2 a,q,cn)- Thus
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IEfllcp.e,cmy < VRIlZR)|nll fllcqad,cn

Moreover,

(12.7)
IEf| Lo (p,e,c) < VRIZ(R)|Inll £l Lo ((a,e],cm) (12.8)
for a continuous function f. But the set of continuous functions is dense in L™

So the previous inequality is valid on the whole space. Repeating the arguments
of the proof of the previous lemma we obtain

IEfllz2(p.epcm) < NZ(R)nll fll22((a,e,cn

(12.9)
(fx(t)) € L'([a, c],C™). Then

c n b c n c
/b [CNCEEDY / / Fult = 9)|dt]dr(t ) < 3 vy / Fu(t)ldt

Now let f(t) =

So

I lsacn = [\ B0k < |5 Em, Ol

Hence

>/ Sl fult \dt<Z/ Zvjkzwfk 2 dt
=172 k=1 a k=1

IEfllzrp,e,cmy < VIR L (fa,e,cm) (12.10)
where

We thus have proved the following result

Lemma 1.12.3. Suppose the entries r;,(t,s) of the matriz function R(t,s) satisfy
condition (12.6). Then the operator E defined by (12.5) is subject to the inequalities
(12.7)~(12.10).
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Now the Riesz—Thorin theorem and the previous lemma imply the following
result.

Corollary 1.12.4. Let condition (12.6) hold. Then for the operator E defined by
(12.5), the inequalities

IE|| Lo (ja,e],cmy— Lo (bye,cmy < Vol Z]ln (> b5 p>2)
and
I Le (ja,e),cm)— Lo ([bye],cm) < V(R) (¢ >b; p>1)

are true, where V(R) = max {V1(R), vn||Z(R)||»}-

1.13 Comments

The chapter contains mostly well-known results. This book presupposes a knowl-
edge of basic operator theory, for which there are good introductory texts. The
books [2] and [16] are classical. In Sections 1.5 and 1.6 we followed Sections 1.9
and II1.2 of the book [14]. The material of Sections 1.10 and 1.11 is adapted from
the papers [57, 44] and [45]. The relevant results on regularized determinants can
be found in [64]. Lemmas 1.12.1 and 11.12.3 are probably new.



Chapter 2

Some Results of the Matrix Theory

This chapter is devoted to norm estimates for matrix-valued functions, in par-
ticular, for resolvents. These estimates will be applied in the rest of the book
chapters.

In Section 2.1 we introduce the notation used in this chapter. In Section 2.2
we recall the well-known representations of matrix-valued functions. In Sections
2.3 and 2.4 we collect inequalities for the resolvent and present some results on
spectrum perturbations of matrices. Sections 2.5 and 2.6 are devoted to matrix
functions regular on simply-connected domains containing the spectrum. Section
2.7 deals with functions of matrices having geometrically simple eigenvalues; i.e.,
so-called diagonalizable matrices. In the rest of the chapter we consider particular
cases of functions and matrices.

2.1 Notations

Everywhere in this chapter ||z| is the Euclidean norm of = € C": ||z|| = /(z, x)
with a scalar product (.,.) = (.,.)cn, I is the unit matrix.

For a linear operator A in C" (matrix), \x = A\x(4) (k = 1,...,n) are the
eigenvalues of A enumerated in an arbitrary order with their multiplicities, o(A)
denotes the spectrum of A, A* is the adjoint to A, and A~! is the inverse to A;
Ry(A) = (A= XI)"t (A € C,\ ¢ o(A)) is the resolvent, rs(A) is the spectral
radius, ||A|| = sup,eccn ||Az||/||z| is the (operator) spectral norm, Na(A) is the
Hilbert—Schmidt (Frobenius) norm of A: N3(A) = Trace AA*, A; = (A — A*)/2i
is the imaginary component, Ap = (A + A*)/2 is the real component,

p(A;A) = min A — Ag(A4)]

k=1,...,n

is the distance between o(A) and a point A € C; p(A4, C) is the Hausdorff distance
between a contour C' and o(A). co(A) denotes the closed convex hull of o(A),

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 25
DOI 10.1007/978-3-0348-0577-3_2, © Springer Basel 2013
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a(A) = maxy, Re A\ (A), B(A) = min, Re A\, (A); ri(A) is the lower spectral radius:
ri(A) = k_nllin . |Ak(A)].

=1,...,

In addition, C™*" is the set of complex n x n-matrices.
The following quantity plays an essential role in the sequel:

n 1/2
g(A) = (N%(A) —ZIM(A)F) :

k=1
It is not hard to check that
g*(A) < NZ(A) — | Trace A?|.
In Section 2.2 of the book [31] it is proved that
9%(A) < 2N3(Ar) (L.1)

and 4
g(eTA+ zI) = g(A) (1.2)
forall 7 € R and 2z € C.

2.2 Representations of matrix functions

2.2.1 Classical representations

In this subsection we recall some classical representations of functions of matrices.
For details see [74, Chapter 6] and [9].

Let A € C"*™ and M D o(A) be an open simply-connected set whose bound-
ary C' consists of a finite number of rectifiable Jordan curves, oriented in the pos-
itive sense customary in the theory of complex variables. Suppose that M U C is
contained in the domain of analyticity of a scalar-valued function f. Then f(A)
can be defined by the generalized integral formula of Cauchy

1
/C FOVRA(A)dA. (2.1)

2mi

f(A) =

If an analytic function f(A) is represented by the Taylor series

FO) =) et (I/\ < —;> ;
k=0

limp s o0 ¥/ |ck |

then one can define f(A) as

F(A) = cpA*
k=0
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provided the spectral radius rs(A) of A satisfies the inequality
rs(A) lim /|ck| < 1.
k—o0

In particular, for any matrix A,

A _
e = Z ?
k=0
Consider the n x n-Jordan block:
Ao 1 0 0
0 X 1 0
J“(AO) = )
0 0 Ao 1
0 O 0 X
then / )
f(Xo) L (1?0) o JC(T&O)
0 f(Xo)
f(Jn(o)) =
0 ) L
0 o 0 f(Xo)

Thus, if A has the Jordan block-diagonal form
A= diag(‘]ml ()‘1)? I (/\2)a REE) Jmno ()‘no))a

where \;, k = 1,...,ng are the eigenvalues whose geometric multiplicities are my,
then

f(A) = diag(f (Jm, (M), f (Tmz (A2))s -+ f (T (Ang)))- (2.2)

Note that in (2.2) we do not require that f is regular on a neighborhood of an
open set containing o(A); one can take an arbitrary function which has at each
A derivatives up to my — l-order.

In particular, if an n x n-matrix A is diagonalizable, that is its eigenvalues
have the geometric multiplicities mj = 1, then

f(A) = Z %) Qk, (2.3)
k=1

where @, are the eigenprojections. In the case (2.3) it is required only that f is
defined on the spectrum.
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Now let
o(4) = U 0u(A) (m < n)

and oi(A) C My (k= 1,...,m), where M}, are open disjoint simply-connected
sets: My N M; =0 (j # k). Let fi be regular on Mj. Introduce on M = U | Mj,
the piece-wise analytic function by f(z) = f;(z) (2 € M;). Then

£ = =53 [ TR (24

where C; C M; are closed smooth contours surrounding o(A,) and the integration
is performed in the positive direction. For more details about representation (2.4)
see [110, p. 49].

For instance, let My and M5 be two disjoint disks, and

flz) =

sinz if z € My,
cosz if z € Ms.

Then (2.4) holds with m = 2.

2.2.2 Multiplicative representations of the resolvent

In this subsection we present multiplicative representations of the resolvent which
lead to new representations of matrix functions.

Let A € C™™ and A\ be its eigenvalues with the multiplicities taken into
account.

As it is well known, there is an orthogonal normal basis (the Schur basis) {ey}
in which A is represented by a triangular matrix. Moreover there is the (maximal)
chain P, (k = 1,...,n) of the invariant orthogonal projections of A. That is,
APk = PkAPk (k = 1,. . .,n) and

0=~RC"chPC"C---CcP,C"=C".

So dim(Py, — P;_1)C"™ = 1. Besides,

A=D+V (o(A) = o(D)), (2.5)
where .
D =Y MAP, (AP, =Py — P, 1) (2.6)
k=1

is the diagonal part of A and V is the nilpotent part of A. That is, V' is a nilpotent
matrix, such that
VPk :Pk_lAPk (k‘ = 2,...,n). (27)
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For more details see for instance, [18]. The representation (2.5) will be called the
triangular (Schur) representation.
Furthermore, for X, Xo,..., X; € C**" let

.
H X = X1X5...X,,.
1<k<j

That is, the arrow over the symbol of the product means that the indexes of the

co-factors increase from left to right.

Theorem 2.2.1. Let D and V' be the diagonal and nilpotent parts of an A € C**",
respectively. Then

N
VAP
=m0 [ |1+525] ago,
2<k<n A= )\k
where Py, k=1,...,n, is the mazimal chain of the invariant projections of A.

For the proof see [31, Theorem 2.9.1]. Since

" AP,
RA\(D) =) " _’“/\,
; J

Jj=

=

from the previous theorem we have the following result.

Corollary 2.2.2. The equality

RA(4) = Z /\4?‘)\ H
+1<k

g=1"7 "t

is true with VAP,11 = 0.

Now (2.1) implies the representation
1 "\ AP i

A)=—— A /
=y RO e SN

Here one can apply the residue theorem.
Furthermore, the following result is proved in [31, Theorem 2.9.1].

Theorem 2.2.3. For any A € C"*™ we have

N

ARy =— ][] (I+ AAP’“) (A& a(A)U0), (2.8)

A — Ak
1<k<n

where Py, k= 1,...,n is the mazimal chain of the invariant projections of A.
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Let A be a normal matrix. Then

A= En:)\kAPk.
k=1

Hence, AAP, = A\ AP;,. Since AP, AP; = 0 for j # k, the previous theorem gives
us the equality

—AR\(A) = E”: z": (APk AkAf:)
pa

or
n

AP,
=

k=1

So from (2.8) we have obtained the well-known spectral representation for the
resolvent of a normal matrix. Thus, the previous theorem generalizes the spectral
representation for the resolvent of a normal matrix. Now we can use (2.1) and
(2.8) to get the representation for f(A).

2.3 Norm estimates for resolvents

For a natural n > 2, introduce the numbers

Tnk = \/(n— 1)((71:21))1;};!(”_]{) (k=1,2,...,n—=1), 0= L.

Evidently, for all n > 2,

Rp<— (k=1,2,...,n—1). (3.1)

1
k!
Theorem 2.3.1. Let A be a linear operator in C™. Then its resolvent satisfies the
inequality

Tn,
| Ra(4 H<Z ,mAj (A ¢ o(4)),

where p(A, \) = ming=1,..n |A — A (4)].

To prove this theorem again use the Schur triangular representation (2.5).
Recall g(A) is defined in Section 2.1. As it is shown in [31, Section 2.1]), the
relation g(U~1AU) = g(A) is true, if U is a unitary matrix. Hence it follows that
g(A) = No(V). The proof of the previous theorem is based on the following lemma.
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Lemma 2.3.2. The inequality

— ’Yn,kgk (4)

[1BA(A) = Ba(D)]| < LA, N (A g a(A))

k=1

18 true.
Proof. By (2.5) we have
Ry(A) — R\(D) = —Rx\(D)VRA(A) = —R\(D)V(D +V — I\~

Thus
Ry(A) = R\(D) = =RA(D)V (I + R\(D)V) "' R\(D). (3.2)

Clearly, Rx(D)V is a nilpotent matrix. Hence,

n—1 n—1
Ry(A) = Rx(D) = =R\(D)V ¥ _(=Ra(D)V)*Rx(D) = > J(~=RA(D)V)"Rx(D).
k=0 k=1
(3.3)
Thanks to Theorem 2.5.1 [31], for any n x n nilpotent matrix Vo,
IVl < YoteNE (Vo). (3.4)
In addition, ||Rx(D)|| = p~Y(D,\) = p~*(4, ). So
(- BAD)V)H] < 30 NE (A (D)V) < 2ENE W),
- - ARAN)
Now the required result follows from (3.3). O

The assertion of Theorem 2.3.1 directly follows from the previous lemma.

Note that the just proved Lemma 2.3.2 is a slight improvement of Theorem
2.1.1 from [31].

Theorem 2.3.1 is sharp: if A is a normal matrix, then g(A) = 0 and Theorem
2.3.1 gives us the equality ||[Rx(A)]| = 1/p(A, X). Taking into account (3.1), we get

Corollary 2.3.3. Let A € C"*". Then

n—1 k
g"(4)
I RA(A)] < k;) VR, N)

for any regular A of A.

We will need the following result.



32 Chapter 2. Some Results of the Matrix Theory

Theorem 2.3.4. Let A € C**". Then

NZ(A) —2Re(\ Trace(A)) +n|)\2] (n—1)/2
n—1

|RA(A) det (M — A)|| < [
(A £ a(A)).

In particular, let V be a nilpotent matriz. Then

I 1 NZ(V)\ "2
[(ITX = V) HSW [1+n_1 <1+ \2A|2 )] (A #0).

The proof of this theorem can be found in [31, Section 2.11].
We also point to the following result.

Theorem 2.3.5. Let A € C*"*". Then

1 1 g4 1"
||R>\(A)|| < p(A, )\) |:1 + n—1 <1 + pz(Aa/\)> }

for any regular A of A.

For the proof see [31, Theorem 2.14.1].

2.4 Spectrum perturbations
Let A and B be n X n-matrices having eigenvalues
AM(A), ..., A (A) and A (B),..., \(B),

respectively, and ¢ = ||A — B]|.
The spectral variation of B with respect to A is

sva(B) := max min |\;(B) — A;(4)],
i

cf. [103]. The following simple lemma is proved in [31, Section 4.1].

Lemma 2.4.1. Assume that | Ry(A)| < ¢(p~1(A, X)) for all regular X\ of A, where
¢(x) is a monotonically increasing non-negative continuous function of a non-
negative variable x, such that ¢(0) = 0 and ¢(c0) = oo. Then the inequality
sva(B) < z(¢,q) is true, where z(¢,q) is the unique positive root of the equation

q9(1/z) = 1.

This lemma and Corollary 2.3.2 yield our next result.
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Theorem 2.4.2. Let A and B be n x n-matrices. Then sva(B) < z(q, A), where
z(q, A) is the unique non-negative root of the algebraic equation

Sy gi(A)

Yyt =q = (4.1)
Let us consider the algebraic equation
n—1
2" =P(z) (n>1), where P(z)= Z cjz" It (4.2)
j=0

with non-negative coefficients ¢; (j =0,...,n —1).

Lemma 2.4.3. The extreme right-hand root zo of equation (4.2) is non-negative
and the following estimates are valid:

z0 < A/P(1) if P(1) <1, (4.3)
and
1<z <P(1) if P(1)>1. (4.4)

Proof. Since all the coefficients of P(z) are non-negative, it does not decrease as
z > 0 increases. From this it follows that if P(1) <1, then 2o < 1. So 2 < P(1),
as claimed.

Now let P(1) > 1, then due to (4.2) zp > 1 because P(z) does not decrease.
It is clear that

P(z0) < 2571 P(1)
in this case. Substituting this inequality into (4.2), we get (4.4). O

Substituting z = az with a positive constant a into (4.2), we obtain

n—1

n __ Cj n—j—1
" = Z PR . (4.5)
=0
Let
a=2 max  JtY/cs.
j=0,....n—1 ’
Then
n—1 c n—1
J —j—1 _ 1 _o-n
PP SRR B
=0 =0

Let xo be the extreme right-hand root of equation (4.5), then by (4.3) we have
o < 1. Since zg = axp, we have derived the following result.
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Corollary 2.4.4. The extreme right-hand root zy of equation (4.2) is non-negative.
Moreover,
052, Ve
Now put y = zg(A) into (6.1). Then we obtain the equation
n—j—1

n q nlx
x‘gmé Vit

Put
n—1 1
277
Applying Lemma 2.4.3 we get the estimate z(q, A) < 6(gq), where

q): g = (A)[quw,a )Y if qu, < g(A).

Now Theorem 2.4.2 ensures the following result.

Corollary 2.4.5. One has sva(B) < (q).

Furthermore let ﬁ, Vi and V_ be the diagonal, upper nilpotent part and
lower nilpotent part of matrix A, respectively. Using the notation Ay = D + V.,
we arrive at the relations

o(As) = o(D), g(As) = No(Vy) and A=Ay = [V_].
Taking

5 { V- if [V flwn > Nao(V4),
A= “1/n o
Ny MOV ]/ i Ve flwn < Na(Va),

due to the previous corollary we obtain

Corollary 2.4.6. Let A = (a‘jk)?,kzl be an n X n-matriz. Then for any eigenvalue
wof A, there is ak =1,...,n, such that

I — arr| < da,
and therefore the (upper) spectral radius satisfies the inequality

rs(A) < max |agk| + 04,
k=1,....,n

and the lower spectral radius satisfies the inequality

’I“l(A) > k:Hllinn |akk| — 04,

)

provided |agg| > da (k=1,...,n).
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Clearly, one can exchange the places V, and V_.
Let us recall the celebrated Gerschgorin theorem. To this end write

n

Ri= > lal-

k=1,k#j
Let (b, ) be the closed disc centered at b € C with a radius r.
Theorem 2.4.7 (Gerschgorin). Fvery eigenvalue of A lies within at least one of the
discs Q(a;j, Rj).

Proof. Let A be an eigenvalue of A and let z = (z;) be the corresponding eigen-
vector. Let ¢ be chosen so that |z;| = max; |z;|. Then |z;| > 0, otherwise z = 0.
Since z is an eigenvector, Az = Az or equivalent

n
Z Qi = /\xi
k=1
so, splitting the sum, we get

n
E Qi — /\xi — Qi T4
k=1,k#i

We may then divide both sides by z; (choosing i as we explained we can be sure

that z; # 0) and take the absolute value to obtain

n
T,
A —ai] < E |ajk||m| < R,
k=1,k#i v

where the last inequality is valid because

as claimed. O

Note that for a diagonal matrix the Gerschgorin discs (a;;, R;) coincide with
the spectrum. Conversely, if the Gerschgorin discs coincide with the spectrum, the
matrix is diagonal.

The next lemma follows from the Gerschgorin theorem and gives us a simple
bound for the spectral radius.

Lemma 2.4.8. The spectral radius rs(A) of a matriz A = (a;x)7,_, satisfies the
inequality

n
rs(A) < mjaxz lajk].
k=1

About this and other estimates for the spectral radius see [80, Section 16].
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2.5 Norm estimates for matrix functions

2.5.1 Estimates via the resolvent
The following result directly follows from (2.1).

Lemma 2.5.1. Let let f(\) be a scalar-valued function which is reqular on a neigh-
borhood M of an open simply-connected set containing the spectrum of A € C"*",
and C' C M be a closed smooth contour surrounding o(A). Then

1] < 5 [ 1 @RIz < me(Wiesup (),
T Jo zeC

where

1
mo(d) = sup |RAA)], I = 5 | .

zeC

Now we can directly apply the estimates for the resolvent from Section 2.3.
In particular, by Corollary 2.3.3 we have

[1R=(A)| < p(A,1/p(A, 2)), (5.1)

where
kg k )

M |

(z > 0). (5.2)
k=0

We thus get me(A) < p(4,1/p(A4,C)), where p(A,C) is the distance between C
and o(A), and therefore,

1F (A < lop(A,1/p(A, C)) sup If (2)I- (5:3)

2.5.2 Functions regular on the convex hull of the spectrum

Theorem 2.5.2. Let A be an n x n-matriz and f be a function holomorphic on a
neighborhood of the convex hull co(A) of o(A). Then

n—1 kA
A< sup [F)+ Y sup |70 (2248 )
Aeo(A) h—1 AEco(A) :

This theorem is proved in the next subsection. Taking into account (3.1) we
get our next result.

Corollary 2.5.3. Under the hypothesis of Theorem 2.5.2 we have

n—1

A A ® ()| L322
IS < sup 1OV +3 s 19O e
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Theorem 2.5.2 is sharp: if A is normal, then g(A4) = 0 and

[F(A)l = sup [f(N)].

A€o (A)
For example,
n—1 n—1 gk
[exp(At)[| < ey gk(A)tk e Z (k' (t=0)
k=0 =0

where a(A) = maxg=1, ., Re Ay (A). In addition,

m Tn, km (A) e k m k(A)
1A ||<Z (m — k)k] Z k'3/2 (m=1,2,...),
k=0

where r5(A) is the spectral radius. Recall that 1/(m — k)! =0 if m < k.

2.5.3 Proof of Theorem 2.5.2

Let |V be the operator whose entries in the orthonormal basis of the triangular
representation (the Schur basis) {er} are the absolute values of the entries of the
nilpotent part V' of A with respect to this basis. That is,

n k-1
V0Ie=>_>"lail (. er)ej,
k=1 j=1
where aji = (Aeg, e;). Put
o = F(N)ax
1o Jetd 211 C ()\jl )\) e ()\jk+1 — )\) '

We need the following result.

Lemma 2.5.4. Let A be an n X n-matriz and f be a holomorphic function on a
Jordan domain (that is on a closed simply connected set, whose boundary is a
Jordan contour), containing o(A). Let D be the diagonal part of A. Then

17(A) = F(D)|| < ZJkH VIEN

where
Je = max{|lj, j, [ 1< ji < <jppr <nl
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Proof. From (2.1) and (3.3) we deduce that

n—1
J(A) — f( —5 / FOV(RA(A A(D))dA:;Bk, (5.4)
where )
By, = k+12m/ FO)(RA(D)V)ERA(D)dX

Since D is a diagonal matrix with respect to the Schur basis {ej} and its diagonal
entries are the eigenvalues of A, then

Rx(D) = Zm,

where AP, = (., ex)ex. In addition, AP;VAP, =0 for j > k. Consequently,

J2—1 Ja—1 Jr+1—1
By, = Z AleV Z APj?V E : 14 § : APJM—l Jijz.--Jr+1t
=1 Ja2=1 Je=1 Jer1=1

Lemma 2.8.1 from [31] gives us the estimate

j2—1 Ja—1 Je+1—1
IBell < Jkll D AP, VI Y APLIV]e -+ > Ve Z AP, |l
ji=1 j2=1 Jr=1 Jk+1=1

= Jk:HPnfkr‘V‘ePnferrl‘V‘epn7k+2 ce Pnfl‘v‘e”'
But

Pn—k|v|epn—k+1|v|epn—k+2 cee Pn—1|V|e = ‘V‘ePn—k—i-l‘V‘ePn—k—&Q cee Pn—l‘v‘e
=|V2...P.1|V] = [V|E
Thus
| Br|l < Ji|l V% I
This inequality and (5.4) imply the required inequality. a

Since Na(|V]e) = N2(V) = g(A), by (3.4) and the previous lemma we get
the following result.

Lemma 2.5.5. Under the hypothesis of Lemma 5.4 we have

n—1

1F(A) = F(D) < D~ Tevmkg® (A).

k=1
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Let f be holomorphic on a neighborhood of co(A). Thanks to Lemma 1.5.1
from [31],

1
K< s [fO0)
* A€co(A)

Now the previous lemma implies

Corollary 2.5.6. Under the hypothesis of Theorem 2.5.2 we have the inequalities
= (k) Qk(A)
1A~ DN <Y sup (O Mns L

L—1 AEco(A)

The assertion of Theorem 2.5.2 directly follows from the previous corollary.

Note that the latter corollary is a slight improvement of Theorem 2.7.1
from [31].

Denote by fla1,asg,...,ar+1] the kth divided difference of f at points a1, as,
..., aky1. By the Hadamard representation [20, formula (54)], we have

Ij1~~~jk+1 = f[)‘lv SRR} )‘jk+1}7

provided A; are distinct. Now Lemma 5.5 implies

Corollary 2.5.7. Let all the eigenvalues of an nxn-matriz A be algebraically simple,
and f be a holomorphic function in a Jordan domain containing o(A). Then

1) = SO < S g () < 3 A
= 2 kYn, kg = — k \/H y

where

fk = max{‘f[)‘l(A)vv)‘jk-H(A)” 1< jl << jk:+1 < ’ﬂ}

2.6 Absolute values of entries of matrix functions

Everywhere in the present section, A = (a;x)}—, S = diaglai1,. .., ans] and the
off diagonal of A is W = A — S. That is, the entries vj, of W are v = aji
(j # k) and vj; =0 (j,k = 1,2,...). Denote by co(S) the closed convex hull of
the diagonal entries ai1, ..., ann. We put |A| = (lajx|)};—;, i-e., [A] is the matrix
whose entries are the absolute values of the entries A in the standard basis. We
also write T' > 0 if all the entries of a matrix 7" are non-negative. If 7" and B are
two matrices, then we write T'> B if T — B > 0.
Thanks to Lemma 2.4.8 we obtain rs(|WW|) < 7y, where

n
Ty = max Z k]
T k=LkA
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Theorem 2.6.1. Let f(\) be holomorphic on a neighborhood of a Jordan set, whose
boundary C has the property

n

2 —ajl > Y lal (6.1)

k=1,k#j

forall z€ C and j =1,...,n. Then, with the notation

(k)
&k(A) := sup f '(Z)| (k=1,2,...),
z€co (S) k!

the inequality
| 9)| < ka )Wt

is valid, provided
rs(|W\)klim VEr(A) < 1.
—00

Proof. By the equality A =S+ W we get

oo

RA(A) = (S+W =AD" = (I+Ra(S)W) " Ra(S) = 3 (R “1)ER,(S),
k=0

provided the spectral radius 79(A) of Rx(S)W is less than one. The entries of this
matrix are

Ak s
aj;— A A #aj;, j#k)

and the diagonal entries are zero. Thanks to Lemma 2.4.8 we have

el <1 (AeC)

ro(A) < max i —
k=1k#j I

J

and the series

Rx(A) — Ra(S) = i(R/\(S)W)k(_l)kR/\(S)

k=1

converges. Thus
FA) = 1(9) = =5 [ POV = Ra(S)a = S0 (62
k=1

where

My, = (—1)F — ! /f (Rx(S)W)F Ry (S)dA.

27rz
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Since S is a diagonal matrix with respect to the standard basis {dj}, we can write
n oA
Qa
=> » (bj = aj;),
j=1 "9

where Qj, = (., dg)di. We thus have

n n n
My, = Z QﬁW Z Qj2W" W Z ij+1‘]j1j2~~~jk+1' (63)
Ji=1 Jj2=1 Jk+1=1
Here
RPN ey (7
Tkt 2w o (b, = A) e (Bjy, — A

Lemma 1.5.1 from [31] gives us the inequalities

|Jj1---jk+1‘ < gk(A) (jlvaa s ajk+1 = 1a s ,’I’L).
Hence, by (6.3)

ji=1 jo=1 Jr+1=1
But . N N
ZQAJ1|W‘ ZQJz‘W||W‘ Z le«,+1 = |W‘k
Jji=1 jo=1 jk,+1:1
Thus | M| < &(A)|W|*. Now (6.2) implies the required result. O

Additional estimates for the entries of matrix functions can be found in [43,
38]. Under the hypothesis of the previous theorem with the notation

6o(A) = max | (o).
we have the inequality
F(A)] < &I+ (W] = ng )W, (6.4)
k=1
Here |W|° = I.

Let [|A||; denote a lattice norm of A. That is, [|Al|; < ||[A]l[;, and [|A]|; < 4],
whenever 0 < A < A. Now the previous theorem implies the inequality

1F(A) = F(S)lle < Zﬁk MW (6.5)

and therefore,

I1f(A ||z<Z£k MW
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2.7 Diagonalizable matrices

The results of this section are useful for investigation of the forced oscillations of
equations close to ordinary ordinary differential equations (see Section 12.3).

2.7.1 A bound for similarity constants of matrices

Everywhere in this section it is assumed that the eigenvalues A\, = A\i(A) (k =
1,...,n) of A, taken with their algebraic multiplicities, are geometrically simple.
That is, the geometric multiplicity of each eigenvalue is equal to one. As it is well
known, in this case A is diagonalizable: there are biorthogonal sequences {uy} and
{vi}: (vj,ur) =0 (j # k), (vj,u;) =1 (j,k=1,...,n), such that

A= Qs (7.1)
k=1
where Qp = (., ux)vg (kK =1,...,n) are one-dimensional eigenprojections. Besides,

there is an invertible operator 7" and a normal operator .S, such that
TA=ST. (7.2)
The constant (the conditional number)
kr = || T| 1T~

is very important for various applications, cf. [103]. That constant is mainly nu-
merically calculated. In the present subsection we suggest a sharp bound for xp.
Applications of the obtained bound are also discussed.

Denote by pj,7 =1,...,m < n the distinct eigenvalues of A, and by p; the
algebraic multiplicity of j;. In particular, one can write

I :)\1 :...:)\p17 /142:)‘]014*1 :"‘:)‘p1+p27
etc.
Let ; be the half-distance from p; to the other eigenvalues of A:
0ji=,  min ki — pwl/2
and
S(A)i= min g = min = /2
Put
n—1 k
g*(A
n(d) =y 2
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According to (1.1),

n—1 \/7N2 ))
; SF(AWE!

In [51, Corollary 3.6], the inequality

(4)
<;pjk 055\/— <n(l+n(4)) (7.3)

has been derived. This inequality is not sharp: if A is a normal matrix, then it
gives kp < n but kp = 1 in this case. In this section we improve inequality (7.3).
To this end put

Ly ) i (4) > 1,
,Y = n .
(n(A) + D[R L] iy (4) < 1.
Now we are in a position to formulate the main result of the present section.

Theorem 2.7.1. Let A be a diagonalizable n x n-matriz. Then kp < vy(A).

The proof of this theorem is presented in the next subsection. Theorem 2.7.1
is sharp: if A is normal, then g(A) = 0. Therefore 7 (4) = 0 and v(A) = 1. Thus
we obtain the equality kp = 1.

2.7.2 Proof of Theorem 2.7.1

We need the following lemma [51, Lemma 3.4].
Lemma 2.7.2. Let A be a diagonalizable n X n-matriz and

n

S=>> Ne(.,di)dy, (7.4)

k=1

where {dy} is an orthonormal basis. Then the operator

T=> (. d)vx (7.5)
k=1

has the inverse one defined by

n

T71 = Z(a uk:)dkrv

k=1

and (7.2) holds.
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Note that one can take ||ug|| = ||vg||. This leads to the equality
1T~ =T (7.6)
We need also the following technical lemma.

Lemma 2.7.3. Let L1 and Lo be projections satisfying the condition r := || L1 —
Ls|| < 1. Then for any eigenvector fi of Ly with ||f1]| = 1 and Ly fi1 = f1, there
exists an eigenvector fo of Lo with ||f2]| =1 and Lafy = fa, such that
2r
— < .
Ifs = foll < o
Proof. We have |Laf1 — L1 f1|| <7 < 1 and

bo := |Lefoll = | Lufill = (L2 — Lo)fa 21— > 0.

Thanks to the relation La(Laf1) = Laf1, we can assert that Lo f1 is an eigenvector
of Ly. Then

1
fai= b_L2f1
0

is a normed eigenvector of Ly. So

fi—fo=Lifi — b1_0L2f1 =fi— %ﬁ + %(Iq —Lo)fy.

But
1 1
— <
o 1—1r
and
1 1 1 r 2r
—hl<(=-1 S (L = L) fu]| < —— —1 -
5= 20 < (=) WAl + o - Lol < 1 =14 2 = 2
as claimed. 0O

In the rest of this subsection dy = e; (k = 1,...n), where {ex}}_, is the
Schur orthonormal basis of A. Then S = D, where D is the diagonal part of A
(see Section 2.2). For a fixed index j < m, let ]5j be the eigenprojection of D,
and Qj the eigenprojection of A corresponding to the same (geometrically simple)
eigenvalue p;. So

A=D 1iQ;
j=1
The following inequality is proved in [51, inequality (3.3)]:
n—1 r
A7 9" (4)

i — Pi|| <n;, where = . 7.7
[Q; il < nj UN; k:15§€m (7.7)
Let v;s and ejs (s =1,...,p;) be the eigenvectors of Qj and I:’j, respectively, and

llejs|l = 1. Inequality (7.7) and the previous lemma yield
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Corollary 2.7.4. Assume that

Then

Vjs _
lvs |

Hence it follows that

Taking in the previous corollary Q7 instead of Q; we arrive at the similar inequality

Proof of Theorem 2.7.1. By (7.5) we have

Vg
v ||

U

< Pp(A) (k=1,...,n). (7.9)

[ |

1/2 " 1/2
[Z , [|lukllex) + (xvu/c—u/cek)zl

k=1

n
7] - [z| o)
k=1
n u
< D w2, T — en)?
L; [l

Hence, under condition (7.8), inequality (7.9) implies

1/2

n 1/2
> uk(x,ek)zl (zeC™).
k=1

17| < max [[ur [l (¥ (A)v/n +1) (z € C").
Thanks to Corollary 3.3 from [51], maxy, ||ux||? < 1+ n (A). Thus,
TP <504 i= () + 1) | T2 1]
N ' 1—n(4) '

According to (7.6), ||T~|? < 4(A). So under condition (7.8), the inequality xr <
7(A) is true. Combining this inequality with (7.3), we get the required result. O

2.7.3 Applications of Theorem 2.7.1

Theorem 2.7.1 immediately implies

Corollary 2.7.5. Let A be a diagonalizable n x n-matriz and f(z) be a scalar func-
tion defined on the spectrum of A. Then ||f(A)| < v(A) maxy |f(Ar)].
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In particular, we have

RAMHSA&?)aM»MMSWMW“”REW-

Let A and A be complex n x n-matrices whose eigenvalues A\, and ;\k, re-
spectively, are taken with their algebraic multiplicities. Recall that

sva(A) := ml?xmin Ak — A
j

Corollary 2.7.6. Let A be diagonalizable. Then sva(A) < v(A)||A — A.

Indeed, the operator S = TAT ! is normal. Put B = TAT~!. Thanks to
the well-known Corollary 3.4 [103], svs(B) < ||S — BJ|. Now the required result is
due to Theorem 2.7.1.

Furthermore let ﬁ, Vi and V_ be the diagonal, upper nilpotent part and
lower nilpotent part of matrix A = (axx), respectively. Using the preceding corol-
lary with Ay = D + V., we arrive at the relations

o(As) = (D), and [A—Ay] = [V_].

Due to the previous corollary we get

Corollary 2.7.7. Let A = (ajk);‘l,kzl be an n x n-matriz, whose diagonal has the
property

ajj #apk (J#*; E=1,...,n).
Then for any eigenvalue p of A, there is a k =1,...,n, such that
= apr] < v(AIV-l,

and therefore the (upper) spectral radius satisfies the inequality

7s(A) < k£§§n|akk| + (A [V-,

and the lower spectral radius satisfies the inequality

ro(4) > min okl = 2(AL)IIV-)

provided |agi| > 04 (k=1,...,n).

Clearly, one can exchange the places V, and V_.
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2.7.4 Additional norm estimates for functions
of diagonalizable matrices

Again A is a diagonalizable n x n-matrix, and p; (j = 1,...,m < n) are the
distinct eigenvalues of A: u; # u for k # j and enumerated in an arbitrary order.
Thus, (7.1) can be written as

where Qk, k < m, is the eigenprojection whose dimension is equal to the algebraic
multiplicity of .
Besides, for any function f defined on o(A4), f(A) can be represented as

m

FOA) = F ) Q-

k=1

Put
j A
:ZQk (j=1,....,m).
k=1

Note that according to (7.2) Qj = T’ll—c’jT, where Pj is an orthogonal pro-
jection. Thus by Theorem 2.7.1,

< <
Jmax [|Qull < rr < y(A).

Theorem 2.7.8. Let A be diagonalizable. Then

m—1

1F(A) = Fum)I]| < max [|Qx| D1 (r) = f ).

k=1

To prove this theorem, we need the following analog of the Abel transform.

Lemma 2.7.9. Let ay be numbers and Wy, (k= 1,...,m) be bounded linear opera-
tors in a Banach space. Let

m J
Ui=> W, and Bj=>» Wi
k=1 k=1

Then

m—1
U= ap — ap41)Bi + am By,
k:l
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Proof. Obviously,

m m—1
U =a;B1+)» _ ar(By—Bi 1) Z%Bk Z akBi—1 = Z arBi,— Z ak+1 B,
k=2
as claimed. 0O
Proof of Theorem 2.7.8. According to Lemma 2.7.9,
m—1 B ~
f(A) = (f () = f(pr41))Qre + f (1 ) Q- (7.10)
k=1
But Q,, = I. Hence, the assertion of the theorem at once follows. O

According to the previous theorem we have

Corollary 2.7.10. Assume that f(X) is real for all A € 0(A), and that the condition

) < F(u) (k=1,...,m—1) (7.11)

holds. Then

1F(A) = f(pm) ]| < max QUL (1) — f (pm)]-

From this corollary it follows that

IF A < max (|QulI[f (1) + [f ()| = f ()],

1<k<m

provided (7.11) holds.

2.8 Matrix exponential

2.8.1 Lower bounds

As it was shown in Section 2.5,

n—1

t T,k
lexp(AL)[| < e*M0 " g (A)eF === o (t=0)

k=0

where a(A) = maxp=1 ., ReA;(A). Moreover, by (3.1),

k
| exp(At)|| < et Z g /?/2 (t > 0). (8.1)
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Taking into account that the operator exp(—At) is the inverse one to exp(At) it
is not hard to show that

bs O
T 0 9 (AR T
where S(A) = ming=1 ., ReAx(A). Therefore by (3.1),

|| exp(At) (t>0,heCm),

P |n]

|| exp(At)h|| > Sl 1 gF(A)(k!)—3/2 tk

(t>0). (8.2)

Moreover, if A is a diagonalizable n X n-matrix, then due to Theorem 2.7.1 we

conclude that
le=44)] < 3(A)e AN (¢ > 0).

Hence,
[p]le? )

eAth|| >
Jetthl >

(t>0,heC™).

2.8.2 Perturbations of matrix exponentials

Let A, A € C™™ and E = A — A. To investigate perturbations of matrix expo-
nentials one can use the equation

t
et — At = / et peAs s (8.3)
0

and estimate (8.1). Here we investigate perturbations in the case when || AE — EA||
is small enough. We will say that A is stable (Hurwitzian), if a(A) < 0. Assume
that A is stable and put

o0 oo
w(A) = / leAt|dt and v = / Hle | dt.
0 0
Theorem 2.8.1. Let A be stable, and
|AE — EA|va < 1. (8.4)

Then A is also stable. Moreover,

~ A E
1 — Al AE — EA|
and
© i AE -~ FA A E
/ ”eAt _ eAt”dt < ||E||’UA + H ”UASU( )+UAH H) (86)
0 | —0al|AE — EA|
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This theorem is proved in the next subsection.
Furthermore, by (8.1) we obtain u(A) < ug(A) and va < 94, where
n—1 k n—1 k
9" (4) X (k+1)g"(4)
A) = _ d = —_
wld) = gm0 g
Thus, Theorem 2.8.1 implies

Corollary 2.8.2. Let A be stable and |AE — EA|o4 < 1. Then A is also stable.

Moreover,
T uo(A) + 04| Bl

u(A) < =
1—04||AE — EA||

and ~
[AE — EA||0(uo(A) + 0al|E]))

1 — 04| AE — EA||

> A A \
[ et = el < | Efjoa +
0

2.8.3 Proof of Theorem 2.8.1

We use the following result, let f(¢),c(t) and h(f) be matrix functions defined on
[0,0] (0 < b < c0). Besides, f and h are differentiable and ¢ integrable. Then

b b
/0f(t)C(lﬁ)/”L(lﬁ)dt=f(b)j(b)/”t(b)—/0 (f'@®F(OnE) + f() ()R (¢))dt

with ,
j(t) = / c(s)ds.
0
For the proof see Lemma 8.2.1 below. By that result

et _ At = /Ot A=) BeAsds = Bttt + /Ot eAt=9) [AE — EA]se?*ds.
Hence,

/OOO eAt — At gt < /Ooo | Bt dt + /OOO /Ot A | AE — BA|||[seA|ds dt.
But

[e%e) t - e o) oo -
/ / 1269 [ sljeA%|ds dt = / / 1A= | slleA% dt ds
0 0 0 s

:/ sHeAsts/ leAtdt = vau(A).
0 0
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Thus o
/ |edt — eA||dt < ||E|lva + |AE — EA|vau(A). (8.7)
0
Hence, ~ ~
w(A) < u(A) + |E|va + |AE — EA|vau(A).

So according to (8.4), we get (8.5). Furthermore, due to (8.7) and (8.5) we get
(8.6) as claimed. O

2.9 Matrices with non-negative off-diagonals

In this section it is assumed that A = (a;;)7,_; is a real matrix with
ai; > 0 for i # j. (9.1)

Put

a= min a;; and b= max a;
) 3J Jg
Jj=1,....,n Jj=1,..., n

For a scalar function f(\) write

. fB(x) o f®(z)
A, T ad Gl A) = s S

ar(f,A) =

(k=0,1,2,...),

assuming that the derivatives exist.
Let W = A — diag(a;;) be the off diagonal part of A.

Theorem 2.9.1. Let condition (9.1) hold and f(X\) be holomorphic on a neighbor-
hood of a Jordan set, whose boundary C' has the property

n
2 —agl > Y ag
k=1,k]

forallz € C andj=1,...,n. In addition, let f be real on [a,b]. Then the following
inequalities are valid:

k=0
provided
rs(W) hm View(f, A)| < 1,
and -
<> Bl (9:3)
k=0
provided,

r(W) Jim {/18.(FA)] < L

In particular, if ag(f,A) >0 (k=0,1,...), then matriz f(A) has non-negative
entries.
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Proof. By (6.2) and (6.3),

F(A) = £(S) + 3 M,
k=1

where . . "
My, = Z lew Z szw W Z ij+1‘]j1j2~~~jk+1'
=l J2=1 Je1=1
e (-1t &
-1 F(A)dA
Py .
J1--Jhet 27 C(bj1_/\)~-~(bjk+1_/\) (J ”)

Since S is real, Lemma 1.5.2 from [31] gives us the inequalities

ak(fv A) < Jj1~~~jk+1 < Bk(fv A)

Hence,

Mk Z Cvk(f,A) Z leW Z QJ2WW Z QAjk_H = ak(f, A)Wk

ji=1 Jj2=1 Jrk+1=1

Similarly, My < Bi(f, A)WP*. This implies the required result. |

2.10 Comments

One of the first estimates for the norm of a regular matrix-valued function was
established by I.M. Gel’fand and G.E. Shilov [19] in connection with their inves-
tigations of partial differential equations, but that estimate is not sharp; it is not
attained for any matrix. The problem of obtaining a sharp estimate for the norm
of a matrix-valued function has been repeatedly discussed in the literature, cf.
[14]. In the late 1970s, the author obtained a sharp estimate for a matrix-valued
function regular on the convex hull of the spectrum, cf. [21] and references therein.
It is attained in the case of normal matrices. Later, that estimate was extended
to various classes of non-selfadjoint operators, such as Hilbert—Schmidt operators,
quasi-Hermitian operators (i.e., linear operators with completely continuous imag-
inary components), quasiunitary operators (i.e., operators represented as a sum
of a unitary operator and a compact one), etc. For more details see [31, 56] and
references given therein.

The material of this chapter is taken from the papers [51, 53, 56] and the
monograph [31].

About the relevant results on matrix-valued functions and perturbations of
matrices see the well-known books [9, 74] and [90].



Chapter 3

General Linear Systems

This chapter is devoted to general linear systems including the Bohl-Perron prin-
ciple.

3.1 Description of the problem

Let n < oo be a positive constant, and R(¢, ) be a real nxn-matrix-valued function
defined on [0,00) x [0,7 ], which is piece-wise continuous in ¢ for each 7, whose
entries are left-continuous and have bounded variations in 7. From the theory of
functions of a bounded variation (see for instance [73]), it is well known that for a
fixed t, R(t,T) can be represented as R(t,7) = Ry(t,7)+ Ra(t, ) + R3(t, 7), where
Ri(t,7) is a saltus function of bounded variation with at most countably many
jumps on [0,71], Ra(t, 7) is an absolutely continuous function and Rs(t, ) is either
zero or a singular function of bounded variation, i.e., R3(¢,7) is non-constant,
continuous and has the derivative in 7 which is equal to zero almost everywhere
on [0,n]. If Rs(t,.) is not zero identically, then the expression

n
| deratense o)
0
for a continuous function f, cannot be transformed to a Lebesgue integral or to a
series. For a concrete example see [73, p. 457]. So in the sequel it is assumed that
Rs(t,T) is zero identically.

Consider R;(t,7) and let for a given t > 0, hi(t) < ha(t) < --- be those
points in [0,7 ), where at least one entry of R;(¢,.) has a jump. Define

Ap(t) = Ra(t, hie(t) +0) — Ra(t, hi(t))-

Then

/077 ARy (t,7) f(t—7) = > A(t) f(t — hi(t))
k=1

for any continuous function f.

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 53
DOI 10.1007/978-3-0348-0577-3_3, © Springer Basel 2013
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Define A(t, s) by
Ry(t,T) = / A(t,s)ds, 0 <71 <n.
0

Then . )
/ng(t,T)f(t—T):/ A(t, $)f(t — s)ds.
0 0

Our main object in this chapter is the following problem in C":

a(t) = / ARty —7) (2> 0), (L1)
y(t) = 6(t) (—n <t<0) (1.2)

for a given vector function ¢(t) € C(—n,0). Here and below y(t) is the right
derivative of y(t). The integral in (1.1) is understood as the Lebesgue-Stieltjes
integral.

We need the corresponding non-homogeneous equation

n
() = / 4 R(t, Tt — 7) + F(t) (t>0) (1.3)

0
with a given locally integrable vector function f(¢) and the zero initial condition
z(t) =0 (—n <t <0). (1.4)

A solution of problem (1.1), (1.2) is a continuous vector function y(¢) defined on
[—71,00) and satisfying

y(t) = 6(0) + / | / " 4o R(s,)y(s — 7)ds (8> 0),

y(t) = o(t) (—n <t <0).

(1.5)

A solution of problem (1.3), (1.4) is a continuous vector function x(t) defined on
[0,0) and satisfying

t n
x(t) = / [f(s) —|—/ d-R(s,T)x(s —7)]ds (t>0) (1.6)
0 0
with condition (1.4). Below we prove that problems (1.1), (1.2) and (1.3), (1.4)
have unique solutions. See also the well-known Theorem 6.1.1 from [71].

It is assumed that the variation of R(t,7) = (r;;(t,7))7;=; in 7 is bounded
on [0, 00):

vjk = sup var(rjx(,.)) < co. (1.7)
>0



3.2. Existence of solutions 55

For instance, consider the equation

y(t) = /O?7 A(t, s)y(t — s)ds + Z AWyt — 1) (t>0; m < o0), (1.8)
k=0

where
O=m<n<---<mTm <7

are constants, Ay (t) are piece-wise continuous matrices and A(t,7) is integrable
in 7 on [0,7]. Then (1.8) can be written as (1.1). Besides, (1.7) holds, provided

sup (/On JA(t, 8)||lnds + > Ak(t)lln> < oo. (1.9)

k=0

In this chapter ||z||,, is the Euclidean norm of z € C™ and ||A||,, is the spectral norm
of a matrix A. In addition, C(x) = C(x, C") is the space of continuous functions
defined on a set x € R with values in C" and the norm ||w||c(y) = sup;e,, [|[w(t)]]n-
Recall that in a finite-dimensional space all the norms are equivalent.
Let y(t) be a solution of problem (1.1), (1.2). Then (1.1) is said to be stable,
if there is a constant ¢y > 1, independent of ¢, such that

ly(®)[ln < collpllc(=n 0y (t>0).

Equation (1.1) is said to be asymptotically stable if it is stable and y(t) — 0
as t — co. Equation (1.1) is ezponentially stable if there are constants ¢y > 1 and
v > 0, independent of ¢, such that

ly@®)lln < coe™ | ¢llc(—y 0) (t = 0).

3.2 Existence of solutions

Introduce the operator E : C(—n,00) — C(0,00) by
n
Eu(t) = / d-R(t,T)u(t—7) (t>0; ue C(—n,00)).
0

Lemma 3.2.1. Let condition (1.7) hold. Then for any T > 0, there is a constant
V(R) independent of T, such that

1Eullcor) < V(R)|ullc-y,r)- (2.1)
Proof. This result is due to Lemma 1.12.3. |

Lemma 3.2.2. If condition (1.7) holds and a vector-valued function f is integrable
on each finite segment, then problem (1.3), (1.4) has on [0,00) a unique solution.
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Proof. By (1.6)
x=f1+Wax,

where
= d E d
f1(t) /0 f(s) s—i—/o x(s)ds
and

Wa(t) = /O/Ex(s)ds. (2.2)

For a fixed T' < oo, by the previous lemma

T
IWelloor < V(R) / lzlloo.e0yds1.

Hence,
T S1
IW2allcom < VHR) [ [ lelowmdsads.
0 0

Similarly,
& & T S1 Sk
IWell oo <V (R)/ / / 12000 s . . dsadsy
0 0 0
Tk:

< VE @) lzllcwor 77

Thus the spectral radius of W equals zero and, consequently,
(oo}
(I-w) ' =>wk
k=0

Therefore,

z=I-W)'fH=> Wk (2.3)
k=0

This proves the lemma. O

Lemma 3.2.3. If condition (1.7) holds, then problem (1.1), (1.2) has on [0,00) a
unique solution for an arbitrary ¢ € C(—n,0).

Proof. Put ¢(t) = (t) (t <0), 4(t) = ¢(0) (¢ > 0), and x(t) = y()—e(t) (t > 0).
Then problem (1.1), (1.2) takes the form (1.3), (1.4) with f = E$. Now the
previous lemma proves the result. O
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3.3 Fundamental solutions

Let G(t,7) (1 > 0;t > 7 — 1) be a matrix-valued function satisfying the equation

Gt 7) = 1+/ /0" dy R(s,51)G(s — s1,7)ds (t> 1), (3.1)

with the condition
Git,7)=0(r—n <t<T). (3.2)
Then G(t,7) is called the fundamental solution of equation (1.1).
Repeating the arguments of Lemma 3.2.2, we prove the existence and unique-
ness of the fundamental solution.

Clearly, G(r,7) is an absolutely continuous in ¢ matrix-valued function, sat-
isfying (1.1) and the conditions

G(r,m)=1, Gt,7) =0 (t<T). (3.3)

Any solution z(t) of problem (1.3), (1.4) can be represented as

/ G(t,7) (3.4)

This formula can be obtained by direct differentiation. About other proofs see [71,
Section 6.2], [78]. In these books the solution representations for the homogeneous
problem also can be found.

Formula (3.4) is called the Variation of Constants formula.

Now we are going to derive a representation for solutions of the homogeneous
equation (1.1).

To this end put

A(t) = y(t) — G(t,0)9(0) ift >0,
Lo if -y <t<0,

[ D+ CE0s0) 0,
y(t) = (1) if —p <t<0.

If we choose

. 0 if t >0,
o(t) = { 6(t) if—n <t<0, (3:5)

then we can write

y(t) = 2(t) + G(t,0)6(0) + 6(t) (t = —n). (3.6)
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Substituting this equality into (1.1), we have

) + %G(t, 0)6(0) = /n Ao R(7)(2(t—7) + B(t — )+ Gt — 7, 0)6(0)) (¢ > 0).
0
But 5 ;
=G(1,0)(0) = /0 d R(t, )Gt — 7,0)6(0)

2(t) = /77 d:R(t,7)(z(t —7) + o(t — 7)) (t>0).

0
By the Variation of Constants formula

(1) :/OtG(t,s) /077 d, R(s,7)d(s — 7)ds.

Taking into account (3.6), we get the following result.

Corollary 3.3.1. For a solution y(t) of the homogeneous problem (1.1), (1.2) the
representation

y(t) = G(t,0)6(0) + / ! / "Gt ) R(s.m)b(s — T)ds (£>0)  (37)

1s valid.

3.4 The generalized Bohl-Perron principle

Theorem 3.4.1. If for any f € C(0,00), problem (1.3), (1.4) has a bounded on
[0,00) solution, and condition (1.7) holds, then equation (1.1) is exponentially
stable.

To prove this theorem we need the following lemma.

Lemma 3.4.2. If for any f € C(0,00) a solution of problem (1.3), (1.4) is bounded,
then any solution of problem (1.1), (1.2) is also bounded.

Proof. Let y(t) be a solution of problem (1.1), (1.2). Put

[ e0) it >0,
“)‘{as(t) ity <t <0,

and zo(t) = y(t) — 4(t). We can write dp(t)/dt = 0 (t > 0) and

bo(t) = / " ARt )xo(t — )+ (t) (¢ > 0),

0
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where

vy = [ " d R 7).

0

Besides, (1.4) holds with z(t) = zo(t). Since V(R) < oo, we have ¢ € C(—n,00).
Due to the hypothesis of this lemma, xy € C(0,00). Thus y € C(—n ,0), as
claimed. g

Lemma 3.4.3. Let a(s) be a continuous function defined on [0,m] and condition

(1.7) hold. Then for any T >0, one has

<V(R) max |a(s _ ,
o < VO g a1l

/0 " a(8)dR(t,5) (¢ — 5)

where V(R) is defined by (2.1) and independent of T

Proof. Let fi(t) be the coordinate of f(¢). Then

/ " a(s) it — s)darsu(t.s)

n
< max () felt = )| [ Idarut.)

<w, .
< vjk jmax a(s)| _max [fi(t)]

Now repeating the arguments of the proof of Lemma 1.12.3, we obtain the required
result. |

Proof of Theorem 3.4.1. Substituting
y(t) = ye(t)e ™ (e >0) (4.1)

with an € > 0 into (1.1), we obtain the equation

Ge(t) = eyelt) + / " e d R Pt 1) (t > 0). (4.2)

Introduce in C(0, 00) the operator

¢
GFt) = / G(t, 5)f(s)ds (¢ > 0) (4.3)
0
(f € C(0,00)). By the hypothesis of the theorem, we have
z=Gf e C(0,00) for any f € C(0,00). (4.4)
So (G is defined on the whole space C/(0, 00). It is closed, since problem (1.3), (1.4)

has a unique solution. Therefore G is bounded according to the Closed Graph
theorem (see Section 1.3).
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Consider now the equation
n
Te(t) = exc(t) —|—/ e"d; R(t, )z (t — ) + f(¢) (4.5)
0

with the zero initial condition. For solutions x and z. of (1.3) and (4.5), respec-
tively, we have

d " " e T)we(t — T
G200 = [ d R =) e~ [ emd Rt Ty

dt
= /0 d:R(t,7)(x(t —7) —ze(t — 7)) + fe(),
where ;
fe(t) = —ex(t) +/0 (1 —eM)d R(t,7)xe(t — 7). (4.6)
Consequently,
& -z =Gfe. (4.7)

For brevity in this proof we put ||.||c(o,7y = |.|7 for a finite 7" > 0. Then
Clr < [1Glle .00
and due to Lemma 3.4.3,
|[felr < [aelr(e + V(R) (e —1)).

So
(2l < Jalz + [z Glloo.me (e + V(R —1)).
Thus for a sufficiently small e,
|z|r
1= [Gllc,00) (e + VI(R) (e —1))
c leloom .
1= [Gllc,00) (e + V(R) (e —1))

|1'6‘T S

Now letting T' — oo, we get z. € C(0,00). Hence, by the previous lemma, a
solution y. of (4.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. O

3.5 LP-version of the Bohl-Perron principle

In this chapter LP(x) = LP(x,C™) (p > 1) is the space of functions defined on a
set x C R with values in C™ and the finite norm

1/2
ol = [ [ Botizar] e s 1< p < o0,
X
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and [[w|| o (y) = vraisup;e, [[u(t)||n. Besides, R(t,7) is the same as in Section 3.1.
In particular, condition (1.7) holds.

Theorem 3.5.1. If for ap > 1 and any f € LP(0,0), the non-homogeneous problem
(1.3), (1.4) has a solution x € LP(0,00), and condition (1.7) holds, then equation
(1.1) is exponentially stable.

The proof of this theorem is divided into a series of lemmas presented in this
section.

Note that the existence and uniqueness of solutions of (1.3) in the considered
case is due to the above proved Lemma 3.2.1, since f is locally integrable.

Again put

Eu@)::AUdTR@TﬁAt—T)(tEO) (5.1)

considering that operator as the one acting from LP(—n,T) into L?(0,T) for all
T > 0.

Lemma 3.5.2. For any p > 1 and all T > 0, there is a constant V(R) independent
of T, such that
1EullLoo,r) < V(R)|[ullLe(—y 1)- (5.2)

Proof. This result is due to Corollary 1.12.4. ]

Lemma 3.5.3. For any f € LP(0,00) (p > 1), let a solution of the nonhomoge-
neous problem (1.3), (1.4) be in LP(0,00) and (1.7) hold. Then any solution of the
homogeneous problem (1.1), (1.2) is in LP(—n,00).

Proof. With a p > 0, put

o e Mp(0) ift >0,
Y=9 s it <t<0.

Then v € LP(—n ,00) and therefore Ev € LP(0,00) for all p > 1. Furthermore,
substitute y(t) = z(t) + v(¢) into (1.1). Then we have problem (1.3), (1.4) with

F(t) = pe™"¢(0) + (Ev)(1).

Clearly, f € LP(0,00). According to the assumption of this lemma, the solution
x(t) of problem (1.3), (1.4) is in LP(0,00). Thus, y = z+v € LP(0,0), as claimed.
(|

Lemma 3.5.4. If condition (1.7) holds and a solution y(t) of problem (1.1), (1.2)
is in LP(0,00) for a p > 1, then the solution is bounded on [0,00). Moreover, if
p < 0o, then

11000y < PV R )
where V(R) is defined by (5.2).
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Proof. By (1.1) and Lemma 3.5.2,

19112 0.00) < VR[]l o (1 ,00)-

For simplicity, in this proof put ||y(¢)|l» = |y(¢)|- The case p = 1 is obvious, since,

< dly(t <. .
ol = [ B < [T jgenlan < il < VIl (20,
t t

Assume that 1 < p < co. Then by the Gdlder inequality

> dly(ty) [P = ~pdly(ty)]
p_ _ p
ol = [ i = p [ e 0

< [ wor-tiia <p | [ woreal " [l v

where ¢ = p/(p — 1). Since ¢(p — 1) = p, we get the inequalities
WO < Bl oy 19 200.00) < BllYIn ) VIR (82 0),

as claimed. 0O

Lemma 3.5.5. Let a(s) be a continuous function defined on [0,n] and condition
(1.7) hold. Then for any T >0 and p > 1, one has

where V(R) is defined by (5.2) and independent of T.

< V(R) max |a(s)] [lf]lLo—n 1)
Lr(=n.T) . e

/0 " a(8)dR(t,5) (¢ — s)

The proof of this lemma is similar to the proof of Lemma 3.4.3.

Proof of Theorem 3.5.1. Substituting (4.1) into (1.1), we obtain equation (4.2).
Define the operator G on L?(0,00) by expression (4.3). By the hypothesis of the
theorem, z = Gf € LP(0,00) for all f € LP(0,00). So G is defined on the whole
space LP(0, 00). It is closed, since problem (1.3), (1.4) has a unique solution. There-
fore G is bounded according to the above-mentioned Closed Graph theorem.
Consider now equation (4.5) with the zero initial condition. According to
(1.3), we have equation (4.7), with f, defined by (4.6), where x and . are solutions
of (1.3) and (4.5), respectively. For brevity, in this proof put ||.|[z»,7) = |.|p,7 for
a finite 7> 0. Then |G|, r < HCA¥||LP(07OO). In addition, by (4.6) and Lemma 3.5.5,
we can write
‘fe|p,T < |$e

Hence (4.7) implies the inequality

pr(€+V(R)(e™ —1)).

pT + ||é||LP(0,oo)|37e pr(e+V(R)(e —1)).

|Zelpr < |
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Consequently, for all sufficiently small ¢,
|2|p,T
1= [[Gllzr(0,00) (e + V(R)(e? — 1))

]| £r (0,00)
1= G Lr0,00) (€ + V(R) (e — 1))

<.

|w€ p,T S p, T

< 00.

Letting T — oo, we get x. € LP(0, 00). Consequently, by Lemmas 3.5.3 and 3.5.4,
the solution y. of (4.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. 0

3.6 Equations with infinite delays

Consider in C" the equation
i) = [ dRGT(E-7) (2 0), (6.1)
0

where R(t,7) is an n x n-matrix-valued function defined on [0,00)?, which is
continuous in ¢ for each 7 > 0 and has bounded variation in 7 for each ¢ > 0. The
integral in (6.1) is understood as the improper vector Lebesgue—Stieltjes integral.
Take the initial condition

y(t) = ¢(t) (—o0 <t <0) (6.2)

for a given ¢ € C'(—o00,0)NL!(—00,0). Consider also the nonhomogeneous equation

e 9)
() = / 4 R(t, )2t — ) + f(t) (£ >0) (6.3)
0
with a given vector function f(¢) and the zero initial condition
z(t) =0 (—o0 <t <0). (6.4)

In space LP(—o0,00) with a p > 1 introduce the operator
oo
Esu(t) = / d-R(t, T)u(t —7) (t>0; ue LP(—o00,0)).
0

It is assumed that the inequality
[ Esctt]| Lo (0,00) <V (R)|tt]| Lo (~o0,00) (6.5)

holds for a constant V(R) and all v € L?(—o00, 00).
A solution of problem (6.1), (6.2) is defined as the one of problem (1.1), (1.2)
wit 7 = oo; a solution of problem (6.3), (6.4) is defined as the one of problem
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(1.3), (1.4). If f € LP(0,00), p > 1, the existence and uniqueness of solutions can
be proved as in Lemma 3.2.2, since f is locally integrable.
For instance, consider the equation

i = [ G-+ Y Ay -n) 120, (69
k=0

where 0 = 79 < 71, ... are constants, Ag(t) are piece-wise continuous matrices and
A(t, 7) is integrable in 7 on [0, 00). Then it is not hard to check that (6.5) holds, if

sup ( / A 8 s + S ||Ak<t>n> < . (6.7)

k=0

According to (6.4) equation (6.3) can be written as

i(t) = /0 d-R(t, )zt — 1) + f(t) (> 0). (6.8)

We will say that equation (6.1) has the e-property in LP, if the relation

holds for any f € LP(—00, 00).
The exponential stability of equation (6.1) is defined as in Section 3.1 with
n = oo.

—0ase—0(e>0) (6.9)
LP(0,00)

/O (¢ — 1)d, R(t, 7)f(t — 1)

Theorem 3.6.1. For a p > 1 and any f € LP(0,00), let the nonhomogeneous
problem (6.3), (6.4) have a solution x € LP(0,00). If, in addition, equation (6.1)
has the e-property and condition (6.5) holds, then that equation is exponentially
stable.

The proof of this theorem is divided into a series of lemmas presented in the
next section.

3.7 Proof of Theorem 3.6.1

Lemma 3.7.1. Under the hypothesis of Theorem 3.6.1, any solution of the homo-
geneous problem (6.1), (6.2) is in L?(0,00).

Proof. With a > 0, put

oft) = { HG0) 20,

o(t) if —00 <t <0.
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Clearly,
1112 o o0y < M1t ooy l0NE L

So v € LP(—00,00). By (6.5) we have Eoov € LP(0, 00). Substitute y = v + z into
(6.1). Then we have problem (6.3), (6.4) with

f(t) = pe " p(0) + Exu(t).
By the condition of the lemma z € LP(0,00). We thus get the required result. O

Lemma 3.7.2. If a solution y(t) of problem (6.1), (6.2) is in L?(0,00) (p > 1), and
condition (6.5) holds, then it is bounded on [0,00). Moreover, if p < oo, then the
inequalities

1912 0.00) < PV BN (0 00 191 L2 (—50,00) < PV (RNYIT (o0
are valid.
The proof of this lemma is similar to the proof of Lemma 3.5.4.
Proof of Theorem 3.6.1. Substituting
ye(t) = e"y(t) (t = 0) and ye(t) = o(t) (t <0)

with an € > 0 into (6.1), we obtain the equation
(o)
) = e ®)+ [ RO 7) (0> 0) (71)
0

Again use the operator G : f — x, where z is a solution of problem (6.3), (6.4).
In other words,

/Gts s)ds (t>0; f € LP(0,00)),

where G is the fundamental solution to (6.1). By the hypothesis of the theorem,
we have

x=Gf e LP(0,00) for any f € LP(0,00).

So G is defined on the whole space LP(0,00). It is closed, since problem (6.3), (6.4)
has a unique solution. Therefore G is bounded according to the Closed Graph
theorem (see Section 1.3).

Consider now the equation

Ge(t) = ex(t) + /0 T CTA R, Tyr(t — 1) + (1) (7.2)
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with the zero initial condition. For solutions x and z. of (6.3) and (7.2), respec-
tively, we have

d

& (o~ x)() = /0 T AR, Pt — ) — exc(t) — /0 T AR, Tyt — 7)

_ /0°° 4R 7Y@t — ) — 2ot — 7)) + £.(8),
where -
fe(t) = —exc(t) +/O (I —eM)d R(t,T)x(t — 7). (7.3)

Consequently, .
z—ze = Gfe. (7.4)

For brevity in this proof, for a fixed p we put ||.||zr0, 1) = |.|7 for a finite T > 0.
Then |G| < H(A?HLP(O,OO). In addition, by the e-property

[fe(®)|r < v(e)lze|r
where v(e) — 0 as e = 0. So
& = @l < ()| Gl Lo(0,00) || -
Thus for a sufficiently small €,

|z|7 < H$||Lp(o,oo)
1= v(O)||GllLr.00) 1= V(NG Lr(0,00)

|xe|T S

Now letting T — oo, we get z. € LP(0,00). Hence, by the previous lemma, a
solution y. of (7.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. 0

3.8 Equations with continuous infinite delay

In this section we illustrate Theorem 3.6.1 in the case p = 2. To this end consider
in C™ the equation

i) = /0 T Ayl — Ty + /0 T Kt —rydr (130, (81)

where A(7) is a piece-wise continuous matrix-valued function defined on [0, 00)
and K (t,7) is a piece-wise continuous matrix-valued function defined on [0, 00)?.
Besides,

|A(s)|ln < Ce ™ and ||K(t,s)|n, < Ce P+ (O, 1 = const > 0; t,s > 0).
(8.2)
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Then, it is not hard to check that (8.1) has in L? the e-property, and the operator
K : L?(—00,00) — L?(0,00), defined by

Kuw(t) = / K(t, 7wt — 7)dr
0
is bounded. To apply Theorem 3.6.1, consider the equation

t t
z(t) = / A(T)x(t — 7)dT —I—/ K(t,7)x(t —T)dr + f(t) (t>0) (8.3)

0 0
with f € L?(0,00). To estimate the solutions of the latter equation, we need the

equation
t
a(t) = / A(F)ult — 7)dr + h(t) (> 0) (8.4)
0
with h € L?(0,00). Applying to (8.4) the Laplace transform, we have
zi(z) = A(2)a(z) + h(z)

where A(z),4(z) and h(z) are the Laplace transforms of A(t),u(t) and h(t), re-
spectively, and z is the dual variable. Then

It is assumed that det (2] — A(z)) is a stable function, that is all its zeros are in
the open left half-plane, and
0o := sup || (iwl — A(iw)) Y|,
w€eR
1 (8.5)
1K1 20.00)
Note that various estimates for 6y can be found in Section 2.3. By the Parseval
equality we have ||| £2(0,00) < 0ol|h]|£2(0,00)- By this inequality, from (8.3) we get
211 L2(0,00) < Oollf + K| 12(0,00)
< 6ol[f1l22(0,00) + 0ol K1 2(0,00) 2]l L2(0,00) -

Hence (8.5) implies that € L?(0, 00). Now by Theorem 3.6.1 we get the following
result.

Corollary 3.8.1. Let conditions (8.2) and (8.5) hold. Then (8.1) is exponentially
stable.
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3.9 Comments

The classical theory of differential delay equations is presented in many excellent
books, for instance see [67, 72, 77, 96].

Recall that the Bohl-Perron principle means that the homogeneous ordinary
differential equation (ODE) y = A(t)y (¢ > 0) with a variable n x n-matrix A(t),
bounded on [0,00) is exponentially stable, provided the nonhomogeneous ODE
& = A(t)x + f(t) with the zero initial condition has a bounded solution for any
bounded vector-valued function f, cf. [14]. In [70, Theorem 4.15] the Bohl-Perron
principle was generalized to a class of retarded systems with R(¢,7) = r(t, 7)1,
where r(t, 7) is a scalar function; besides the asymptotic (not exponential) stability
was proved (see also the book [4]).

Theorems 3.4.1 and 3.5.1 is proved in [58], Theorem 3.6.1 appears in the
paper [59] (see also [61]).



Chapter 4

Time-invariant Linear Systems
with Delay

This chapter is devoted to time-invariant (autonomous) linear systems with delay.
In the terms of the characteristic matrix-valued function we derive estimates for
the LP- and C-norms of fundamental solutions. By these estimates below we ob-
tain stability conditions for linear time-variant and nonlinear systems. Moreover,
these estimates enable us to establish bounds for the region of attraction of the
stationary solutions of nonlinear systems.

4.1 Statement of the problem

Everywhere in this chapter Ro(7) = (r;k(7))},_; is a real left-continuous n x
n-matrix-valued function defined on a finite segment [0,7 ], whose entries have
bounded variations.

Recall that Ry can be represented as Ry = Ry + Ro+ R3, where Ry is a saltus
function of bounded variation with at most countably many jumps on [0,7], R is
an absolutely continuous function and Rj is either zero or a singular function of
bounded variation, i.e., R3 is non-constant, continuous and has a derivative which
is equal to zero almost everywhere on [0,7n] [73]. As it was mentioned in Section
3.1, if R3 is not zero identically, then the expression

/0 " aRy () f(t — 1)

for a continuous function f, cannot be transformed to a Lebesgue integral or to a
series.

Consider Ry (t) and let hy < ha,... be those points in [0,7 ), where at least
one entry of Ry has a jump. Then for any continuous function f,

[ s =m =Y At~ o)
k=1

0

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 69
DOI 10.1007/978-3-0348-0577-3_4, © Springer Basel 2013
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where Aj are constant matrices. Ry being a function of bounded variation is

equivalent to the condition
oo
> 1 Ak]ln < oo
k=1

Here and below in this chapter, || Al|,, is the spectral norm of a matrix A.
For Ry we define A(s) by

Ryo(1) = /OT A(s)ds (0<71<mn).

n
/ng(T flt—7) /A f(t —s)ds.
0

Since the function Ry (7) is of bounded variation, we have

Then

7
/ |A(s)||nds < 0.
0

Our main object in this chapter is the problem

/ dRo(T)y(t — 7) (t > 0), (1.1)
y(t) = ¢(t) for —n <t <0, (1.2)

where ¢(t) is a given continuous vector-valued function defined on [—7,0]. Recall
that y(t) = dy(t)/dt,t > 0, and §(0) means the right derivative of y at zero.
As it was explained above in this section, equation (1.1) can be written as

i(t) = /077 A)y(t — s)ds + 3 Agy(t—hy) (E>0; m<oo)  (13)
k=1

where 0 < hy < hy < --- < h,, < 1 are constants, Ay are constant matrices
and A(s) is integrable on [0,7]. For most situations it is sufficient to consider the
special case, where R has only a finite number of jumps: m < co. So in the sequel
it is assumed that Ry has a finite number of jumps.

A solution y(¢) of problem (1.1), (1.2) is a continuous function

Y= [_77700) — (Cn,
such that

y(t) = ¢(0) —|—/0 071 dRo(T)y(s — 7)ds,t > 0, (1.4a)

and
y(t) =) (-n <t<0). (1.4b)
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Recall that
Var(Ry) = (Var(rij))Zj:1

and
var(Rp) = || Var(Rp)|| - (1.5)

In particular, for equation (1.3), if h; = 0 we put R;(0) = 0 and

Ri(1) = A1 (0 <7 < hy), Ry(7 ZAk for hjy <7 < hj41
=1

(GJ=2,...,m; hypp1=mn). If by >0 we put Ri(7) =0 (0 <7 < hy) and

J
Ri(7) :ZAk for hy <7 <hji1 (j=1,...,m).
k=1

In addition,

Ro(r) = /0 " A(s)ds + Ra(7).

Let a;;(s) and agj) be the entries of A(s) and Ay, respectively. Then for equation

(1.3), each entry of Ry, satisfies the inequality
var(ryy) < / gy ()] ds + Z ), (1.6)
0

In this chapter again C(a,b) = C([a,b]; C™), L?(a,b) = LP([a, b]; C™).
Furthermore, Lemma 1.12.1 implies

< Vn var(Ro) sup |ly(s)]ln. (1.7)

n —n <s<t

sup
0<s<t

fMWMwﬂ

0

Put
g(t) == sup [ly(s)]ln-
0<s<t

Then from (1.4) we deduce that
¢
35(0) < 10lloq- o)+ Virva(Ro) [ i(s)ds
0

Since ||y(s)||n < §(s), by the Gronwall lemma we arrive at the inequality

ly®lln < llor 0~ ) (& > 0). (1.8)
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4.2 Application of the Laplace transform

We need the non-homogeneous problem

n
i) = [ dRo(ralt ~ )+ £(0) (¢ 2 0), (21)
0
with a locally integrable f and the zero initial condition
x(t)=0for —n<t<O0. (2.2)

A solution of problem (2.1), (2.2) is a continuous vector function x(¢) defined on
[0,00) and satisfying the equation

2(t) = /O /O dRo(7)2(s — 7)ds + /O F(s)ds (t > 0) (2.3)

and condition (2.2). Hence,

t t
zllco, S/ 1£(s)llnds + v/n Var(Ro)/ [zl 0,5)ds.
0 0

Now the Gronwall lemma implies the inequality

t
Jo®lln < lellcw < [ 17(6)lnds exply var(Ro))
0
Assume also that f satisfies the inequality
1F@)lla < co (co = const) (2.4)

almost everywhere on [0, 00).
Taking into account (1.8) we can assert that the Laplace transforms

g(z) = /00O e Fly(t)dt and I(z) = /000 e Fa(t)dt

of solutions of problems (1.1), (1.2) and (2.1), (2.2), respectively, exist at least for
Rez > /n var(Rp) and the integrals converge absolutely in this half-plane. In
addition, inequality (1.7) together with equation (1.1) show that also ¢(¢) has a
Laplace transform at least in Rez > /n var(Ry) given by z3(z) — ¢(0). Taking
the Laplace transforms of both sides of equation (1.1), we get

i) - o) = [ et [ anoryte - rya
= /n e T*dRo(7) UO e Fy(t)dt + §(2)] .

0 —T
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Interchanging the Stieltjes integration with the improper Riemann integration is
justified by the Fubini theorem; we thus get

n 0
K(2)y(2) :gzﬁ(O)—l—/O e*TZdRO(T)/ e *lo(t)dt,

—T
where

K(z)= 21— /0?7 e~ "*dRy(1). (2.5)

The matrix-valued function K (z) is called the characteristic matriz-valued function
to equation (1.1) and det K (z) is called the characteristic determinant of equation
(1.1). A zero of the characteristic determinant det K (z) is called a characteristic
value of K(.) and X\ € C is a regular value of K(.) if det K(X\) # 0.

In the sequel it is assumed that all the characteristic values of K(.) are in
the open left half-plane C_.

Applying the inverse Laplace transform, we obtain

1

T

y(t)

/ it i) [¢(o)+ /O " ARy (7) /_ OTe_i“’(S+T)¢(s)ds dw  (2.6)

—00

for t > 0. Furthermore, apply the Laplace transform to problem (2.1), (2.2). Then
we easily obtain

(2) = K }(2)[(2) (2.7)

for all regular z. Here f (z) is the Laplace transform to f. Applying the inverse
Laplace transform, we get the following equality:

2(t) = /0 Gt — 8)f(s)ds (t > 0), (2.8)
where

T

Glt) = = /OO K (i), (2.9)

— 00

Clearly, a matrix-valued function G(t) satisfies (1.1). Moreover,
G0+)=1I, G(t)=0(t<0). (2.10)

So G(t) is the fundamental solution of equation (1.1). Formula (2.8) is the Variation
of Constants formula to problem (2.1), (2.2). Note that for equation (1.3) we have

7] m
K(z) =21 — / e **A(s)ds — Z e ez Ay (2.11)
0 k=0
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4.3 Norms of characteristic matrix functions

Let A be an n x n-matrix. Recall that the quantity

n 1/2
g(A) = [N(A) = > I |
k=1
is introduced in Section 2.3. Here A\i(A),k = 1,...,n are the eigenvalues of

A, counted with their multiplicities; Na(A) = (Trace AA*)'/? is the Frobenius
(Hilbert—Schmidt norm) of A, A* is adjoint to A. As it is shown in Section 2.3,
the following relations are valid:

2 _A*
g*(A) < N2(A) — | Trace A?| and g¢2(A) < w =2NZ(Ar), (3.1)
where A; = (A — A*)/2i. Moreover,
g(e" A+ 2I) = g(A) (t €R;z€C). (3.2)

If A is a normal matrix: AA* = A*A, then g(A) = 0. Put

B(z) = /077 e “TdRy(1) (2 € C).

In particular, for equation (1.3) we have

B(z) = ne_SZA(s)ds—i— 3 e A (3.3)
J D
and
o(B(w) < Na(Bw) < [ NalAlds + Y NalA) @ER). (3)
k=0

Below, under various assumptions, we suggest sharper estimates for g(B(iw)).
According to Theorem 2.3.1, the inequality

n—1 k
. g"(4)
147 <X

is valid for any invertible matrix A, where d(A) is the smallest modulus of eigen-
values of A.
Hence we arrive at the inequality

IE )] ln < T(K(2)) (= € ©), (3-5)
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where
9" (B(2))
VEIdR (K (2))

and d(K (z)) is the smallest modulus of eigenvalues of matrix K(z) for a fixed z:

PG =Y
k=0

d(K(2)) = min [Ax(K(2))].
If B(z) is a normal matrix, then g(B(z)) = 0, and

-1 1

For example that inequality holds, if K (z) = 21— Age *" , where Ag is a Hermitian
matrix.
Let
0(K):= sup 1K~ (iw)]| .-
—2 var(Ro)<w<2 var(Rg)

Lemma 4.3.1. The equality

sup_[|K (iw) | = 0(K)

—oo<w<oo
1s valid.

Proof. We have

K(0) = /0" ARy (s) = /077 dRo(s) = Ro(n ) — Ro(0).

So
[K(0)]ln = [1Ro(n) — Ro(0)[ln < var(Ro),

and therefore,
1

var(Ro)

Here and below in this chapter, ||v]|, is the Euclidean norm of v € C™. Simple
calculations show that

n .
‘ / e~ dRo(7)
0

1K (iw)v][n > (|| = var(Ro))[[vlln = var(Ro)|[v]|n
(w € R;|w| > 2var(Rp); v eC").

IE=H(0) ]| >

<var(Ryg) (weR)

n

and

So

K1 (iw)|, <
I (w)lln <

—1
ity S IET Ol (] 2 2var(Ro)).
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Thus the maximum of |K ~!(iw)||, is attained inside the segment
[—2 var(Ry),2 var(Rp)],
as claimed. O

By (3.4) and the previous lemma we have the inequality 0(K) < 6(K), where

O(K):= sup D(K(iw)).
|w|<2var(Ro)
Let
9B = sup 9(B(iw))
wée[—2var(Rp),2var(Ro)]
and

dr = inf d(K(iw)).
K we[72var(ll£1o),2var(30)] (#{w))

Then we obtain the following result.

Corollary 4.3.2. The inequalities
0(K) < 0(K) <To(K), (3.6)

are true, where

Z \/—dk—i-l

4.4 Norms of fundamental solutions of
time-invariant systems
Recall that all the characteristic values of K(.) are in the open left half-plane

C_. The following result directly follows from (2.6): let y(¢) be a solution of the
time-invariant homogeneous problem (1.1), (1.2). Then due to (2.6)

n 0
y(t) = G(t)p(0) + /0 3 G(t — 7 — s)dRo(T)9(s)ds (t >0). (4.1)

Lemma 4.4.1. Let x(t) be a solution of problem (2.1), (2.2) with f € L?(0,0).
Then

2/l 2(0,00) < O f || 2(0,00) -
Proof. The result is due to (2.8), Lemma 4.3.1 and the Parseval equality. ]
The previous lemma and Theorem 3.5.1 yield the following result.

Corollary 4.4.2. Let all the characteristic values of K(.) be in C_. Then equation
(1.1) is exponentially stable.
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Lemma 4.4.3. The inequalities

/77 dRo(s)f(t —s)

0

< var(Ro) || fllz2(—n.00) (f € L*(—n,0))  (4.2)
L2(0,00)

and

are true for all t > 0.

. )Sx/ﬁvar(Ro)HfHC(—n,o@ (f €C(=n,00)) (43)
0,00

/71 dRo(s)f(t — s)

0

This result is due to Lemma 1.12.1.
Thanks to the Parseval equality,

1 1. 1 > 1.
Gl 00) = gl @)y = 57 [ I i)

Calculations of such integrals is often a difficult task. Because of this, in the next
lemma we suggest an estimate for ||G/||L2(0,00). Let

W(K) := /20(K)[var(Ro)0(K) + 1]. (4.4)
Lemma 4.4.4. The inequality ||G||12(0,00) < W(K) is valid.

Proof. Set w(t) = G(t) — ¥(t), where

Ie7 % ift >0,
Y(t) = .
0 if —n <t <0,

with a positive constant b, which should be deduced. Then

w(t) = /On dRo(s)G(t — s) + be b1 = /On dRo(s)w(t — 5) + f(t) (t > 0),

where

f(t) = /77 dRo(s) ¥(t — s) + be 1.

0

By Lemma 4.4.3, we have

1£122(0,00) < (var(Ro)l ]l £2(0,00) + B)lle ™" l[22(0,00)
< (var(Ro) + b)||€_bt||L2(0700)'

Take into account that

(=

le™*I12(0,00) =



78 Chapter 4. Time-invariant Linear Systems with Delay

Then due to Lemma 4.4.1, we get

] - O(K)(var(Ro) +b)
L2(0,00) > \/% .

Hence,
G| 12 00 WI|12(0.00) T = + var(Rp) + .
L2(0,00) L2(0,00) /_Qb /—Qb 0

The minimum of the right-hand part is attained for

1+ 6(K) var(Ro)

b= 0(K)

Thus, we arrive at the inequality

1G] £2(0,00) < V/26(E)(6(E) var(Ro) + 1),
as claimed. 0O

By Corollary 4.3.2 we have the inequality

W(K) < W(K), where \/29 )[var(Ro)0(K) 4 1]. (4.5)

In addition, Lemma 4.4.3 and (1.1) imply the following lemma.
Lemma 4.4.5. The inequality HG||L2(0,OQ) <Gl z2(0,00) var(Ro) is valid.
Now (4.5) yields the inequalities

HGHL?(o,oo) < W(K)var(Rp) < W(K) var(Rp). (4.6)

We need also the following simple result.

Lemma 4.4.6. Let f € L2(0,00) and f € L2(0,00). Then

110,00 < 2011l 220,00) | F1l L20,00)-
Proof. Obviously,

e B

Taking into account that

Al < 17

we get the required result due to Schwarz’s inequality. O
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By the previous lemma and (4.6) at once we obtain the following result.
Theorem 4.4.7. The inequality
G112 0,.00) < 2Gll72(0,00) Var(Ro)

is valid, and therefore,

1Gllc0,00) < a0(K), (4.7)
where
ao(K) := \/2var(Ro)W(K) = 2+/var(Rg)0(K)[var(Ro)0(K) + 1].
Clearly,
ap(K) < 2(1 + var(Rp)0(K)), (4.8)
and by (4.5) and (3.6),
ao(K) < \/2var(Ro)W (K) = 21/var(Ro)0(K ) [var(Ro)0(K) + 1]. (4.9)

Now we are going to estimate the L'-norm of the fundamental solution. To this
end consider a function r(s) of bounded variation. Then

r(s) =r(s) —r-(s),

where 4 (s), 7_(s) are nondecreasing functions. For a continuous function ¢ defined
on [0,n], let

/077 q(s)|dr(s)| == /On q(s)dr(s) +/0n g(s)dr_(s).

In particular, let
n
vd (r) ::/ sldr(s)].
0
Furthermore, put
vd (Ro) = [[(vd (rjx))} k=1lln-

Recall that r;;, are the entries of Ry. That is, vd (Rp) is the spectral norm of the
matrix whose entries are vd (r;x).

Lemma 4.4.8. The inequality

s true.

/0?7 TdRo(T)f(t — )

<vd (Ro) | fllz2(—n ) (T >0; f € L*(—n,T))
L2(0,T)
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Proof. Put .
Evf(t) = / ARy (T)F(t—7) (F(8) = (fu(0))).

Then we obtain

n LT
IO 0n = [ IED; 0P
j=1"0

where (E1 f);(t) denotes the coordinate of (Elf)(t) But

n 2
(ELf), sfkt—sdrjm < (/ ot = )lldryu(s >|)
k=1
n n
—Z/ it — ) ldryu(s) _/ sal it — 1)l ldrae (o).
Hence
/ (1) ( |dt</ / ZZS|dr]k Y1 |dr i (s1 \/ fult=8) fi(t—s1)|dt.

i=1 k=1

By the Schwarz inequality

(/ |fu(t — 8)fi(t — s1) |dt> /|fkt—32dt/ |fi(t — s1)|dt
< 2dt S(8)|dt.
/_n|fk<>| /_nlf()

Thus
T n n
| ;@R < 35S vt Gl |l o
i=1 k=1
n 2
= (ZVd(Tjk)kaL?(—n,T)) ~
k=1
Hence
n T n n 2
S B0 <> (ZVd k)| fell L2y T))
j=170 j=1 \k=1
= || i)y ]| < v (Ro)lvalln,
where

ve = (I fellz(n 1)z -
But |lvalln = || fllz2(=y ;7). This proves the lemma. O
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Clearly
vd(Ry) < n var(Rp).

For equation (1.3) we easily obtain
n m
vd(Rp) < / s||A(s)Hnds+thHAan. (4.10)
0 k=0
We need the following technical lemma.

Lemma 4.4.9. Let equation (1.1) be asymptotically stable. Then the function
Y (t) :=tG(t) satisfies the inequality

1Y 22(0.00) < O(K)(1 4 vd(Ro)) (|G| 2(0,00) -

Proof. By (1.1)
Y (t) = tG(t) + Gt) = t/n dRo(T)G(t —7) + G(t)
0

- /n dRo(7)(t — T)G(t — 7) + /77 TdRo(T)G(t — 7) + G(1).
0 0

Thus, .

Y (t) :/0 dRo(T)Y (t — ) + F(t)
where ,

F(t)= /0 TR(dT)G(t — 7) + G(t).
Hence,

Y(t) = /Ot G(t —t1)F(t1)dty.
By Lemma 4.4.1, ||Y[| 12(0,00) < 0(K)| F| £2(0,00)- But due to the previous lemma
[ Fl[22(0,00) < (Gl 22(0,00) (1 + vd(Ro)).
We thus have established the required result. O

Now we are in a position to formulate and prove the main result of the
section.

Theorem 4.4.10. The fundamental solution G to equation (1.1) satisfies the in-
equality

IG | 21(0,00) < Gl £2(000) VTO(K) (1 + vd(Ro)) (4.11)

and therefore,

1G22 (0,00) < W(E)V/7O(K) (1 +vd(Ro)). (4.12)
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Proof. Let us apply the Karlson inequality

(/ ocf(t)ldt>4<7r2 [ s [~ oo

for a real scalar-valued f € L?[0,00) with the property tf(t) € L?[0,00), cf. [93
Chapter VIII]. By this inequality

1GN 210,000 < T2 1Y 120,00 1GI172(0,00)-
Now the previous lemma yields the required result. O

Recall that §(K) and W(K) can be estimated by (3.6).

4.5 Systems with scalar delay-distributions

The aim of this section is to evaluate g(B(z)) for the system

(t) = ;Ak /077 y(t — s)dug(s), (5.1)

where Ay are constant matrices and p(s) are scalar nondecreasing functions de-
fined on [0,7].
In this case the characteristic matrix function is

m n
z) =2l — ZAk/ e duk(s).
k=1 0

Simple calculations show that

var(Ro) < ) || Aln var(u) and <> \\Ak\\n/ s dpu(s).
k=1 k=1
In addition,
m
9(K (iw)) = Z 2(Ag) var(ug) (w € R).
For instance, the equation
= > Agy(t — hy) (5.2)
k=1

can take the form (5.1). In the considered case

z) =zl — ZAkeihkz, VaI' Ro Z ||Aan
k=1 k=1
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and

vd(Ro) <) hillAklln, and g(B(iw)) <> Na(Ap) (w€R).
k=1 k=1

Under additional conditions, the latter estimate can be improved. For example, if
K(2) = 2I — Aje "% — Ajeh2?, (5.3)

then due to (3.1) and (3.2), for all w € R, we obtain

g(eiw}”B(iw)) — Q(Al +A2e(h1—h2)iw)

1 ) )
—=Na(A1 — A} + Agem=h2)iw _ Az e=(h=ha)iw)

9(B(iw))

IN
v

and, consequently,

1

ENQ(A1 — A7) + V2Ny(Ay). (5.4)

9(B((iw)) <
Similarly, we get

L No(4s — A3) (weR). (5.5)

g(B((iw)) < V2Na(A;) + 7

4.6 Scalar first-order autonomous equations

In this section we are going to estimate the fundamental solutions of some scalar
equations. These estimates give us lower bounds for the quantity dx. Recall that
this quantity is introduced in Section 4.3. The obtained estimates will be applied
in the next sections.

Consider a nondecreasing scalar function p(s) (s € [0,7]), and put

k(z)=z+ /077 exp(—zs)du(s) (z € C). (6.1)

Obviously, k(z) is the characteristic function of the scalar equation

n
U+ / y(t — s)du(s) = 0. (6.2)
0
Lemma 4.6.1. The equality

h(ieo)| = inf k(i)

inf
—2var(p)<w<2var(u)

s valid.
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Proof. Clearly, k(0) = var(p) and
k(i) 2 o] — var(s) > var() (o] > 2var()).

This proves the lemma.

Lemma 4.6.2. Let
n var(p) < /4.
Then all the zeros of k(z) are in C_ and

inf |k(iw)| > d > 0,
weR

where

d:= /077 cos(2var(pu)T)du(T).

Proof. For brevity put v = 2var(u). Clearly,

[k (iw)|* =

n .
iw + / e "Tdu(r)
0

- (w - /077 sin(Tw)du(T)>2 + (/On cos(Tw)du(T))

Hence, by the previous lemma we obtain

2

|k(iw)| > ‘ir‘1<f lk(iw)| > d (weR).

Furthermore, put
k(m,z) =m var(p)(1 4+ z) + (1 —m)k(z), 0 <m < 1.

We have

E(0,2) = k(2),k(1,2z) =var(u)(1 + 2) and k(m,0) = var(u).

Repeating the proof of the previous lemma we derive the equality
inf jw)| = inf jw)l.
dnf [k(m,iw)[ = _ tnf _ |k(m, iw)]
In addition,
n
Re k(m,iw) = var(p)m + (1 — m)/ cos(wT)dp.
0

Consequently,

|k(m,iw)| > var(u)m + (1 — m) /077 cos(vT)dpu.

(6.3)

(6.4)
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Therefore, )
|k(m,iw)| > var(u)m + (1 —m)d > 0 (w € R). (6.5)

Furthermore, assume that k(z) has a zero in the closed right-hand plane C', . Take
into account that k(1,z) = 1+ 2z does not have zeros in C;.. So k(mg, iw) (w € R)
should have a zero for some mq € [0, 1], according to continuous dependence of
zeros on coefficients. But due to to (6.5) this is impossible. The proof is complete.

|

Remark 4.6.3. If -
w(t) — p(0) > 0 for some ¢ < R

then

n
/ cos(m7)dp(r) > 0
0
and one can replace condition (6.4) by the following one:

N

0 var(u) <

Consider the scalar function

ki(z) =z + Zbke_ihkz (hg, by, = const > 0).
k=1

The following result can be deduced from the previous lemma, but we are going
to present an independent proof.

Lemma 4.6.4. With the notation
m
c= QZbk, let hje<m/2 (j=1,...,m).
k=1
Then all the zeros of k1(z) are in C— and

cirel% |ky (iw)| > kZ:lbk cos (chy) > 0.

Proof. We restrict ourselves to the case m = 2. In the general case the proof is
similar. Put h; = v, ho = h. Introduce the function

F(y) = liy + bae™ ™ 4 bre= V"2,
Clearly,
f(y) = liy + bz cos(hy) + by cos(yv) — i (bzsin(hy) + by sin(yv))|?
= (ba cos(hy) + by cos(yv))? + (y — be sin(hy) — by sin(yv))?

= y? + b3 + b7 — 2bay sin(hy) — 2byy sin(yv)
+ 2boby sin(hy) sin(yv) + 2b2by cos(yv) cos(hy).
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So
f(y) = y? 4 b2 + b — 2boy sin(hy) — 2byysin(yv) 4 2boby cosy(v — h).  (6.6)
But f(0) = (b2 + b1)? and
F@) = (y=ba=b1)* = (b2 +01)° (Jyl > 2(b2 +b1) ).

Thus, the minimum of f is attained on [—c¢,¢] with ¢ = 2(ba + b1). Then thanks
0 (6.6) f(y) > w(y) (0<y < c), where

w(y) = y* + b3 4 b3 — 2byy sin(he) — 2byy sin(ve) + 2baby cos c(h — v).

and
dw(y)/dy = 2y — 2 (be sin(hc) + 2b; sin(ve)).

The root of dw(y)/dy = 0 is s = by sin(hc) + by sin(ve). Thus
minw(y) = s? + b3 + b3 — 25 + 2baby cosc(h — v)
y
= b3 + b7 — (b sin(hc) + by sin(ve))? + 2b9by cosc(h — v).

Hence

minw(y) = b3 + b3 — b3 sin? (ch) — bisin? (cv) + 2bab cos(ch) cos(cv)
Y

= b3 cos® (he) 4 b3 cos? (ve) + 2byby cos(ch) cos(cv)
= (by cos(ch) + by cos(cv))?.

This proves the required inequality. To prove stability, consider the function
K(2,8) = 2+ bie "% + bye %" (s € [0, 1]).
Then all the zeros of K(z,0) are in C_ due to the just proved inequality,
L‘1)161’]11; | K (iw, s)| > b1 cos(csv) + ba cos(csh)
> by cos(cv) 4 ba cos(ch) >0 (s € [0,1]).
So K (z,s) does not have zeros on the imaginary axis. This proves the lemma. [

Again consider equation (6.2) whose fundamental solution is defined by

1 a+1i00 ; dz
¢(t) = 3 /a—ioo e t% (a = const). (6.7)

Hence,

1 > —zt
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Let
en var(p) < 1. (6.8)

Then it is not hard to show that (6.2) is exponentially stable and {(¢) > 0 (¢t > 0)
(see Section 11.4). Hence it easily follows that

1 > 1
o 5/0 ()it = 5 (w0 € R).

But k(0) = var(p). We thus have proved the following lemma.

Lemma 4.6.5. Let pu(s) be a nondecreasing function satisfying condition (6.8). Then

inf
—oo<w< o

iw + /077 exp(—iws)du(s)

= k(0) = var(u)

and
1

> 1
Jo 0= 5 =

Now let po(s) (s € [0,7]) be another nondecreasing scalar function with the

property
en var(ug) <co (1 <c¢p<2) (6.9)

and
ko(z) = z + /0 exp(—zs)duo(s) (z € C). (6.10)

Put p(s) = po(s)/co. Then

fo(ie) ()| < [ dlols) = ) = (c0 = 1) vax().
0
Hence, by the previous lemma,
ko (iw)| = |k(iw)| — [ko(iw) — k(iw)|
> var(p) — (co — 1) var(p) = (2 — co) var(p) (w € R).
We thus have proved

Lemma 4.6.6. Let 110(s) (s € [0,1]) be a nondecreasing scalar function satisfying
(6.9). Then

2—00

inf > .
i > = o)

7
iw—l—/ exp(—iws)duo(s)
0 Co

Furthermore, let u2(s) be a nondecreasing function defined on [0,7] and

ko(z) = z +ae " + /077 exp(—=zs)dusa(s) (z € C)
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with constants a > 0 and h > 0. Put
vy := 2(a + var(uz)).

By Lemma 4.6.1,
inf  |ka(iw)| = in%\kg(iwﬂ.
we

—v2<w<vz
But
7] 2
ko (iw)|? = (w —asin(hw) — / sin(Tw)dug(T)>
0
n 2
+ (a cos(hw) —I—/ cos(Tw)d,ug(T)> .
0
Let
voh < 7)2 (6.11)
and ,
dy = ‘ i‘rif a cos(hw) —|—/ cos(Tw)dpusz (1) > 0. (6.12)
w|sv2 0
Then we obtain
iré%|k2(z’w)| > ds. (6.13)

Repeating the arguments of the proof of Lemma 4.6.2 we arrive at the following
result.

Lemma 4.6.7. Let conditions (6.11) and (6.12) hold. Then all the zeros of ka(2)
are in C_ and inequality (6.13) is fulfilled.

Let us point out one corollary of this lemma.

Corollary 4.6.8. Let the conditions (6.11) and
a cos(hvg) > var(usz)
hold. Then all the zeros of ka(z) are in C_ and the inequality
irelgg |k2(iw)| > acos(hvgy) — var(uz) > 0 (6.14)
w
is valid.

In particular, if
n
ka(z)=z+a+ / exp(—zs)duz(s) (z € C)
0

and
a > var(pus), (6.15)

then condition (6.11) automatically holds and
iren];{ |k2(iw)| > a — var(ug) > 0. (6.16)
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4.7 Systems with one distributed delay
In this section we illustrate our preceding results in the case of the equation
n
B0+ A [yt - s)du=0 (¢ 20), (7.1)
0

where A = (ai) is a constant Hurwitzian n x n-matrix and p is again a scalar
nondecreasing function. So in the considered case we have Ry(s) = u(s)A,

n
K(z)=zI —|—/ e **du(s)A, (7.2)
0
and the eigenvalues of matrix K (z) with a fixed z are
U
MEE) =2+ [ e du(o)(4),
0
In addition,
no
g(B(iw)) = g (A / e%deu<s>) < g(4)var(y) (w € R),
0
var(Rg) = || Alln var(p), and vd (Ro) = ||Al|n vd (1), where
n
) = [ rautr).

According to Corollary 4.3.2, we have the inequality 0(K) < 04, where

with

dg = min inf
J=1n —2var(p)||Alln <w<2var(p) || Alln

n .
wi + Aj(4) / e "% du(s)
0

In particular, if A is a normal matrix, then g(A) =0 and 04 = 1/d(K).
Now Lemma 4.4.4, (4.6), (4.7) and (4.12) imply our next result.

Theorem 4.7.1. Let G be the fundamental solution of equation (7.1) and all the
characteristic values of its characteristic function be in C_. Then

||GHL2(O,OO) < W(Aa M)? (73)

where

W (A, 1) := /20 [ Al var(u)fa +1].
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In addition,

Gl L2(0,00) < || Alln var (1) W (A, p), (7.4)

[Glle,00) < WA, 1)/ 2||Alln var(u) (7.5)
and

Gl (0,00) < W (A, ) /7041 + [|All vd(p)). (7.6)

Clearly, dg can be directly calculated. Moreover, by Lemma 4.6.3 we get the
following result.

Lemma 4.7.2. Let all the eigenvalues of A be real and positive:

0<AM(A) <--- <A (A) (7.7)
and let -
n var(pu) A, (A4) < T (7.8)
Then all the characteristic values of equation (7.1) are in C_ and
di = d(A, p), (7.9)
where ;
) 1= [ cos (2 (4) var(p) du(r) > 0,
Thus
04 <O(A,u), where 60(A, u):= :Z; %m.

So we have proved the following result.

Corollary 4.7.3. Let conditions (7.7) and (7.8) hold. Then all the characteristic
values of equation (7.1) are in C_ and inequalities (7.3)~(7.6) are true with (A, u)
instead of 04.

In particular, if (7.1) takes the form
y(t) + Ay(t —h) =0 (h = const > 0; ¢t > 0), (7.10)

then the eigenvalues of K (z) are \;(K(z)) = z+e~*");(A). In addition, var(u) =
1, vd(u) = h. According to (7.7), condition (7.8) takes the form

hAan(A) < /4. (7.11)
So in this case we obtain the inequality

d(A, ) > cos(2A,(A)h). (7.12)
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Furthermore, under condition (7.7), instead of condition (7.8) assume that
en var(u) A, (A) < 1. (7.13)

Then according to Lemma 4.6.5 we can write

Inf |3 (K (iw))| = inf

iw~+ Aj(A) /077 exp(—iws)du(s)| = Aj(A) var(u).
Hence,
di > var(u)A (A4), (7.14)

and therefore, 0,4 < 0 4, where

_ 1 A
4= ) 2 VRN ()

Now taking into account Theorem 4.7.1 we arrive at our next result.

Corollary 4.7.4. Let conditions (7.7) and (7.13) hold. Then all the characteris-
tic values of equation (7.1) are in C_ and inequalities (7.3)—(7.6) are true with
04 =04

Now let A be diagonalizable. Then there is an invertible matrix 7" and a
normal matrix S, such that T7-'AT = S. Besides,

n
T'K(2)T = Ks(2) where Kg(z)=zI —|—/ e **du(s)S
0
and therefore,

1K= ()l < mrl K5 ()]l

where kr = ||T7!|,,||T||. Recall that some estimates for kr are given in Sec-
tion 2.7.
Since g(S) = 0, and the eigenvalues of K and Kg coincide, we have dx = dk;,

1
0s = — and therefore 04 < H—T.
K dr
Now Theorem 4.7.1 implies the following result.

Corollary 4.7.5. Suppose A is diagonalizable and all the characteristic values of
equation (7.1) are in C_. Then inequalities (7.3)—(7.6) are true with (7 instead

OfQA,

If, in addition, conditions (7.7) and (7.8) hold, then according to (7.9) equa-
tion (7.1) is stable and

(7.15)
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Moreover, if conditions (7.7) and (7.13) hold, then according to (7.14) equation

(7.1) is also stable and
RT

0p < ————.
A= M (A) var(p)
Note also that if A is Hermitian, and conditions (7.7) and (7.13) hold, then re-

ducing (7.1) to the diagonal form, due to Lemma 4.6.5, we can assert that the
fundamental solution G to (7.1) satisfies the inequality

(7.16)

1 — 1
Gllri0.00) < . 717
” HL (0,00) Var(,u) kz:; )\k(A) ( )

So, if A is diagonalizable and conditions (7.7) and (7.13) holds, then

Gl L10,00) < var(p Z )\k (7.18)

4.8 Estimates via determinants

Again consider equation (1.1). As it was shown in Section 2.3,

anl(A)
e e )] "2

Al <
for any invertible n x n-matrix A. The following result directly follows from this
inequality.

Corollary 4.8.1. For any regular point z of the characteristic function of equation
(1.1), one has

Ny (K (2)
(n = 1)("=D/2| det (K(2))|

and thus 0(K) < O4et(K) where

1K= ()] < (n>2), (8.1)

Ny~ (K (iw))
Oaet (K) := sup 2 .
d t( ) —2 var(Ro)<w<2 var(Rp) (n - 1)(n 1)/2| det (K( ))|

This corollary is more convenient for the calculations than (3.6), if n is small
enough.

Recall that it is assumed that all the characteristic values of (1.1) are in the
open left half-plane C'_. Let

Waet (K) == /2040 (K)[var(Ro)baet (K) + 1].

By Lemma 4.4.4 we arrive at the following lemma.
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Lemma 4.8.2. The inequality ||G||12(0,00) < Waet () is valid.

In addition, Lemma 4.4.5 and Theorem 4.4.7 imply our next result.

Lemma 4.8.3. The inequalities
HGHL?(O,OO) < Waet (K) var(Ry)

and
||GHC(O,00) < adet(K)a (82)

hold, where

adet (K) := /2 var(Ro)Waet (K).

Clearly,

Adet (K) = 2\/V3,I(R0)6det (K)[V&f(RQ)@det(K) + 1}

and

adet(K) < 2(1 + var(Ro)0det (K)) < 2(1 + var(Ro)bget (K)).

To estimate the L'-norm of the fundamental solution via the determinant, we use
inequality (4.12) and Corollary 4.8.1, by which we get the following result.

Corollary 4.8.4. The fundamental solution G to equation (1.1) satisfies the in-
equality

Gl 21 (0,00) < Waet(K)/T0aet (K) (1 + vd (Ro)).

Furthermore, if the entries r;;(7) of Ro(7) have the following properties: r;;
are non-increasing and 7,5 (7) =0 (j > k), that is, Ry is triangular; then clearly,

det K(z) = ,f[l <z - /077 ezsdrkk(s)) . (8.3)

If, in addition
nvarrj; <w/4,j=1,...,n, (8.4)

then by Lemma 4.6.2 all the zeros of det K(z) are in C_ and

| det K (iw)| > [] dix >0 (8.5)
k=1

where

n
djj :/ cos(2var(rj;)7) dr;; (7).
0



94 Chapter 4. Time-invariant Linear Systems with Delay

4.9 Stability of diagonally dominant systems

Again rj,(s) (j,k =1,...,n) are the entries of Ry(s). In addition r;;(s) are non-

increasing. Put
n

fj = Z Var(rjk).
k=1,k#j
Lemma 4.9.1. Assume that all the zeros of the functions

7
ki(z) =z —/ e *%drji(s), j=1,...,n,
0
are in C_ and, in addition,
|kj(iw)] > & (weR; |w < 2var(ry;); 4=1,...,n), (9.1)

then equation (1.1) is exponentially stable. Moreover,

Proof. Clearly

n

| det (K ﬁ\kz (iw)] — &) (weR).
>

n .
/ e "drj,(s)
k=1,kz#j /0

Hence the result is due to the Ostrowski theorem (see Section 1.11). g

<¢&-

If condition (8.4) holds, then by Lemma 4.6.2 we obtain
|kj(iw)| > djj > 0

where onj are defined in the previous section. So due to the previous lemma we
arrive at the following result.

Corollary 4.9.2. If the conditions (8.4) and

dij>¢& (j=1,....,n)

hold, then equation (1.1) is exponentially stable. Moreover,
n
| det ( H (weR).
Now we can apply the results of the previous section.

4.10 Comments

The contents of this chapter is based on the paper [26] and on some results from
Chapter 8 of the book [24].



Chapter 5

Properties of Characteristic Values

In this chapter we investigate properties of the characteristic values of autonomous
systems. In particular some identities for characteristic values and perturbations

results are derived.

5.1 Sums of moduli of characteristic values

Recall that .
K(z)= z[—/ exp(—zs)dRo(s)
0

is the characteristic matrix function of the autonomous equation

g = /n dRo(s)y(t — ).

0

Here and below in this chapter Ro(7) is an n X n-matrix-valued function defined
on a finite segment [0, 7], whose entries have bounded variations and I is the unit

matrix.

Enumerate the characteristic values zx(K) of K with their multiplicities
in the nondecreasing order of their absolute values: |z (K)| < |zr41(K)| (k =

1,2,...). If K hasl < oo zeros, we put 1/z,(K) =0 (k=14+1,1+2,...).

The aim of this section is to estimate the sums

S o
Z‘Zk(K)‘ (G=1,2,...).

k=1

To this end, note that

K(z) =2l — M /O" s"dRo(s) =Y =By,

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics,
DOI 10.1007/978-3-0348-0577-3_5, © Springer Basel 2013

(1.1)
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where
n n
By = —/ dRo(s) = —Ro(n), Bi= I-l—/ sdRo(s),
0 0
n
By = (_1)k+1/ sFdRo(s) (k> 2).
0
In addition, it is supposed that

Ry(n ) is invertible. (1.2)

Put Cy = —Ry*(n)By and
ok
_ z
Ki(2) = =Ry (n)K(2) = Ok (Co=1).
k=0

Since det Ky(z) = —det Ry'(n) det K(z), all the characteristic values of K and
K coincide.

For brevity, in this chapter ||A|| denotes the spectral norm of a matrix A:
Al = || All»- Without loss of generality assume that

n <1 (1.3)

If this condition is not valid, by the substitution z = wa with some a > 7 into
(1.1), we obtain

K(aw) = awl — /071 exp(—saw)dRo(s)

—q <w[ _ é /O B exp(—Tw)dRo(T/a)> — ok (w),
e Ki(w) = wl = [ " exp(—rw)dRs (7)

with Ry(7) = 2Ro(7/a) and 1 = 2. Thus, condition (1.3) holds with n =71.

T a
Let 7;x(s) be the entries of Ry(s). Recall that var(Ry) denotes the spectral
norm of the matrix (var(rjx)); ,_;:

var(Ro) = || (var(rjx))j oy |-

Lemma 5.1.1. The inequality

1B = H [ stama(s)| < n*varra) (22

s true.
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The proof of this lemma is similar to the proof of Lemma 4.4.8. It is left to
the reader.

From this lemma it follows that
|Ck|l < var(Ro)[|Ry ' (n)[In* (k> 2).

So under condition (1.3) we have

D ICk]I? < oo (1.4)
k=1
Furthermore, let

oo 1/2
k=1
So Uy is an n X n-matrix. Set

e (Ui for k=1,...,n,
wr(K) = () .
0 ifk>n+1,

where A\ (¥k) are the eigenvalues of matrix Uy with their multiplicities and
enumerated in the decreasing way: wi(K) > wiy1(K) (k=1,2,...).

Theorem 5.1.2. Let conditions (1.2) and (1.3) hold. Then the characteristic values
of K satisfy the inequalities

g:l <§j:[wk k+n} (G=1,2,...).

=1
This result is a particular case of Theorem 12.2.1 [46].
From the latter theorem it follows that

k=1
and thus, _
23(K)| > ’ (G =12...)
k=1 [Wk(K) + (k+n):|
Therefore, in the disc
2] < J (G=2.3...)

K has no more than j — 1 characteristic values. Let v (r) be the function counting
the characteristic values of K in the disc |z| < r.
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We consequently get

Corollary 5.1.3. Let conditions (1.2) and (1.3) hold. Then the inequality vi (r) <
j — 1 is valid, provided

- J
Sy [wk(K) + ﬁ}

r (Gj=2.3,...).

Moreover, K(z) does not have characteristic values in the disc

2 < ——.
| |*/\1(\I/K)+1+Ln

Let us apply the Borel (Laplace) transform. Namely, put
oo
Fg(w) :/ e Ky (t)dt (w e C; |w|=1).
0

Then - )
Fiew) = =) [ e (a1 [Mesp-rs)ial)) .

We can write down

1 |
F =-R;" — 1 - dR . 15
) =Ry ) |zt = [ o) (15)
On the other hand
=1
Fie(w) =) —Ch
k=0
and therefore
1 [ , , >
o /. Fr(e™)Fi(e)ds = Z CrCy.
k=0
Thus, we have proved the following result.
Lemma 5.1.4. Let condition (1.3) hold. Then
1 2 ) )
U2 = — Fr(e ") Fg(e¥)ds
2'IT 0

and consequently

1 27 is
10k ]* < %/0 1Fxc(e**)|Pds < sup [|Fx(w)]*.

|w|=1
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Simple calculations show that

var(Ro)

o1
dR < =1).
| airo)]| < T qui =)
Taking into account (1.5), we deduce that
_ Ry)
Ul < 1 (1 var(
e < 15 1+ 00
and consequently,
w;j(K) < sup [|[Fg(w)]| < a(Fk), (1.6)

w|=1

where

o) = 175 (14 ) <)

Note that the norm of R (1) can be estimated by the results presented in Section
2.3 above. Inequality (1.6) and Theorem 5.1.2 imply the following result.

Corollary 5.1.5. Let conditions (1.2) and (1.3) hold. Then the characteristic values
of K satisfy the inequalities

and

5.2 Identities for characteristic values

This section deals with the following sums containing the characteristic values
z(K) (k=1,2,...):

o] 1 2 oS} ( 1 >2
Im and Re
; ( 2k (K) ; zk(K)
Again use the expansion
1 > Zk
Ki(2) = =Ry '()K(2) = Y 21k (2.1)
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where

Cu= (0 Ry (n) [ shamols) (k> 2),

n
Co=1 and C;=—-Ry'(n) (I+/ sto(s)>.
0

To formulate our next result, for an integer m > 2, introduce the m x m-block
matrix

—Cl —02/2 . —Cm_l/(m — 1)' —Cm/m!
. 1 0 0 0
B,, = 0 1 0 0

0 0 I 0

whose entries are n X n matrices.
Theorem 5.2.1. For any integer m > 2, we have
5m(K) = Trace B,

This result is a particular case of Theorem 12.7.1 from [46].
Furthermore, let

=Y N3 (Cr)+ (C(2) — n
k=1

and
Y(K,t) = 7(K) + Re Trace[e*" (C? — Cy/2)] (t € [0,27))

where

is the Riemann zeta function.

Theorem 5.2.2. Let conditions (1.2) and (1.3) hold. Then for any t € [0,2m) the
relations

00 1 oo eit 2
2 Top YD) (resm) 20

k=1
are valid.

This theorem is a particular case of Theorem 12.4.1 from [46].
Note that

(K, 7/2) = 7(K) — Re Trace <C12 - ;Oz)
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and

1
Y(K,0) = 7(K) 4+ Re Trace (C’l2 - 502) .
Now Theorem 5.2.2 yields the following result.

Corollary 5.2.3. Let conditions (1.2) and (1.3) hold. Then

- i = 2 =23 (i)

k=1
Consequently,
- 1 > 1 2
> e <7 2% (10 —p) < vtim2
and

22 (Re Zk(lK)>2 < ¥(},0).

5.3 Multiplicative representations of
characteristic functions

Let A be an n x n-matrix and Ey (k = 1,...,n) be the maximal chain of the
invariant orthogonal projections of A. That is,

O=FEyCFEiC---CFE,=1

and
AEk :EkAEk (/{J = 1,...,7’),). (31)
Besides, AE, = Ey, — Ex—1 (k=1,...,n) are one-dimensional. Again set
—
I Xr=X1X2... X0
1<k<m
for matrices X1, Xo,..., X,,. As it is shown in Subsection 2.2.2,
—
AAE),
I—A)t= I+ —, 3.2
a-a= I (1+7555) (32)
1<k<n

provided I — A is invertible.
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Furthermore, for each fixed z € C, K(z) possesses the maximal chain of
invariant orthogonal projections, which we denote by Fy (K, z):

0=FEy(K,z) CE1(K,z) C---CE,(K,z)=1

and
K(2)Ey(K,z) = Ex(K,2)K(2)Ex(K,2) (k=1,...,n).

Moreover,
AEL(K,z) = Ep(K,2) — Ex—1(K,z) (k=1,...,n)

are one-dimensional orthogonal projections.
Write K (z) = zI — B(z) with

B(z) = /O77 exp(—zs)dRy(s).

Then K (z) = z(I — 1 B(2)). Now by (3.2) with K(z) instead of I — A, we get our
next result.

Theorem 5.3.1. For any reqular z # 0 of K, the equality

S LT () BRARR)
e=s 1 (e
18 true.
Furthermore, let
A=D+YV (0(A) =0c(D)) (3.3)

be the Schur triangular representation of A (see Section 2.2). Namely, V is the
nilpotent part of A and

D =) M(A)AE;
k=1

is its diagonal part. Besides VE), = ExVEy (k= 1,...,n). Let us use the equality

—
VAE

Al =p-1 {I _ k ]
QSI;[@ Ak (A)

for any non-singular matrix A (see Section 2.2). Now replace A by K (2) and denote
by Dk (z) and Vi (z) be the diagonal and nilpotent parts of K(z), respectively.
Then the previous equality at once yields the following result.

Theorem 5.3.2. For any reqular z of K, the equality

1 2) = ~_1 p — _ VK(Z)AEk(Z)
K~'(z) = D\( )2§1;[§n - Ry

s true.
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5.4 Perturbations of characteristic values

Let

K(z) =zl — /077 exp(—zs)dRy(s) (4.1a)

and

K(z)==zI— /O?7 exp(—zs)dR(s), (4.1b)

where Ry and R are n X n-matrix-valued functions defined on [0,7], whose entries
have bounded variations.

Enumerate the characteristic values zj,(K) and z;(K) of K and K, respec-
tively with their multiplicities in the nondecreasing order of their moduli.

The aim of this section is to estimate the quantity

ro(K) = e mip

oo
Zk(K) Z](f()

which will be called the relative variation of the characteristic values of K with
respect to the characteristic values of K.

Assume that }
Ro(n) and R(n) are invertible, (4.2)

and
n < 1. (4.3)

As it was shown in Section 5.1, the latter condition does not affect the generality.
Again put

Ki(z) = —R7'(n)K(z) and, in addition, K;(z)=—-R™'(n)K(z).

So - -
Z Z

=> O and Ki(z) =) 1? (4.4)

k=0 k=0
where ;

Ci = (~1)*Ry(n) / SRy (s)
0
and "
Com (DR ) [ RaR(s) (k2 2)
0

Co=Co=1I;

C1=—Ry'(n )(1+/0nsto(s)> and C,=—-R'(n) <I—|—/Onsd}~%(s)>.
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As it is shown in Section 5.1, condition (4.3) implies the inequalities

S OICk]? <00 and Y [[Ck|? < oo (4.5)
k=0 k=0
Recall that
0 1/2
U= |y CiCy
k=1

and put
w(K) = 2Na (W) + 2[n(¢(2) — 1)]"/?,

where ((.) is again the Riemann zeta function. Also let

2(K
E(K, s) = éeXp B N inQ )

} (s >0) (4.6)

and
o 1/2
q= [Z [Cr — Ckzl ~
k=1

Theorem 5.4.1. Let conditions (4.2) and (4.3) hold. Then

rog (K) < r(K,q),
where r(K, q) is the unique positive root of the equation

qf(K,S) =1 (47)

This result is a particular case of Theorem 12.5.1 from [46]. If we substitute
the equality y = zw(K) into (4.7) and apply Lemma 1.6.4 from [46], we get
r(K,q) < (K, q), where

eq if w(K)<egq,

oK q) = { w(K) [in (w(K)/q)] 7> it w(K) > eq

Therefore, rvg (K) < 6(K, q).
Put

Wj:{ze(C:qf(K,

%_ﬁ’) 21} (G=1,2,...).

Since ¢(K,y) is a monotone decreasing function with respect to y > 0, Theorem
5.4.1 yields the following result.
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Corollary 5.4.2. Under the hypothesis of Theorem 5.4.1, all the characteristic val-
ues of K lie in the set

Let us apply the Borel (Laplace) transform. Namely, put

F(u) = /000 e_“t(f(l(t) — Ki(t)dt (ueC; |ul=1).

Then
=1
F(u) = Z Es] (Cr = Ck)
k=0
Therefore
1 27 oo
2, “(e7")F(e")ds = > ((Ck)* = C1)(Cr — Ci)
k=0
Thus,
27
Trace — / e S)F(e")ds = Tracez - CH)( Ck —Ck),
or

[e%e) 27
<Y NHG - Co = 5 [ NEE(E)as

This forces

27
¢’ < i/ N2(F(e))ds < sup N2(F(z)).
0 |z|=1

5.5 Perturbations of characteristic determinants

In the present section we investigate perturbations of characteristic determinants.
Besides, K and K are defined by (4.1), again.

Lemma 5.5.1. The equality

inf |det K(iw)| = inf |det K (iw)]

—oco<w< oo —2 var(Rop)<w<2 var(Rg)
is valid. Moreover,

inf |det K(iw)| <|det Ro(n)|.

—oco<w<
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Proof. Put d(s) = |det K(is)|. Clearly, d(0) = |det Ro(n )| and

det K(z) =

||::]:

n
w(zI — B(2)) = H z— (B
In addition,

Ak (B(is))| < [|B(is)|| < var(Ro)

and thus
d(s) > ||s| — var(Ro)|™ > (var(Rp))™ (|s| > 2var(Ryp)).

We conclude that the minimum of d(s) is attained inside the segment
[-2 var(Rp),2 var(Rp)],
as claimed. |

Furthermore, let A and B be n x n-matrices. As it is shown in Section 1.11,
1 1 "
|det A—det B| <|A-— B 1+§||A—B||—|—§HA+BH .

Hence we get

Corollary 5.5.2. The inequality
- - 1 - 1 - "
|det K(z) —det K (2)| <[| K(z) - K(z)] [1+§IIK(2)—K(2)+§K(2)+K(2)II}

holds.
Simple calculations show that
1K (i) || < |w| + var(Ro), || K (iw) + K (iw)|| < 2|w]| + var(Ro) + var(R)

and
| K (iw) — K (iw)| < var(Ro — R) (w € R).

We thus arrive at the following corollary.

Corollary 5.5.3. The inequality
- - 1 - - 1"
|det K (iw) —det K (iw)| <var(Ro— R) [1 + |w|+ 3 (var(Ro+ R)+var(Ro — R))}

s valid.

In particular,

|det K (iw)] ] . ] o
> |det K (iw)| — var(Ry — R) [1 + |w| + §(Var(R0 + R) + var(Rgy — R))} .

Now simple calculations and Lemma 5.5.1 imply the following result.
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Theorem 5.5.4. Let all the zeros of det K(2) be in C_ and

Jp = inf |det K (iw)]

|w|<2var(Ro)

—var(Ro — R) |1+ 2var(R) + % (Var(Ro + R) + var(Ry — R))] > 0.

Then all the zeros of det K(z) are also in C_ and

inf |det K (iw)| > J;.
weR

Note that

Jp > inf |det K (iw)| — var(Ry — R)[1 + 3 var(R) + var(R)]"™.

T |w|<2var(Ro)

Furthermore, let us establish a result similar to Theorem 5.5.1 but in the
terms of the norm N(.). Again let A and B be n X n-matrices. Then as it is
shown in Section 1.11,

et A — det B| < #NQ(A— B) {1 + %NQ(A _B)+ %NQ(A—kB)] .

Now at once we get our next result.
Lemma 5.5.5. The inequality

|det K(z)—det K(2)]

MK (2) - R () [14 3Nl (2) ~ K(2) + 300K ) + K]

= nn/2

is valid.
Note that the previous lemma implies the inequality

L

|det K(z) —det K(z)] < T

No(K(2) = K(2)) [1+ No(K (2)) + Na( B (2)]

To illustrate the results obtained in this section consider the following matrix-
valued functions:

n m
K(z)=z2I— / e " A(s)ds — Z e Ay, (5.2a)
0 k=0
and
~ n ~ " 1
K(z)=zI - / e **A(s)ds — Z e ME Ay (5.2b)
0

k=

(e}
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where A(s) and A(s) are integrable matrix functions, Aj and Ay are constant
matrices, hi are positive constants. Put

Vara(Ro) = [ Na(A(s))ds + Y- NalAe),
k=0

Vary(Ro &+ R) = /(;7 Ny(A(s) £ A(s))ds + Y Na(Ag £ Ay).
k=0

We have
Ny (K (iw)) < v/nlw| + Vara(Ry), No(K (iw) — K (iw)) < Vary(Ry — R)

and
No(K (iw) + K (iw)) < 2¢/n|w| + Varg(Ry + R) (w € R).

We thus arrive at the following corollary.

Corollary 5.5.6. Let K and K be defined by (5.2). Then the inequality
|det K (iw) — det K (iw)]

1 ~ 1 - - n
< yE Varz(Ry — R) {1 +vnlw| + 3 (Varz(Ro + R) + Vary(Ry — R))]

18 true.
In particular,
|det K (iw)| > | det K (iw)]
_ # Vara(Ry — R) [1 +Vn|w| + % (Varg(Ro + R) + Vars(Ro — R))} n
(weR).

Hence, making use of Lemma 5.5.1 and taking into account that var(Rp) <
Vary(Rp), we easily get our next result.

Corollary 5.5.7. Let K and K be defined by (5.2). Let all the zeros of det K (z) be
in C_ and

Jo:= inf |det K (iw)]
|w|<2Vars(Ro)

1 ) o _ L
— 7 Vars(Ro— R) |1+ 2V Vara () + (VarQ(Ro—i—R)—i—Varg(Ro—R))] 0.

Then all the zeros of det K(z) are also in C_ and

inf |det K (iw)| > Jo.
weR
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5.6 Approximations by polynomial pencils

Let (1.2) hold, and K, and K; be defined as in Section 5.1. Let us consider the
approximation of function K7 by the polynomial pencil

O NE
hm(X) = k!
k=0
Put
. 1/2
gm(K) := l > IICkIIQ]
k=m+1
and

w(hm) =2 N/? (Z cm;;) +2[n(¢(2) - D]V

k=1

Define &(hy,, s) by (4.6) with h,, instead of K. The following result at once follows
from [46, Corollary 12.5.3].

Corollary 5.6.1. Let conditions (1.2) and (1.3) hold, and r,(K) be the unique
positive root of the equation

G (K)& (i, y) = 1.

Then either, for any characteristic value z(K) of K, there is a characteristic value
2(hum) of polynomial pencil hyy,, such that

’Srm(K), or |z(K)| >

2(K)  z(hm) rm(K)

5.7 Convex functions of characteristic values

We need the following classical result.

Lemma 5.7.1. Let ¢(x) (0 <z < 00) be a convex continuous function, such that
»(0) =0, and
aj,bj (] S 1,2,...,l < OO)

be two non-increasing sequences of real numbers, such that

j j
dar <> b (=1,2,...,0).

Then
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For the proof see for instance [65, Lemma I1.3.4], or [64, p. 53]. Put

n
k+n

Xt = wi(K) + (k=1,2,...).

The following result is due to the previous lemma and Theorem 5.1.2.

Corollary 5.7.2. Let ¢(t) (0 <t < 00) be a continuous conver scalar-valued func-
tion, such that ¢(0) = 0. Let conditions (1.2) and (1.3) hold. Then the inequalities

J

Z <|Zk ) Z¢Xk (j=1,2,...)

=1

are valid. In particular, for any p > 1,

and thus
j 1 1/17 j 1/17 j 1/17
N < (K + =1,2,...). (71
Lg; zk(K)P] l;wk( K kzzl(k—i-n U ). (7.1)

For any p > 1 we have

yields our next result.

Corollary 5.7.3. Let the conditions (1.2) and (1.3) hold. Then

oo 1/p
(Z %;()) < N(x) +nC?(0) (0> 1).
k=1

The next result is also well known, cf. [65, Chapter II], [64, p. 53].

Lemma 5.7.4. Let a scalar-valued function ®(t1,ts,...,t;) with an integer j be
defined on the domain

0<tj§tj_1~'~§t2§t1<00
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and have continuous partial derivatives, satisfying the condition

0® 09 0d

— > > > — >0 for t; >ty > >t 7.2
oty ~ Oty ot; for 1>t 7 (7.2)
and ag, b, (k=1,2,...,7) be two non-increasing sequences of real numbers satis-
fying the condition

m m

Za/k < Zbk (m = 172a7.7)

k=1 k=1
Then ®(ai,...,a;) < (by,...,bj).

This lemma and Theorem 5.1.2 immediately imply our next result.

Corollary 5.7.5. Under the hypothesis of Theorem 5.1.2, let condition (7.2) hold.

Then ) ) )
P 5 P <(I’(X?X,ax
<Z1<K>| 2a(K)] |zj<K>) b X2 X)

In particular, let {dx}72, be a decreasing sequence of non-negative numbers.
Take

J
D(ty,to,. .. ,tj) = Z ditr.

Then the previous corollary yields the inequalities

j j
n
< dp. = d K i=1,2,...).
k§=1Xk k 321 k |:wk( )+k+n} (j )

k=1

5.8 Comments

The material of this chapter is adapted from Chapter 12 of the book [46]. The
relevant results in more general situations can be found in [32, 33] and [35].



Chapter 6

Equations Close to Autonomous
and Ordinary Differential Ones

In this chapter we establish explicit stability conditions for linear time variant
systems with delay “close” to ordinary differential systems and for systems with
small delays. We also investigate perturbations of autonomous equations.

6.1 Equations “close” to ordinary differential ones

Let R(t,7) = (jx(t, 7))} 1=, be an nxn-matrix-valued function defined on [0, 00) x
[0,7] (0 <n < o0), which is piece-wise continuous in ¢ for each 7, whose entries
have bounded variations in 7.

Consider the equation

a(t) = AWyy(t) + / ARty —T) (1> 0), (L1)

where A(t) is a piece-wise continuous matrix-valued function. In this chapter again
C(2) =C(Q,C") and LP(Q) = LP(2,C™) (p > 1) are the spaces of vector-valued
functions.

Introduce in L'(—n,00) the operator

Bu(t) = /077 4Rt TYw(t — 7).

It is assumed that

vjr = sup var(r;x(t,.)) < oo. (1.2)
>0

By Lemma 1.12.3, there is a constant

n

ChSZ
j

j=1

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 113
DOI 10.1007/978-3-0348-0577-3_6, © Springer Basel 2013
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such that
IEw|1(0,00) < @illwllLi (= 00) (w € L' (=1, 00)). (1.3)

For instance, if (1.1) takes the form

y(t) = At y+/ B(t, s)y (t—sds—I—ZBk y(t — 1) (t>0; m < o0), (1.4)
k=0

where 0 < 79 < 71,...,< T, < 1 are constants, By(t) are piece-wise continuous
matrices and B(t, s) is a matrix function Lebesgue integrable in s on [0,7 ], then
(1.3) holds, provided

n m
1 = sup ( [ s slds+ :Bk<t>||n> < oo,
2 0

k=0

Here and below in this chapter ||A||,, is the spectral norm of an n x n-matrix A.
Moreover, we have

/0 T NEF () dt < / h ( / "B £~ $)ds + S Byt (1~ mnn) dt

k=0

n [ee]
< sup / 1B(7,)lln / 1= luds dt+ 3 Bl / 17t — 730l

k=0
Consequently,
| 1Esa < o) <mx [ s oe+ [ ant—m In dt)
But

s [ 1= o< [

Thus, in the case of equation (1.4), condition (1.3) holds with ¢; = §.

Theorem 6.1.1. Let condition (1.3) hold and the evolution operator U(t,s) (t >
s> 0) of the equation
y=At)y (t >0) (1.5)

satisfy the inequality
e 1
vy = sup/ U(t,s)||ndt < —. (1.6)
5>0.Js q1
Then equation (1.1) is exponentially stable.

To prove this theorem we need the following result.
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Lemma 6.1.2. Let conditions (1.3) and (1.6) hold. Then a solution x(t) of the
equation

(t) = A)z(t) + /0 AR Pt — ) + £(1) (1.7)
with an f € L*(0,00) and the zero initial condition
2(t) =0 (t<0) (1.8)
satisfies the inequality
< il N0

2300 €

Proof. Equation (1.1) is equivalent to the following one:

o) = [ Uts)(Bals) + £(s))ds.

So
Hx(t)llnﬁ/ [T, s)|In([[Ez(s)][n + [[f(s)]|ln)ds.
0

Integrating this inequality, we obtain
to to t
| el < [ [0 (E )+ 1£6) s de (0 <t < o).
0 o Jo

Take into account that

/0 / VUt ) all £(5) s dt = / 1£() / VUt ) ndt ds < 1]l 23(0.00)-

In addition,

to t to to
/0 / \U(t, ) lnll E(s)||nds dt = / 1E2(s)]l / \U(t, ) ndt ds

to
<an / (5) | ndls.
0

Thus,
to to
/ J2(8)llnds < gy / () lnds + 2] 121 (0.00)-
0 0

Hence,

/to |2(s)||nds < M
0

1—11q1

Now letting ty — oo, we arrive at the required result. O
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The assertion of Theorem 6.1.1 is due to Theorem 3.5.1 and the previous lemma.

Now consider the operator E in space C'. By Lemma 1.12.3, under condition
(1.2) there is a constant

oo < \/E” (Ujk)?,k:1 ”m
such that
[Ew|lc(0,00) € goollwllo(—n 00y (w € C(—=1,00)). (1.9)

For instance, if (1.1) takes the form

§(t) = At)y + / "Bl Syt — )ds + S Bultylt — hil) (= 0; m < o0),

k=1

(1.10)

where 0 < hy(t), ha(t),. .., hm(t) < n are continuous functions, B(t, s) and By(t)
are the same as above in this section. Then

sup [[Ew(t)[[n < sup (/n IB(t, )w(t = 5)llads + Y | Br(t)w(t - hk(t))n> :
t>0 t>0 k=0

0

Hence, under the condition §; < oo, we easily obtain inequality (1.9) with goo = §1.

Theorem 6.1.3. Let condition (1.9) hold and the evolution operator U(t,s) (t >
s> 0) of equation (1.5) satisfy the inequality

! 1
Voo 1= sup/ U, s)|[nds < —. (1.11)
t>0Jo oo

Then equation (1.1) is exponentially stable.

The assertion of this theorem follows from Theorem 3.4.1 and the following
lemma.

Lemma 6.1.4. Let conditions (1.9) and (1.11) hold. Then a solution x(t)of problem
(1.7), (1.8) with a f € C(0,00) satisfies the inequality

Voo | fllc:(0,00)

<
Izllo,00) < = Vot

The proof of this lemma is similar to the proof of Lemma 6.1.2.
Assume that

(A(t) + A* ()b, h)en < —2a(t)(h,h)en (h € Tt > 0)

with a positive piece-wise continuous function «(t) having the property

(oo}
Dy = sup/ e~ Jetdin gy o o,
s>0Js
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Then we easily have the inequalities
HU(t? S)Hn S e_fst a(ty)diy

and vy < 4. For instance, if ag := inf; a(t) > 0, then

o 1
< sup/ e~ xo(t=s)qp — —
s>0 Js &%)

Let A(t) = Ap-a constant matrix. Then
Ult,s) = e0(t=9) (t > 5>0).

In this case
Vl(A) = VOO(A) = HeAOtHLl(O,OO)'

Applying Corollary 2.5.3, we have

n—1 L k
: g~ (A)t
HeAt”n < et E : (k!)3)/2 (t>0).

Recall that
g(A) = Z IAe(A)2)2 < V2N(A)),

and a(A) = maxy; Re Ay (A); \e(A) (k=1,...,n) are the eigenvalues of A, Ny(A)
is the Hilbert—Schmidt norm of A and A; = (A A*)/2i. Thus

||eA°t||L1(0’OO) <wga,, where vy, :

Z \/_|a |k+1

6.2 Equations with small delays

Again consider the equation

£ = /0" 4 R(t )yt —7) (t>0), (2.1)

where R(t,7) = (r;x(t,7)) is the same as in the previous section. In particular,
condition (1.2) holds.
For instance, (2.1) can take the form

y(t) = /077 B(t,s)y(t — s)ds + Z Bi(t)y(t —m) (t>0; m < c0) (2.2)
k=0
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where B(t, s), 7, and B(t,7) are the same as in the previous section. In C(—n, 00)
introduce the operator

Faf(t) / d-R(t,7)[f(t - 7) — f(D)].
Assume that there is a constant V;(R), such that
1Eaflcor < Va@® oy (T>0) (2.3)

for any f € C(—n,T) with f € C(—n,T).
It is not not hard to show that condition (1.2) implies (2.3).
In the case of equation (2.2) we have

E.f (1) / B(t,7)[f(t — ) dT-I-ZBk Flt—m) — f(1)].

Since _
1ft—7) = fOlcor < T llen )

we easily obtain

. n
1Eaf®)le.r < sup (/ TIB(# 7)ln +Z 1B (t IInTk> 1flecn -

k=0

That is, for equation (2.2), condition (2.3) holds with

Va(R) < sup </n 7| B, 7)|n + ZTkHBk(t)n) : (2.4)
¢ 0 k=0
Put
A(t) = R(t,n) — R(t,0) (2.5)

and assume that equation (1.5) is asymptotically stable. Recall that U(¢, s) is the
evolution operator of the ordinary differential equation (1.5).

Theorem 6.2.1. Under conditions (1.2) and (2.3), let A(t) be defined by (2.5) and

Yr = Vy(R (sup/ AU (t, s)||nds + 1) (2.6)

>0
Then equation (2.1) is exponentially stable.

Proof. We need the non-homogeneous problem

i(t) = Balt) + f (t20; f € C(0,00)), (2.7)
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with the zero initial condition

Observe that

/ 4R et — ) = / " R, P () + / " 4R (a(t — 7) — 2(1))

0 0 0
— ((t.) - R(t.0)o(t) + [ d RO alt — 7) = a(0)
= A()z(t) + Bgz(t).

So we can rewrite equation (2.7) as

i(t) = A@t)z(t) + Eqx(t) + f(t) (t>0). (2.8)

Consequently, t
2(t) = /0 U(t, s)Ea(s)ds + f1(2), (2.9)

where t

1) = [ Utores

Differentiating (2.9), we get

i(t) = /O AWYU (L, 5)Baz(s)ds + Baz(t) + AW fr(t) + F(1).

For brevity put |z|r = ||z||c(o,r) for a finite T'. By condition (2.3) we have

t
il < o + Va(R)|ir (sgg [ 1@ s)as + 1) ,
t> 0

where
co := [[A() f1llc0,00) + 1 f 1l (0,00)-
So
&l < co+ Yrl|E|r.

Now condition (2.6) implies .

. 0

‘.’E|T S 1_ wR.
Letting T' — oo, we can assert that ¢ € C'(0,00). Hence due to (2.3) and (2.9) it
follows that x(¢) is bounded, since

t
[£llc0.00) < Il f1lle0,00) + Va(R) |2 0(0.00) ilg/ 1U(E, 5) | nds.
2 0

Now the required result is due to Theorem 3.4.1. ]
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6.3 Nonautomomous systems “close” to
autonomous ones

In the present section we consider the vector equation

a(t) = / " dRo(ryy(t — ) + / CLR - =0 (20, (1)

where R(t,7) is the same as in Section 6.1, and Ro(7) = (rj(g) (7))} k=1 is an n x n-

matrix-valued function defined on [0,7 ], whose entries have bounded variations.
Recall that var(Ry) is the spectral norm of the matrix

(Var(rj(.z) )) "’

jk=1
(see Section 1.12). Again use the operator Ef(t) = [/ d-R(t,7)f(t — T), consid-

ering it in space L?(—n,0).
Under condition (1.2), due to Lemma 1.12.3, there is a constant

G2 < ” (Ujk)?,k:1 ”m
such that
||Ef||L2(0,oo) < q2||f||L2(77] ,00) (f € L2(_77 ?OO)) (32)
Again
n
K(z) =21 —/ exp(—z8)dRy(s) (z € C)
0

is the characteristic matrix of the autonomous equation

a(t) = / " ARyt —7) (t > 0). (3.3)

As above it is assumed that all the zeros of det K (z) are in the open left half-plane.
Recall also that

0(K) = sup 15 (i),
—2 var(Ro)<w<2 var(Rg)

and in Chapter 4, estimates for §(K) are given.
The equation

y(t) = /?7 A(s)y(t — s)ds + ZAky(t —7%) + /?7 B(t, s)y(t — s)ds
" h=0 ’ (3.4)

m

+ ) Bi(t)y(t — hi) (t>0; m,m < o0)
k=0
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is an example of equation (3.1). Here
O=hy<hi<---<hp<n and O0=7<7 < <7, <N

are constants, Ay are constant matrices and A(s) is Lebesgue integrable on [0,7],
By(t) are piece-wise continuous matrices and B(t, s) is Lebesgue integrable in s
on [0,n]. In this case,

K(z):zI—/On e A(s ie hiez A, (3.5)

k=0

and

var(fo) < [ 1AG)lds + Z [ Aul (36)
Theorem 6.3.1. Let the conditions (3.2) and
@0(K) <1 (3.7)
be fulfilled. Then equation (3.1) is exponentially stable.
Proof. Consider the non-homogeneous equation
&= Eyx + Ex + f, (3.8)

with the zero initial condition and f € L?(0, 00). Here

Eopx(t) / dRo(T)x(t — 7).
By Lemma 4.4.1 and (3.2),
2] 22(0,00) < O(K)[[Ex + f|lL2(0,00)-
Thus, by (3.2),
12/l £2(0,00) < OCK) (g2l ]l L2(0,00) + 1f [l L2(0,00))-

Hence, taking into account (3.7), we get

OCK) | fl220,00)

3.9
H‘r”Lz(0,00) — 1 _ 9(K)q2 ( )
Now Theorem 3.5.1 implies the required result. ([l
Ezxample 6.3.2. Consider the equation
n n
y(t) + Ay / y(t — s)dr1(s) + Az/ y(t — s)dra(s) = (Ey)(t) (3.10)
0 0

with commuting positive definite Hermitian matrices Ay, Ao, and scalar nonde-
creasing functions r1(s), r2(s).
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Besides,
n n
K(z)=2I+ Al/ e *%dr(s) + Ag/ e % dry(s).
0 0
In addition, the eigenvalues A;(A41),\;(A2) (j = 1,...,n) of A; and Ay, respec-

tively are positive. Moreover, since the matrices commute, one can enumerate the
eigenvalues in such a way, that the eigenvalues of K(z) are defined by

7 7
MK (2)) = z—l—/\j(Al)/ e (s) —l—)\j(Ag)/ e~*dry(s) (=1,....n).
0 0
In addition,
var(Ro) < ||A1||n var(ry) + ||Az||, var(rsa).
Let us use Corollary 4.3.2. In the considered case B(z) is normal. So g(B(z)) =0

and thus the mentioned corollary implies

") < oo

d(K)= min inf

j=1,...,;n |w|<2var(Ro)

no no
i+ M (Ar) / e dry (5) + A (As) / =3y (5)
0 0

Letting
7i(s) = Aj(A1)ri(s) + Aj(A2)ra(s),
we obtain
var(fj) = \;(Aq) var(ri) + Aj(Az) var(ra)
and

Ni(K(2) =2z+ /077 e #dri(s) (j=1,...,n).

Assume that
en var(f;) <1, j=1,...,n. (3.11)

Then by Lemma 4.6.5, we obtain

d(K) = mjin var(7;).

Applying Theorem 6.3.1 we can assert that equation (3.10) is exponentially stable,
provided the conditions (3.2), (3.11) and

g2 < mjin var(f;) = mjin()\j(Al) var(ry) + A\j(Az) var(rz))

hold.
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6.4 Equations with constant coefficients
and variable delays

Consider in C™ the equation
B(t) = Apa(t — (b)) + f(t) (f € L*(0,00); t > 0) (4.1)
k=1

with condition (1.8). Here Ay are constant matrices, 7,(t) are non-negative con-
tinuous scalar functions defined on [0, 00) and satistying the conditions

hie <7(t) <mr (0 < hg,mp=const <nm; k=1,...,m < o0; t>0). (4.2)
Introduce the matrix function

K(z) =2 Age ™™ (z€C).
k=1

As above, it is assumed that all the roots of det K(z) are in C_. Set

vo =3 [ Akllny O(K) = max_|[K(is)]|n
k=1

—2v9<s<20g

and
m

YE) = (e — )| Ak |-

k=1
Theorem 6.4.1. Let the conditions (4.2) and

vof(K) +v(K) <1 (4.3)
hold. Then a solution of equation (4.1) with the zero initial condition (1.8) satisfies

the inequality
O(K)1 £ 1 2(0,00)

: . 4.4
||xHL2(0,OO) — 1—UOG(K)_’Y(K) ( )
This theorem is proved in the next section.
Theorems 6.4.1 and 3.5.1 imply
Corollary 6.4.2. Let conditions (4.2) and (4.3) hold. Then the equation
m
() =Y Ary(t — (1) (4.5)
k=1

is exponentially stable.
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For instance, consider the following equation with one delay:
y(t) = Aoy(t —7(t)) (t>0), (4.6)
where Ag is a constant n X n-matrix and the condition
h<7(t)<n (h=const >0; t>0) (4.7)
holds. In the considered case K(z) = zI — e *"Ag. As it is shown in Section 4.3,

for any regular z,
K71 (2)lln <T(K(2)) (2 ¢ B(K))

where
- 9" (B(2))
2) = kgo TR (KG)

with B(z) = e *" Ay and d(K(2)) is the smallest modulus of eigenvalues of K (z):
d(K(2)) = min [Ap(K(2))].
Here
XK (2)) = 2 = e\ (4o)

are the eigenvalues of matrix K (z) counting with their multiplicities.
For a real w we have g(B(iw)) = g(Ap). In addition,

vo = [[Aolln  and y(K) := (n = h)|[Aol|n-

Thus
0(K) <To(K)) := ‘ﬁgazgoF(K(iw)) < 0a,,
where
(Ao)
Z\/—dk WK )
and

d(K) := inf i+ A (Ag)e .
(K) =i [W1210(A0)] lyi £ A (do)e ™™

In particular, if Ag is a normal matrix, then g(4p) =0 and 04 = 1/d(K).
Now Theorem 6.4.1 yields the following result.

Corollary 6.4.3. Let the conditions (4.7) and
vobla, + ("7 - h)”AOHn <1 (4.8)

hold. Then equation (4.6) is exponentially stable.
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6.5 Proof of Theorem 6.4.1

To prove Theorem 6.4.1 we need the following result.

Lemma 6.5.1. Let 7(t) be a non-negative continuous scalar function defined on
[0,00) and satisfying condition (4.7). In addition, let a function w € L*(—n,00)
have the properties W € L*(0,00) and w(t) = 0 for t < 0. Then

lw(t —7(t)) — wt — ")l L20,00) < (1 = W)l L2(0,00)-
Proof. Put

t—h
w(t) = wlt — ) — w(t — () = /ti s

By the Schwarz inequality and (4.7) we obtain,

S t—h
o = [ 1] ao)ds] de
0 t—7(t)

< / “-h / T (o) 2as

-n

o'} n—h
:/ (U—h)/ |t —h — s1)||%ds dt
0 0
n—h [e%s)
<0 [ [l s - w2 ds
0 0
n—h e
—-n [ [t Ban ds
0 n—si—h
o0
<G=n? [ i) e
We thus get the required result. O

Now let w € L?(0,T) for a sufficiently large finite finite 7' > 0. Extend it to
the whole positive half-line by

wt) =wT)t—-T+1) T<t<T+1) and w(t)=0 (t>T+1).

Then by the previous lemma we get our next result.

Corollary 6.5.2. Under condition (4.7) let a function w € L*(—n,T) (0 < T < 00)
have the properties 1 € L*(0,T) and w(t) = 0 for t < 0. Then

w(t —71(t) —w(t —h)|lL20,1) < (1 — W)@ L2(0,7)-
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Proof of Theorem 6.4.1. In this proof, for brevity we put |.||z2¢,r) = .7 (T <
00). Recall that it is supposed that the characteristic values of K are in the open
left half-plane.

From (4.1) it follows that

x(t) = f: Agx(t — hy) + [Fox](t) (t > 0), (5.1)
k=1
where .
[Fox](t) = f(t) + > Arla(t — 7i(t) — ot — hs)].
k=1

It is simple to check that by (1.5)

m
‘ Z Akx(t — hk)‘T < ’Uo‘JZ‘T.
k=1

Moreover, thanks to Corollary 6.5.2,

m

1> Arla(t = m(t) = 2(t = hi)llr < y(K)|ilr.
k=1

So
|[Fox|r < v(K)|Z|r + | flr (5.2)

and
|Z[7 < wvolx|r +v(K)|Z[r + | f|7-

By (4.3) we have v(K) < 1. Hence,

. volz|r + | flr
|Zlr < —————5—
1 —7(K)

Furthermore, by the Variation of Constants formula,

x(t) :/0 G(t — s)Fy(s)ds

where G is the fundamental solution of the equation
m
x(t) = Z Apx(t — hy).
k=1
So |z|r < |G|r|Fo|r, where

GF(t) = /0 Gt — 8)f(s)ds.
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But |G| < HCA?HLQ(O’OO) and according to Lemma 4.4.1,
1G1122(0,00) = O(K).
Therefore, from (5.1) it follows that |z|r < 0(K)|Fy|r. Hence, due to (5.2)
|zl < O(K)(y(K)|E|r + [ f])-
Now (5.3) implies

O(K)(volx|r + | f|r)
1 —v(K) '

|zl < O(K) (v (K[| + | flr) <

By condition (4.3) we have
LG
1—~(K)

Consequently,

0K £l 22(0,00)

—vof(K) —v(K)

Letting in this inequality T" — oo, we get the required inequality, as claimed. [

|lz|r < 1

6.6 The fundamental solution of equation (4.1)

Again consider equation (4.1). Denote its fundamental solution by W (¢, s) and put
0(K)

V) = T () (B

A:ZAk and x4 := Orgtag(nﬂe*m—IHn. (6.1)
k=1 ==

Theorem 6.6.1. Under the above notation, let A be a Hurwitz matriz and conditions
(4.2) and (4.3) hold. Then for all s > 0, the following relations are valid:

”” ('vs)HLQ(S,oo) < (1 +XA'UO'IZJ(K))HeAt”Lz(S,oo)v (62)
/ vo(1 +voxay(K))  a
W, (. < ’ .
” t( a3)||L2(s,oo) = 1_ ’V(K) ||€ ||L2(s,oo) (6 3)

and

IW(.,s)|c < V200lle 225, c0)
PG = 1—~(K)

This theorem is proved in the next section.

(1 +¥(K)xavo) - (6.4)

Let f(z) be a function holomorphic on a neighborhood of the closed convex
hull co(A) of the spectrum of an n x n-matrix and A. Then by Corollary 2.5.3 we
have

Al < = k) () 9" (4)
AN Y s OIS

h—0 NEco(A)
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Hence, in particular,

n—1 k A tk
A < entn 3L s )

3/2
= (k) /
and )
n-1l k
_ _ g (At
e~ At — I||,, < e A Z (k:(')3)/2 (t>0), (6.5)
k=1
where
alA) = max ReAi(A) and pS(A):= mkin Re Ak (A).
So
n—1 k(A) k 2 1/2
A = 2a(a g (At
He t“L?(O,oo) < /0 62 (At (Z (k')3/2 > dt . (66)
k=0
This integral is easily calculated. Due to (6.5)
n—1 p k
—B(A g~ (A)n
xa<e (A)n Z 7(]{;!)3/2 , (6.7)
k=1

since A is Hurwitzian.
In the rest of this section we illustrate Theorem 6.6.1 in the case of equation
(4.6) with one delay. In this case

V(K) = (n =)l Ao]ln-

To estimate x4, and |[e4?(|;2(5 ) We can directly apply (6.6) and (6.7). As it is
shown in Section 6.4, we have the inequality ¥(K) < w4,, where

— 0A0
1= Aollnba, — (n = B)[[ Aolln”

on

Now Theorem 6.6.1 implies

Corollary 6.6.2. Let Ay be a Hurwitz matriz and conditions (4.7), and (4.8) hold.
Then for all s > 0, the fundamental solution W(.,.) of equation (4.6) satisfies the
inequalities

W 8)lz2(s,00) < (14 P [l Aollnxao) €] 2(s,00)

HWf/( S)HLQ( ) < HAOHTL(1+ onHAHnXAo)

Iz
L= (n—=h)[[Aolln

||€ (s,00)
and

QHAOHn 2| A
Wi(., s 2 s < 1+ Aglln etot|2, .
H ( )||C(< 00) = 7 C h)”AOHn( ¢Ao” OH XAo) [ HLZ(s,oo)
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Let us use Lemma 4.6.2 which asserts that, for constants h,ag € (0, 00), we
have

inf |iw + age” | > cos(2hag) > 0.
weR

provided aph < ¢/4. From the latter result it follows that, if all the eigenvalues of
Ay are real, negative, and

hA;j(Ao)| <m/4 (j=1,...,n), (6.8)
then

A(K) > da, := min |[\j(Ag)| cos(2hAj(A)).

J=1,...n

So under condition (6.8) one has d(K) > d4 and therefore,
< Z \/_dk+1

6.7 Proof of Theorem 6.6.1

Consider equation (4.1) with the initial condition
x(t)=0(s—n<t<s, s>0).
Replace in (4.1) ¢t by t —s. Then (4.1) takes the form
m
Tt —s) = ZAkx(t —s—T1(t—38)+ f(t—3s) (t>s).
k=1

Applying Theorem 6.4.1 to this equation, under conditions (4.2) and (4.3), we get
the inequality

[zt = $)llL2(0,00) < [Lf(t = 8)l| 22(0,00) ¥ ().
Or
”:L'HLz(s,oo) < HfHLz(s,oo)'l/)(K) (71)

Now for a fixed s, substitute
2(t) = W(t,s) — et (7.2)

into the homogeneous equation (4.5). Then

)= 3 A0 [ 0 (0) =09 = 3 st )+ ),
k=1
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Ay [eA(t—s—m(t)) _ eA(t—s)} _ pAlt—s) ZA’f |:e—ATk,(t) _ 4 _
k=1

I
=
i
ol
INNgE

Obviously,
[ull £2(s,00) < volle™ |22 (s,00) X A-

By (7.1),

1201 25,00 < YUl 25,00 < DI vox AN | L2(5,00)-

Now the estimate (6.2) follows from (7.2).
Furthermore, rewrite equation (4.5) with w(t) = W (¢, s) as

ZAkwt—hk +ZAk (t — 73(t)) — w(t — hy)].

Then due to Lemma 6.5.1 we deduce that
1]l 22(s,00) < vollwllz2(s,00) + VI []] £2(5,00) -
Hence, condition (4.3) and the just obtained estimate for |[W (., s)||L2(s,00) imply

voIIW(~,S)HL2<s,oo>< v
1 —y(K) ~1-~(K)

HWt/(’ 3)||L2(s,oo) < (1 + w(K)XAUO)HeAt”Lz(s,oo)-

That is, inequality (6.3) is also proved.
Moreover, by the Schwarz inequality,

O = / Al 4 - /foo2||f<t>||n||f<7>||nd7

< 2HfHLz(s,oo)||fHL2(s,oo) (fvf € L2(S,OO),t > 5)-

Hence,
||W(? S) H%’(s,o@) < 2”th(? S) HLz(s,oc) ||W(? S) HLz(s,oo)~

Now (6.2) and (6.3) imply (6.4). This proves the theorem. O
6.8 Comments
The results which appear in Section 6.1 are probably new. The material of Sections

6.2-6.4 is taken from the papers [39, 41]. Sections 6.6. and 6.7 are based on the
paper [42].



Chapter 7

Periodic Systems

This chapter deals with a class of periodic systems. Explicit stability conditions
are derived. The main tool is the invertibility conditions for infinite block matrices.
In the case of scalar equations we apply regularized determinants.

7.1 Preliminary results

Our main object in this chapter is the equation
m n
i(t) + ZAS(t)/ z(t —7)dps (1) =0 (0 <n < oo; t>0), (1.1)
s=1 0
where p, are nondecreasing functions of bounded variations var(us), and A4(t) are
T-periodic n X n-matrix-valued functions satisfying conditions stipulated below.
Recall that the Floquet theory for ordinary differential equations has been
developed to apply to linear periodic functional differential equations with delay,

in particular, in the book [71].
Let equation (1.1) have a non-zero solution of the form

x(t) = p(t)e™, p(t) =p(t+1T).

Then p = e is called the characteristic multiplier of equation (1.1) (see [71,
Lemma 8.1.2]). As it was pointed in [71], a complete Floquet theory for functional
differential equations is impossible. However, it is possible to define characteristic
multipliers and exploit the compactness of the solution operator to show that
a Floquet representation exists on the generalized eigenspace of a characteristic
multiplier. The characteristic multipliers of equation (1.1) are independent of the
starting time.

T

Lemma 7.1.1. Equation (1.1) is asymptotically stable if and only if all the charac-
teristic multipliers of equation (1.1) have moduli less than 1.

For the proof see [71, Corollary 8.1.1].

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 131
DOI 10.1007/978-3-0348-0577-3_7, © Springer Basel 2013
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Without loss of generality take T = 2m: A,(t) = As(t+27) (t € R s =
1,...,m).

Any 2m-periodic vector-valued function f with the property f € L?(0,27)
can be represented by the Fourier series

x 2m
fy= > fre™ (hz% i f(t)e*tdt; kzO,il,iQ,...).

k=—o0

Introduce the Hilbert space PF of 27-periodic functions defined on the real axis
R with values in C™, and the scalar product

oo

(frw)pr =Y (frsur)on (f,u € PF),

k=—o0

where fi,u; are the Fourier coefficients of f and wu, respectively. The norm in
PFis

o 1/2
Ifllpr =V, Npr = ( > ||fki> :
k=—o0
The Parseval equality yields
1/2

a+2m
flor =5 [ 1@Ra|  Gerriacr)

In addition, introduce the subspace DPF C PF of 2m-periodic functions f whose
Fourier coefficients satisfy the condition

o0

> kSl < oo

k=—o00

That is, f’ € L?(0,27).
Furthermore, with a A € C substitute

z(t) = eMo(t) (1.2)

into (1.1). Then we have

m

0(t) + Mv(t) + Z As(t) /O?7 e Mu(t — 7)dus (1) = 0. (1.3)

s=1

Impose the condition
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Let vy and Ay, (K = 0,%1,...) be the Fourier coefficients of v(t) and A,(t),
respectively:

Z vre™ and  A( Z Agee™ (s =1,...,m). (1.5)

k=—oc0 k=—o0

It is assumed that

o0
Z [ Ask[ln < oco. (1.6)
k=—o0
For instance, assume that As(t),s = 1,...,m, have integrable second derivatives

from L2(0,27). Then

S KA < o0

k=—o0

and therefore, k?||Agx||, — 0 as k — 0o. So condition (1.6) is fulfilled.

7.2 The main result
Without loss of generality assume that
var(us) =1, s=1,...,m. (2.1)

Put

Z Z [Aalln and  var(F) =" [[Asolln.
s=11#0;— s=1

Recall that the characteristic values of a matrix-valued function are the zeros of
its determinant.

Now we are in a position to formulate the main result of the present chapter.

Theorem 7.2.1. Let conditions (1.6) and (2.1) hold. Let all the characteristic values
of the matrix function

m n
z) =zl + ZASO/ e *Tdus(T)
s=1 0

be in the open left half-plane C_, and

wo sup |1F~(iw)]n < 1. (2.2)
—2var(F)<w<2var(F)

Then equation (1.1) is asymptotically stable.
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Proof. Substituting (1.5) into equation (1.3), we obtain

oo

Z (35T +N)v;et + Z Z Ze"tAgrvk/ e e T dn (1) = 0, (2.3)

Jj=—o00 k=—ocor=—o0 s=1
or
(i1 + A)v; + Z ZA oje kvk/ e AT g (1) =0 (j=0,%1,...).
k=—o0 s=1

Rewrite this system as

T =0 (6= () o)),

where T'(A) = (Tjx(A))$%=_ o is the infinite block matrix with the blocks

)\) = ZAS’J;IC/O e —(A+ik) Td/J, (k;é])
s=1

and
m n iy
Tii(\) = ifl + A+ > Ago / e T (r).
s=1 0

By [37, Theorem 6.2] (see also Section B.6 of Appendix B below) T'(z) is invertible,
provided

oo
sup [ 7551 ()l Y I Te(2) 1 < 1.
J

k=—oc

k#j
Clearly,
oo m oo m oo
STkl <03 NAsiklla =D Y [ Asilln = wo
k=—o0 s=1 k=—o0 s=1ll=—c
k#j k#j 1#0
and
sup 1T (ico) |
7=1,2,..; —oco<w<oo
= sup i(j+w)l+ ZAS’O/ e~y (1)
7=0,£1,42,...; —co<w<oo s—1 0

n

y€(—00,00) s=1 0 y€E(—00,00)

—1
= sup (iy[—l—ZAs,o/ e_””d,us(T)> = sup ||F Y iy)n.
n
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But thanks to Lemma 4.3.1, the equality

sup [P (iw)lln = sup  [[FTH(iw)]ln
we(—00,00) |w|<2var(F)
is valid.
Furthermore, for a £ € (0, 1], let us introduce the matrix T'(§, z) = (Tjx(&, 2))
with
Tir(§, 2) = ETji(z) (k #7), 155§, 2) = Tj;(2).
Assume that T'(z) has a characteristic value in the closed right-hand plane. Then
according to continuity of characteristic values, for some &, € (0, 1], matrix T'(§o, 2)
has a characteristic value on the imaginary axis, but according to (2.2) this is
impossible. This and Lemma 7.1.1 prove the theorem. ]

7.3 Norm estimates for block matrices

Let A be an n X n-matrix. Recall that

n

9(4) = [NF(4) = Y (AP ]2

k=1

where A\ (A),k =1,...,n are the eigenvalues of A, counted with their multiplici-
ties; Na(A) is the Hilbert—Schmidt norm of A (see Section 2.3). Besides

N2(A — A
g2(A) < N2(A) — | Trace A%| and ¢%(A) < % —oNZ(4;), (3.1)
where A; = (A — A*)/2i. Moreover,
g(e" A+ 2I) = g(A) (t € (—o0,00);z € C). (3.2)

If A; and As are commuting matrices, then g(A; + A2) < g(A41) + g(Az). If A is
a normal matrix: AA* = A*A, then g(A) = 0.
Let

m

B =Y Aw [ (o)

and d(F'(z)) be the smallest modulus of eigenvalues of F(z):

Thanks to Corollary 4.3.2, the inequality

sup || F7H(iw)ln < To(F)
|w|<2var(F)
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is valid, where
n

_1 k .
o g (Bw))
FO(F) o |w|§2v1;)r(F) k=0 \/Hdk+1 (F(’LW))

Now Theorem 7.2.1 implies our next result.

Corollary 7.3.1. Let all the characteristic values of F(z) be in C_ and wol'o(F)<1.
Then equation (1.1) is asymptotically stable.

Note that .
9(B(iw)) <Y Na(Aw) (w€ER).

If Asp are mutually commutative, then

and one can enumerate the eigenvalues of A4y in such a way that
m n
NP(E) =2+ 3 A (A) / e~ duy (7).
s=1 0
Moreover, if

B(Z) = Z Asoei'z’lsv
s=1

then by (3.1),

9(B(iw)) < VI/ZY Na(e* Ay — e ™ AZ) (w € R).

In the next section, under some assumptions, we suggest an additional simple
estimate for T'o(F").

7.4 Equations with one distributed delay
To illustrate Theorem 7.2.1, consider the equation
n
z(t) + A(t)/ z(t —1)dp (t > 0), (4.1)
0

where A(t) is a piece-wise continuous n x m-matrix function, satisfying A(t) =
A(t+ 27), and p is a nondecreasing function of bounded variation.
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We need the function
n
k(z) ==z +/ exp(—zs)du(s) (z € C).
0

As it was shown in Section 4.6, the equality

inf |[k(iw)] =  inf  |k(iw)]
—2var(p)<w<2var(p) we(—00,00)
is valid. Moreover, if
0
var(u)n < 7. (4.2)

then all the zeros of k(z) are in C_ and

inf  |k(iw)| > d >0, (4.3)

wE€(—00,00)

where
al::/0 cos(2 var(p)T)du(T).

Now let Ay (k = 0,=£1,...) be the Fourier coefficients of A(t). Without loss of
generality assume that
var(p) = 1. (4.4)
Then ;
F(z) =z + AO/ e *Tx(t — 1)dp,
0

wo= > | Alln and var(F)= Y | Aln.
k=—oc0 k=00

k0
According to (3.2)
9(B(iw)) = g(Ao) (w€R)

and
M) =2 4 35(40) [ exp(-s)du(s) (: € ©)
Let all the eigenvalues of A be real and positive:
D<A <<\, (4.5)
and the conditions (4.4) and
1N An(Ao) var(p) = n An(Ao) < m/4 (4.6)
hold, then due to (4.3),

inf [N\ (F(iw))| > d(F),

w€(—00,00)
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where

d(F) := /O ! cos(2\, (Ag)du(T) > 0.
Thus

_9°(Ao)
Z \/_dk+1( )

To(F) < I'yv where

Now Corollary 7.3.1 implies the following result.
Corollary 7.4.1. Let the conditions (4.5), (4.6) and

9" (Ao)

o Z \/_cosk“(??? An(Ao)) -

hold. Then equation (4.1) is asymptotically stable.

If Ag = A and condition (4.5) holds, then g(A4p) = 0 and the stability
conditions are (4.6) and
wo < cos(2n Ap(Ap)).

7.5 Applications of regularized determinants

In this section we are going to show that regularised determinants can be useful to
investigate periodic equations. For simplicity we restrict ourselves by the simple
scalar equation

(t) + bx(t) + a(t)z(t —h) =0 (0 < h < oo0; t > 0), (5.1)

where a(t) is a real 2m-periodic piece-wise continuous scalar function and b # 0 is
a real constant.

In the scalar case PF is the Hilbert space of 27-periodic scalar functions
defined on the real axis with the scalar product

(f,u) Z S, (f,u € PF),

k=—o00

where fi,u; are the Fourier coefficients of f and u, respectively. The norm in

PFis
o 1/2
| fllpF = ( > |fk|2> ~

k=—o0
The Parseval equality yields

1/2

a+27
ler =5 [ 1iORa] (e PFiac)



7.5. Applications of regularized determinants 139

In addition, DPF is the subspace of 2m-periodic functions f whose Fourier coef-
ficients satisfy the condition

> kel < o
k=—o0
Substituting
z(t) = eMu(t) (5.2)
into (5.1), we have
O(t) + M(t) 4+ bu(t) + a(t)e" v(t — h) = 0. (5.3)
Besides
v(t) =v(t + 2m). (5.4)

Let vi and ag, k = 0,%1,... be the Fourier coefficients of v(t) and a(t), respec-
tively:

u(t) = Z vre™ and  al(t) = Z ape'*t . (5.5)
k=—o00 k=—o00

Since a(t) is real piece-wise continuous, we have

Y a? <o (5.6)

j=—o0

Substituting (5.5) into equation (5.3), we obtain

oo
iJ+A+b)v; + a;_pe” AtiRhy — (.
(4] Jj J
k=—o00
Hence,

oo

1 )
. - . —(A+ik)h _ .
vj+ij+)\+bk_g a;_pe =0 (j=0,£1,...).

Rewrite this system as

(I +2Z(N)o =0 (0= (vr)iZ-oo), (5.7)
where Z(A) = (Zjx(X\))55=_o is the infinite matrix with the entries
o —(Atik)h
ZiN = 2 S

GtA+D
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For a fixed real w we have
iw+ik)h) |2
‘aj L€ —( ) )|

M) =3 Y =3 > Bl g,

j=—00 k=—o0 j=—00 k=—o00

where

P (j +w)2+ 02
This series converges according to (5. ) Let Ak(z) be the eigenvalues of Z(z).
Then

(14 Ap(2))e M),

i

dzet(I +7(2)) =

k=1

As it is shown in Section 1.10,

[det(I + Z(iw))| < exp [”22“)] .

We thus have established the following result.

Lemma 7.5.1. Let the conditions (5.6) and | deta(I+Z(iw))| # 0 hold for all real w.
Then the problem (5.3), (5.4) does not have characteristic values on the real axis.

Let us explore perturbations of (5.1). To this end consider the equation
i(t) 4 ba(t) + a(t)z(t —h) (0 < h < oo; t >0), (5.8)

where a(t) is a real 2m-periodic piece-wise continuous scalar function and b # 0 is
a real constant.

Let ar k =0,+£1,... be the Fourier coefficients of a(t). We have

Y il < oo (5.9)
j=—00

In this case equation (5.4) takes the form

(I+Z(\)d =0,

where Z(\) = (Zy, (A)5%=— oo is an infinite matrix with the entries

~ —(\ik)h
_LE

Zin(\) = =

17+ A+0b

Then

o o

= 3> i+ b) e TP < 72 (),

j=—00 k=—00
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where

~2 |aj k|2

v (w) =

w=3 5
Besides,
~ 1

\d2et(I + Z(iw))| < exp [Eﬁz(w)} .

Put

q(w) = Nao(Z(iw) — Z(iw)).
Then by Corollary 1.11.2 we arrive at the inequality

[det (I + Z(w)) — det (1 + Z(w)| < 65(w),

where

02(w) := q(w) exp [(1 + v(w) + D(w))2/2] .
Hence,

’det I+ Z(w ‘ ’det (I+ Z(w ]—52

So we have proved the following result.

Corollary 7.5.2. If equation (5.1) is asymptotically stable and

\d2et (I +Z(w))| > d2(w) (weR),

then equation (5.8) is also asymptotically stable.

7.6 Comments

The material of this chapter is based on the paper [62].

As a specific case, the problem of stability investigation of linear periodic
systems (LPS) with time delay is of great theoretical and practical interest. The
majority of mathematical works in this area are based on investigation of the
monodromy operator [69], and are mainly of theoretical nature. An application
of the monodromy operator method is based on a solution of special boundary
problems for ordinary differential equations and is connected with serious techni-
cal difficulties. In connection with that method, approximate approaches are used,
which exploit various kinds of averaging, approximation and discretization, as well
as truncation of infinite Hill determinants, [11, 75]. In the interesting paper [84],
devoted to a single-loop linear periodic system with a time delay, a new approach
is suggested. Namely, using the theory of the second kind integral Fredholm equa-
tions, the authors construct a characteristic function whose roots are inverses to
the multipliers of the considered system. Besides, sufficient stability conditions are
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given, based on approximate representation of the characteristic function in the
form of a polynomial.

In the present chapter we describe an alternative approach to the stability
problem for a multivariable LPS with distributed delay, which is based on recent
results for infinite block matrices and regularized determinants.



Chapter 8

Linear Equations with
Oscillating Coefficients

In the present chapter we investigate vector and scalar linear equations with
“quickly” oscillating coefficients.

8.1 Vector equations with oscillating coefficients

The present section is devoted to the following equation in C™:

(1) = At) /On dRo(s)3(t — 5) (1> 0) (1.1)

where A(t) is a variable piece-wise continuous n X n-matrix bounded on [0, c0);
Ro(7) = (1jx(7))} k=1 is an nxn-matrix-valued function defined on a finite segment
[0,7], whose entries have bounded variations.

In this section we do not require that the characteristic determinant

det (zI —AQ) /0 ’ e‘ZSdRO(s)>

is stable for all ¢ > 0. That is, it can have zeros in the open right half-plane for
some t > 0. Besides, it is assumed that

A(t) = B+ C(t),
where B is a constant matrix such that the equation

i(t) = B / " dRy()y(t — 9) (1.2)

is exponentially stable, and C(t) is a variable matriz, satisfying the condition

t
we = sup / C(r)dr| < oo.
t>011Jo n
M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 143

DOI 10.1007/978-3-0348-0577-3_8, © Springer Basel 2013
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Recall that ||A]|,, is the spectral norm of an n x n matrix A. In addition, in this
section and in the next one L(0,00) = L([0,00); C"), for a real nunber a and a
vector function f defined and bounded on [a, 00) (not necessarily continuous) we
DU ||l m0) = SUPyg £ (E) . Sitmilarly, [|4]lc(o.n = 5uppo [ A() -

Denote by Fp(t) the fundamental solution to (1.2). It is not hard to check
that

1 [
Folt) = 5 [ eMEg in)ay,
where
[A(B( )—ZI B/ _ngRo( )
Put

Eof / dRO t — 8)

From Lemma 1.12.1 it follows that there is a constant

9(Ro) < max{y/n var(Ro ,Z

Jj=1

such that
1 Eo fllc(0,00) < 0(Ro)ll fllc(—n 00

and
[ Eo0fllL1(0,00) < 0(R0)[[fllL1(—1 00)-
Now we are in a position to formulate the main result of this chapter.
Theorem 8.1.1. Assume that
1
o (Ro)[1+ 0 (Ro)IFB 1 (0,00) (I1Blln + [|Allc(0,00))]

Then equation (1.1) is exponentially stable.

(1.3)

we <

This theorem is proved in the next section. It is sharp. Namely, if A(t) = B,
then we = 0 and condition (1.3) is automatically fulfilled. About the estimates
for || Fp|11(0,00) see for instance Section 4.4. Furthermore, let

A(t) = B+ Cp(wt) (w>0) (1.4)

with a piece-wise continuous matrix Cp(t), such that

/Ot Co(s)ds

[Allc 0,000 < [[Blln + [|Collc0,00)

vy 1= sup < 00. (1.5)

t>0

Then we have
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and .
/Co(ws)ds - (1.6)
0

For example, if Cy(t) = sin(t) C1, with a constant matrix Cy, then vy = 2[|Cy||,.
Theorem 8.1.1 implies our next result.

Corollary 8.1.2. Assume that the conditions (1.4), (1.5) and
w > 10 (Ro) [1+ 0 (Ro)|| Fl L1 (0,00) (21| Bl + | Collc(0,00))] (1.7)

we = sup
t n w

hold. Then equation (1.1) is exponentially stable.

To illustrate Theorem 8.1.1, consider the system

(1) = A(t) /0 "t = P)du(r), (1.8)

where p is a scalar nondecreasing function with var(u) < oo. Consider the equation

i(t) = B /077 ot — T)dp(r), (1.9)

assuming that B is a negative definite Hermitian n x n-matrix. Again C(t) =
A(t) — B. Put
n
Buw(t) = /O w(t — 7)dp(r)

for a scalar function w(t). Reduce equation (1.9) to the diagonal form:

&j(t) = Aj(B)Buai(t) (G =1,...,n), (1.10)
where \;(B) are the eigenvalues of B with their multiplicities. Let X;(t) be the
fundamental solution of the scalar equation (1.10). Assume that

Jj = /Ooo |X;()|dt <00 (j=1,...,n). (1.11)

Then the fundamental solution F(t) to (1.9) satisfies the inequality

[Fli0.00) =  max J;.

Moreover,
1Eo0 fllc(0,00) < var (Wl fllc(—n,00)

and

oo n
1ol 000y = / H / F(t— 7)du(r)||ndt

</0" /Ooo 1t = )t dp(r)

< var(u)|[ fllr(—n 00



146 Chapter 8. Linear Equations with Oscillating Coefficients

Now Theorem 8.1.1 implies

Theorem 8.1.3. Let B be a negative definite Hermitian matrixz and the conditions
(1.11) and

1
var(u) (1 + var(u) Ji([| Blln + [|Allc(0,00)))

we < (j=1,...,n)

hold. Then equation (1.8) is exponentially stable.

If A(t) has the form (1.4) and condition (1.11) holds, then, clearly, Corollary
8.1.2 is valid with Ro(.) = p(.)I and || F'[|1(0,00) = max; J;.
Furthermore, assume that

1

(B —_— 1.12
k:rrllaxn| KBl < e var(u)n’ (1.12)
and put
po(B):= min [Ar(B)|.
Then by Lemma 4.6.5 we have
J ! (1<j<n)
, ji<n
= var(u)po(B)

Now Theorem 8.1.3 implies

Corollary 8.1.4. Let B be negative definite Hermitian matriz and the conditions
(1.12), and

po(B)
var(u)(po(B) + || Blln + [[Allc(0,00))

we <

hold. Then equation (1.8) is exponentially stable.

Now consider the equation

n
(1) = (B + Cowt)) / 2t — 7)dpu(r). (1.13)
0
So A(t) has the form (1.4). Then the previous corollary and (1.6) imply
Corollary 8.1.5. Assume that (1.4) and (1.5) hold and

po(B)w > v var(u)(po(B) + 2| Blln + [|Collc0,00))-

Then equation (1.13) is exponentially stable.
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8.2 Proof of Theorem 8.1.1

For simplicity put Fg(t) = F(t) and recall that

(Eaf)) = [ dRa(s) 12~ ).
So (1.2) can be written as
y(t) = B(Eoy)(t), t > 0.
Due to the Variation of Constants formula, the equation
&(t) = B(Eoz)(t) + f(t) (t=0)

with a given function f and the zero initial condition x(¢) = 0 (¢ < 0) is equivalent
to the equation

z(t) = /0 F(t —s)f(s)ds. (2.1)

Let G(t,s) (t > s > 0) be the fundamental solution to (1.1). Put G(¢,0) = G(¢).
Subtracting (1.2) from (1.1) we have

d

7 (G(t) = F(t)) = BI(EG)(t) — (EoF)(2)) + C(&)(EoG) ().

Now (2.1) implies
Glt) = F(1) + /0 Flt — 5)C(s) (EoG)(s)ds. (2.2)

We need the following simple lemma.

Lemma 8.2.1. Let f(t),u(t) and v(t) be matriz functions defined on a finite segment
[a,b] of the real axis. Assume that f(t) and v(t) are boundedly differentiable and
u(t) is integrable on [a,b]. Then with the notation

Ju(t) = / u(s)ds (a <t <b),

the equality
/ F($)uls)v(s)ds = F(£)ju(t)o(t) — / F/(8)du(3)0(s) + F(8)du(s)0/ (s)]ds

a

1s valid.
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Proof. Clearly,

%f(t)ju(t)v(t) = f'(O)du(®)o(t) + f(Rut)o(t) + f()u ()0 (?).

Integrating this equality and taking into account that j,(a) = 0, we arrive at the
required result. O

(1) = /O ' Cs)ds

Put

By the previous lemma,

/0 F(t—71)C(T)(EyG)(T)dT

= FOIOEGO- [ [dF(;‘T) IO EG) )+ Ft—r)7(r) LD
But F(0) = I,

i/ndROSGT—S :/ndRosiGT_g)

/ dRo(s G(t —s) / dRo(8)A(T — 8)(EoG) (T — s)
and

dF(;T_ D —dF(Zt_ D) B(EF) (7).
Thus,

/0 F(t—71)C(1)(EoG)(T)dr
~ J0EG0 + [ [B(Eom(t () (EG) ()

Ft—m1)J / dRo(s)A(T — 8)(EoG) (T — s)|dT.

Now (2.2) implies
Lemma 8.2.2. The following equality is true:

G(t) = F(t) + J()(EoG)(t) + /O [B(EOF)(t —7)J(T)(EoG)(7)

—F{t—1)J(7) /0?7 dRo(s)A(T — s)(EyG) (T — ) |dr.
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Take into account that

| E0Gllc(0,00) < 0 (Ro)|IGllc(0,00)5 1 EoF lc(0,00) < 0 (Ro)lIFlc0,00)5

and
[EoF |1 0,00) < 0 (Ro)[|FllL1(0,00)-

Then from the previous lemma, the inequality
1Gllc0.00) < I1Fllc(0,00) + K Gll0,00)
follows with
k= wcd (Ro)(1 40 (Ro)([[Blln + | Allc0,00) 1F 1 22 (0,00))-
If condition (1.3) holds, then k < 1, and therefore,

IFl[c(0,00)

1Gllc(0,00) = 1G(-:0)[lc(0,00) < -

(2.3)

Replacing zero by s, we get the same bound for ||G(.,s)|¢(s,00)- Now Corollary
3.3.1 proves the stability of (1.1). Substituting

z(t) = e“a(t) (2.4)
with € > 0 into (1.1), we have the equation
n
Te(t) = exc(t) + A(t)/ e“dRo(s)ze(t — s). (2.5)
0

If € > 0 is sufficiently small, then considering (2.5) as a perturbation of the equation

i(t) = ey(t) + B / " e dRy()y(t — 9)

and applying our above arguments, according to (2.3), we obtain ||z || (0,00) < 00
for any solution z, of (2.5). Hence (2.4) implies

l2(®)lln < e “|zellco.0) (t=0)

for any solution z of (1.1), as claimed. O

8.3 Scalar equations with several delays
In the present section, in the case of scalar equations, we particularly generalize

the results of the previous section to equations with several delays. Namely, this
section deals with the equation

x(t) + i a;(t) /h x(t — s)drj(s) =0 (¢t > 0; h = const > 0), (3.1)
=1 0
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where 7;(s) are nondecreasing functions having finite variations var(r;), and a;(t)
are piece-wise continuous real functions bounded on [0, c0).
In the present section we do not require that a;(t) are positive for all t > 0.

So the function
m h
z+ Zaj(t)/ e *%dr;(s)
j=1 0

can have zeros in the right-hand plane for some t > 0.
Let
aj(t) =bj+c;i(t) (G=1,...,m),

where b; are positive constants, such that all the zeros of the function

m h
Be) =4 Dby [ o)
j=1 70

are in the open left-hand plane, and functions ¢;(t) have the property

/Otcj(t)dt’ <oo (j=1,...,m).

00zt
W(t) = L/ e*tdz

2w ) o K(2)

is the fundamental solution to the equation

wj = sup
>0

The function

m h
i) = =20 [ ote = sy ). 3.2

Without loss of generality assume that
var(r;) =1 (j=1,...,m).

In this section and in the next one, L' = L!(0, 00) is the space of real scalar
functions integrable on [0, 00). So

W = / W (t)]dt.

For a scalar function f defined and bounded on [0, 00) (not necessarily continuous)
we put || fllc = sup,>o [f(1)]-
Theorem 8.3.1. Let

m
> w
j=1

Then equation (3.1) is exponentially stable.

L+ Wl Y (b + IIGkIIC)] <L (3.3)
k=1



8.3. Scalar equations with several delays 151

This theorem is proved in the next section. It is sharp. Namely, if a,(t) = b;
(7=1,...,m), then w; = 0 and condition (3.3) is automatically fulfilled.
Let

P(s) =Y birs(s).
j=1

Then (3.2) takes the form

h
i) = = [t = di(s). (3.4)

Besides,
var(7) = Z b; var(r;) = Z b;.
j=1 j=1
For instance, let
ethj = eh var(?) < 1. (3.5)

j=1

Then W(t) > 0 and equation (3.2) is exponentially stable, cf. Section 4.6. Now,
integrating (3.2), we have

1:W(O):/OOO/OhW(t—s)df(s)dt:/oh/oooW(t—s)dtdf(s)
:/Oh OO W(t) dt di-(s) :/Oh/ooc W(t) dt di(s) = var(i)[|[ W] .

So )
(g Trp— (3.6)
Zk:l b
Thus, Theorem 8.3.1 implies
Corollary 8.3.2. Let the conditions (3.5) and
- Z’;?—l b,
w; < = (3.7)
2. < ST Gt farll)
hold. Then equation (3.1) is exponentially stable.
Furthermore, let
a;(t) =b; + uj(w;t) (w; >0; j=1,...,m) (3.8)

with a piece-wise continuous functions w;(t), such that

/Ot uj(s)ds

< 00.

vj = sgp
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Then we have [|a;|c < b; + ||u;|lc and

t
wj = sup \/ u;(wjs)ds| = vj/w;.
L 0

For example if u;(t) = sin(¢), then v; = 2. Now Theorem 8.3.1 and (3.7) imply
our next result.

Corollary 8.3.3. Let the conditions (3.5), (3.8) and

m_y kalbk
D e S E T T (3.9)

hold. Then equation (3.1) is exponentially stable.

Ezample 8.3.4. Consider the equation

m 1

Z (bj + 7 sin w]t))/ x(t — s)d;(s)ds (7; = const > 0), (3.10)
Jj=1 0

where d;(s) are positive and bounded on [0, 1] functions, satisfying the condition

/01 d;(s)ds = 1.

Assume that (3.5) holds with h = 1. Then v; = 27; and condition (3.9) takes the

form
Z 27'1 Zk 1 b
Zk 1 (30 + k)

k=1

So for arbitrary 7;, there are wj, such that equation (3.10) is exponentially stable.
In particular, consider the equation

i = —(b+mosin(wt))z(t —1) (b < e t;79,w = const > 0). (3.11)

Then according to condition (3.9) for any 79, there is an w, such that equation
(3.11) is exponentially stable.
Furthermore, assume that

ethj <€ (1<¢é<?) (3.12)

Jj=1

and consider the equation

ig/yt—sdr]() 0, (3.13)
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where b; = b;/€. Let W be the fundamental solution to the equation (3.13).
Subtracting (3.13) from (3.2), we obtain

Due to the Variation of Constants formula,

t m h
W(t)—W(t) = —/0 W(t—71)) (b — Bj)/o W (r — s)dr;(s)dr
j=1

Hence, taking into account that var(r;) = 1, by simple calculations we get

W = Wiz < WL [W e Y (b = by)-
j=1
If
V= Wl Y (b —by) <1,
j=1
then ~
W]z
Wl < T

But condition (3.12) implies (3.5) with by, instead of by. So according to (3.6) we
have
§

~ 1
Wl = = = ==
Zkzl by, Zk:l b

Consequently, ¥ =& — 1 and

Wz
2-¢°

Wil <

Thus we have proved the following result.
Lemma 8.3.5. Let conditions (3.12) and var(r;) =1 (j =1,...,m) hold. Then
£
Wl < 5 ~=m
(2=8) > be

Now we can directly apply Theorem 8.3.1.



154 Chapter 8. Linear Equations with Oscillating Coefficients

8.4 Proof of Theorem 8.3.1

Due to the Variation of Constants formula the equation
Zb / (t - 5)dry(s) + f(1) (¢ > 0)

with a given function f and the zero initial condition
z(t) =0(t <0)

is equivalent to the equation

t) = /0 Wt —7)f(r)dr. (4.1)

Recall that a differentiable in ¢ function G(t,7) (¢ > 7 > 0) is the fundamental
solution to (3.1) if it satisfies that equation in ¢ and the initial conditions

G(T’T) = 1a G(t77-) =0 (t <T, T > O)

Put G(t,0) = G(t). Subtracting (3.2) from (3.1) we have
m h
GO =W = =320, [(G(t=9) =Wt =)y (5)

m h
=Y e /0 Gt — s)dry(s).

(4.2)

Now (4.1) implies

t m h
— /0 W(t—T);cj(T) /0 G(r — s)drj(s) dr. (4.3)

Put .
J;(t) ::/0 c;(s)ds.

By Lemma 8.2.1 we obtain the inequality

/0 W(t —7)e;(1)G(T — s)dr

— W(0)J;()G(t — s) (4.4)
[ [dW(t—T) dG(r — s)
0

dr dr dr.

Ji(T)G(T —s) + W (t—71)J;(7)
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But

dG(T —s) < "

— = ;ak(T — s)/o G(1 — s — s1)dri(s1)
and

dWST_T) _ dW Zb / Wt — 7 — s1)drj(s1)
:/ W(t - T — sl)df(sl).
0
Thus, .
/0 Wt — 7)e;()G(r — s)dr = Z,(t, s),

where

t h
Z(t, ) = T, (G(t — 5) +/0 J,(7) [—/0 Wt — 7 — 51)di(s1)G(r — 5)
m h
+W(t—71) I; an(T — s)/o G(t — 5 — s1)dry(s1) | dr.

Now (4.3) implies
Lemma 8.4.1. The equality

G(t) = / ZZ t,8)dr;(s

s true.
‘We have
sup |Z;(t, s)|
t>0

< wjl|Glle

t ph . )
1+/O/O W(t—T—Sl)dT(Sl)dT+;||ak||C’/O W(t—T)dT],

//|Wt—7—s\d7'dr /[S Wt —7)|dr di(s)

Svar(f)/o |W(T)|dr.

But

Thus,
1Z;(t, s)llc < w;||Glle ( Z b + llakllc) |W||L1> :
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From the previous lemma we get ||G|lc < ||W|lc + 7]|G||c, where

Condition (3.3) means that v < 1.
We thus have proved the following result.

Lemma 8.4.2. Let condition (3.3) hold. Then
Wilie
11—~

L+ (b + llarllo) Wl

k=1

IGllc <

The previous lemma implies the stability of (3.1). Substituting
T (t) = e “a(t) (4.6)

with € > 0 into (3.1), we have the equation

m h
de(t) = exc(t) — Y ax(t) / ez (t — s)dry(s). (4.7)
k=1 0
If € > 0 is sufficiently small, then according to (4.5) we easily obtain that ||z.||c <
oo for any solution z. of (4.7). Hence (4.6) implies

j2(t)] < e Vaclle (t=0)

for any solution z of (3.1), as claimed. O

8.5 Comments

This chapter is based on the papers [54] and [55].

The literature on the first-order scalar linear functional differential equations
is very rich, cf. [81, 89, 102, 109, 114] and references therein, but mainly, the coef-
ficients are assumed to be positive. The papers [6, 7, 117] are devoted to stability
properties of differential equations with several (not distributed) delays and an
arbitrary number of positive and negative coefficients. In particular, the papers
[6, 7] give us explicit stability tests in the iterative and limit forms. Besides the
main tool is the comparison method based on the Bohl-Perron type theorem. The
sharp stability condition for the first-order functional-differential equation with
one variable delay was established by A.D. Myshkis (the so-called 3/2-stability
theorem) in his celebrated paper [94]. A similar result was established by J. Lillo
[87]. The 3/2-stability theorem was generalized to nonlinear equations and equa-
tions with unbounded delays in the papers [112, 113, 114]. As Example 8.3.4 shows,
Theorem 8.3.1 improves the 3/2-stability theorem in the case of constant delays
and “quickly” oscillating coefficients.

It should be noted that the theory of vector functional differential equations
with oscillating coefficients in contrast to scalar equations is not enough developed.



Chapter 9

Linear Equations with
Slowly Varying Coefficients

This chapter deals with vector differential-delay equations having slowly varying
coefficients. The main tool in this chapter is the “freezing” method.

9.1 The “freezing” method

Again consider in C" the equation
U
i) = [ d-R7e-7) (02 0) (11)
0

where R(t,7) = (rjx(t, 7))} 1=y is an n x n- matrix-valued function defined on
[0,00) x [0, 7] whose entries have uniformly bounded variations in 7. C'(a, b) is the
space of continuous vector-valued functions, again. It is also assumed that there
is a positive constant ¢, such that

For example, consider the equation

<qlt—=sllfllci=n.0 (1.2)

(f €C(=n,t); t,s >0).

/0 " A (R(ET) — R(s, ) F(t — 1)

y(t) = /On A(t,m)y(t = r)dr + > Ap(t)y(t — he) (t > 0; m < 00) (1.3)
k=0

where 0 = hg < hy < --+ < hy, < 7 are constants, Ag(t) and A(t,7) are matrix-
valued functions satisfying the inequality

/ " AG ) — A, Dllndr + 3 1A — Al <alt— sl (ts>0). (1.4)
k=0

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 157
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Then we have

/On (A(t,m) = A(s, ) f(t = T)dr + D (Ar(t) — Ar(s)f(t — )

k=0

n

< flle=n.0 ' 1A, 7) = Als, T)llndr + D [ A() = Ar(s,7) ]l | -
0

k=0

So condition (1.2) holds.
To formulate the result, for a fixed s > 0, consider the “frozen” equation

i) = /O ARGt — 1) (> 0). (1.5)

Let Gs(t) be the fundamental solution to the autonomous equation (1.5).

Theorem 9.1.1. Let the conditions (1.2) and

> 1
x=sup [ GOt < | (1.6)
s>0.J0 q

hold. Then equation (1.1) is exponentially stable.

This theorem is proved in the next section. Let us establish an estimate for .
Recall that K(z) = 2 — [) e *"d.R(s,T).

Put

ap = sup Re zi(Ky),
s>0; k=1,2,...
where zj, (K ) are the characteristic values of K; so under our assumptions ag < 0.
Since (K;1(z)) = dK;(2)/dz is the Laplace transform of —tG(t), for any pos-
itive ¢ < |ag|, we obtain
1Gs(t) = —— KN (2))dz = —— @)K (iw — ) dw.

2'ITZ — oo

dé. ol < 5 | S o — ) o

2 J_ o

But (K;(2)) = —K;Y(2)K.L(2)K;!(2) and thus

(K7 (iw —¢)) = =K (iw —¢) (1 + /On Te(iwc)TdTR(s,T)> K (iw —¢).

Therefore,

M —tc oo
G0 < 25— [ =

—0o0
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where

M, s = sup

w

<14 ne var R(s,.).

<14 e vd(R(s,.))

n

n )
‘I+/ re~(W=9Td_R(s,T)
0

Here vd(R(s,.) is the spectral norm of the matrix whose entries are

n
/ Tdr |k (s, 7).
0

We thus obtain the following result.

Lemma 9.1.2. For any positive ¢ < |ag| we have

Mc.s o -1/, 2
X <sup o 1K (iw — o) |5, dew.
s§2 [ee]

9.2 Proof of Theorem 9.1.1

Again consider the non-homogeneous equation

U
i) = / 4 R(t, )2t —7) + f(t) (£ >0) (2.1)
0
with a given f € C(0,00) and the zero initial condition
z(t) =0 (t <0). (2.2)

For a continuous vector-valued function u defined on [—7,00) and a fixed s > 0,
put

(E(s)u)(t) = /0 " A R(s, T)u(t — 7).
Then (2.1) can be written as
o(t) = E(s)x(t) + [E(t) — E(s)]z(t) + f(1).

By the Variation of Constants formula

(t) = /O Gs(t = t)[(E(tr) — E(s))z(ta) + f(t1)]dts. (2.3)

Condition (1.2) gives us the inequality

IE®) = E(s)|x(t)[ln < qlt = slllzllcoy (s =0). (2.4)
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Note that for an € > 0, we have

(o] € 1 oo
|G @< [ iGuolde+ L [ G0t < e
0 €

where

€ 1
er =sup [ G0t + 7
s>0.J0 €

Thus

t t
/ Gult — t)f(E)dta|| < 1 Fleomo) / 1Ga(t)lndts < 1]l llco.m0y
0 0

n

Now (2.4) and (2.3) for a fixed ¢ > 0 imply

t
[z@)]ln < erllflle,00) + IIwHC(o,w/ 1G5 (t = t1)llngltr — sldtr (¢ > 0).
0

Hence with s = ¢t we obtain

t
lz@ln < erllflle.ee) + IIwHC(o,w/ 1Ge(t = t1)[lng(t — t1)dty. (2.5)
0

But , ,
/ ||ét<t—t1>un<t—t1>dt1=/ G () e s
0 0

oo

< / |G (w) | nudu < Sup/ |Gy ()| du = x.
0 t>0 Jo
Thus (2.5) implies
Izllcor) < erll flleo,e) + lzllcorxa
for any finite 7' > 0. Hence, due to condition (1.6) we arrive at the inequality

cillflle,00)
lzllceo,m) =

Hence, letting T' — oo we get

cill flleo,00)
2l 000y < —HINIC(000)
z]lc(0,00) —

So for any bounded f the solution of problem (2.1), (2.2), is uniformly bounded.
Now Theorem 3.4.1 proves the required result. O
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9.3 Perturbations of certain ordinary
differential equations

Now let us consider the equation

i(t) = A(t)y(t) + / Rty — 1) (> 0), (3.1)

where A(t) for any t > 0 is an n x n Hurwitzian matrix satisfying the condition
A1) — A(s)[ln < qolt — s] (¢,5 > 0), (3.2)

and Ry (t,7) is an n x n matrix-valued function defined on [0,00) x [0,7] whose
entries have uniformly bounded variations. Put

Eu(t) = /O77 d-Ri(s,T)u(t — 1) (u € C(—n,00)).

By Lemma 1.12.3, there is a constant V(R;) such that
[ Evullc(o,00) < V(R |ull (- 00)- (3.3)

Besides, some estimates for V(R;) are given in Section 1.12. Let us appeal to
a stability criterion which is more convenient than Theorem 9.1.1 in the case of
equation (3.1).
Theorem 9.3.1. Let the conditions (3.2),
e 1
— A(s)t dt
V4 i=su e n < —— 3.4
sop [ 1A e < (34)

and
1 —vaV(Ry)

e 9]
X0 := Sup/ t]] e, dt <
0 do

s>0
hold. Then equation (3.1) is exponentially stable.

This theorem is proved in the next section. For instance, consider the equation
m n
(t) = A(t)a(t) + Y Bi(t) / x(t — 7)dpx () (t >0) (3.6)
k=1 0

where pyj are nondecreasing scalar functions, and Bj(t) are n X n-matrices with
the properties

sup || B (t)||n < o0 (k=1,...,m).

>0

Simple calculations show that in the considered case

V(Ry) < sup || Bi(s)||n var(u).
5 k=1

s)t‘

About various estimates for ||e4(*)?||,, see Sections 2.5 and 2.8.
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9.4 Proof of Theorems 9.3.1

To prove Theorem 9.3.1, consider the equation

i(t) = A(t)a(t) + / bRt (e — ) + (1)

0

and denote by U(t,s) (t > s > 0) the evolution operator of the equation

Put

1
Epi= sup ———————sup
FeC(0,00) I fllc(0,00) 20

/ Ut 5)f(s)ds
0

n

Lemma 9.4.1. Let the condition

fAV(Rl) <1

(4.3)

hold. Then any solution of (4.1) with f € C(0,00) and the zero initial condition

satisfies the inequality
gAHfHC(O 00)
x < — 7

Proof. Equation (4.1) is equivalent to the following one:

o) = [ UG5 (EBrats) + £(5))ds

Hence,
1zl c(0,00) < §allE12] c(0,00) + 1flc(0,00))-

Hence, by (3.3) we arrive at the inequality
[zl 0,00) < Ea(V(R1)|Z][c(0,00) + [1fllc(0,00))-
Now condition (4.3) ensures the required result.

The previous lemma and Theorem 3.4.1 imply

Corollary 9.4.2. Let condition (4.3) hold. Then equation (3.1) is exponentially

stable.
Lemma 9.4.3. Let conditions (3.2) and (3.5) hold. Then

VA

A< ———.
1 —qoxo
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Proof. Consider the equation
i(t) = A(t)x(t) + f(t) (4.4)
with the zero initial condition z(0) = 0. Rewrite it as
B(t) = A(s)a(t) + (A(t) — A(s)x(t) + f(t).
Hence t
a(t) = /0 AWETII[(A(tr) = Als))z(tr) + f(t1)]dt.
Take s = t. Then
()]l < /Ot leA O (A1) — A(®)z(t) | dtr + co,
where

t
co = sup [ A (0) e
0

s,t

N

o0
< 100y SUD / leA@n | dtr < vallFlloo.me-
s Jo

Thus, for any T' < oo, we get
T
sup |2(t) I < o + go sup ()]l / |eADT= ||ty — Td,
t<T t<T 0

T
< co+ gosup ()l / A0 udu
tST 0

< co + qoXo sup ||z (t) |-
t<T

By (3.5), we have goxo < 1. So

co vall fllc(0,00)
Zlc(o, < — = = .
Iellewo I —qgoxo 1 —qoxo
Hence, letting T — oo, we get
€o VA||f||C(0,oo)
Hdlirel S — = = .
Ilello 1 —qoXo 1 —qoXo
This proves the lemma. O

Proof of Theorem 9.3.1. The required result at once follows from Corollary 9.4.2
and the previous lemma. O
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9.5 Comments

The papers [23] and [60] were essential to this chapter.

Theorem 9.1.1 extends the “freezing” method for ordinary differential equa-
tions, cf. [12, 76, 107]. Nonlinear systems with delay and slowly varying coefficient
were considered in [29)].



Chapter 10

Nonlinear Vector Equations

In the present chapter we investigate nonlinear systems with causal mappings.
The main tool is that of norm estimates for fundamental solutions. The general-
ized norm is also applied. It enables us to use information about a system more
completely than the usual (number) norm.

10.1 Definitions and preliminaries

Let 7 < oo be a positive constant, and R(t,7) = (rx(t,7))},—; be an n x n-
matrix-valued function defined on [0,00) x [0, ], piece-wise continuous in ¢ for
each 7, whose entries have uniformly bounded variations in 7:

vjr =supvarrjg(t,.) <oo (j,k=1,...,n).
>0

In this chapter, again C([a,b],C") = C(a,b) and L”([a,b],C") = LP(a,b). Our
main object in the present section is the problem

i(t) = / " 4Rt )l — 5) + [Fal(t) + (1) (62 0), (L1)
2(t) = 6(t) € C(—,0) (—n <t <0), (1.2)

where f € C(0,00) and F is a continuous causal mapping in C(—n ,00) (see
Section 1.8).
Let
Qo) :=A{v € C(=n,00) : [[v]lc(—n ) < 0}
for a positive o < co.
It is supposed that there is a constant ¢ > 0, such that

[Fwllc 0,00 < gllwlle(—n o) (w € Q())- (1.3)

Below we present some examples of the mapping satisfying condition (1.3).

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 165
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Lemma 10.1.1. Let F be a continuous causal mapping in C(—n,00) and condition
(1.3) hold. Then F' is a continuous mapping in C(—n,T) and

[Fwllcor) < dlwley,m (we Q) NC(-n,T))
for all T > 0.
Proof. Take w € Q(p) and put

o[ w0 rosisT,
Y=Y 00 e T

and

(Fw)(t) f0<t<T,
FTw(t):{ 0 > T

Since F' is causal, one has Fpw = Fprwp. Consequently

[ Fwllco,r) = [[Frwllco,c) = [Frwr|lco,00)
< |[Fwrllco,00) < qllwrllo -y 00 = qllwlle=y 1)

Furthermore, take v € Q(p) and put

o o(t) H0<t<T,
TWEY 0 s T

and
0= HwT - 'UTHC(fn,T) and €= HFU)T — F'UT”C'(fn,oo)-

We have ||wr — vr||c(—y,00) = 0. Since F is continuous in () and
[Frwr — Fropllc(—y o) < [[Fwr — Forllo(—y o0
we prove the continuity of F in Q(p). This proves the result. O

A (mild) solution of problem (1.1), (1.2) is a continuous function z(t) defined
on [—n,00), such that

z(t) = 2z(t) + /Ot G(t, t1)([Fz](t1) + f(t1))dty (t>0), (1.4a)

2(t) = 6(t) € C(—n,0) (—n <t <0), L4b

where G(t,t1) is the fundamental solution of the linear equation

A(t) = /n doR(t,8)z(t — 5) (1.5)

0
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and z(t) is a solution of the problem (1.5), (1.2). Again use the operator

t
GI) = [ Gt s (7 € C0.09). (16)
0
It is assumed that
2]l (= 00y + 1G]lc(0,00) (@0 + | fllc(0,00) < 0 if 0 < 0, (1.7a)
or .
4l|Glle(0,00) < 1, if 0 = 00. (1.7b)

Theorem 10.1.2. Let F' be a continuous causal mapping in C(—n ,00). Let condi-
tions (1.3) and (1.7) hold. Then problem (1.1), (1.2) has a solution x(t) satisfying
the inequality

2l ey < VlleCn o0 T 1Glcoonl lew.a
—n,00) = R )
1 =4[ Glle(0,00)

(1.8)

Proof. Take a finite T' > 0 and define on Q7 (p) = Q(g) N C(—n,T) the mapping
® by

t
Bu(t) = 2(0)+ | Glt.9)(Ful(s) + 1(s)ds (0 <t < Tiw e (),
0
and
Qw(t) = ¢(t) for —n <t <O0.
Clearly, ® maps Q(p) into C(—n ,T). Moreover, by (1.3) and Lemma 10.1.1, we
obtain the inequality
[Qwllc(—y, 1)
< max{||zllc(o,r) + [|Gllc(0,00) (@llwllo(—n 1) + [ fllc©,00)): 10llc(—n 00}
But
max {||z|lco,): |¢llc—n o} = 2lcy )
So
1@wllc(—y 1) < llzllen.m) + 1G] c.00) @lwlle—n 1)+ 1 lo@.e)-
According to (1.7) ® maps Qr(p) into itself. Taking into account that ® is compact
we prove the existence of solutions.
Furthermore, we have
lzllc—n,m =1®zlc—n,m)

< |lzlle—y ) + 1Gllcor @lzlc—n ) + | Fllco.e)-

Hence we easily obtain (1.8), completing the proof. O



168 Chapter 10. Nonlinear Vector Equations

Note that the Lipschitz condition
|Fw — Fulloee < allw - willoqy ) (wiwe o) (19)

together with the Contraction Mapping theorem allows us easily to prove the
existence and uniqueness of solutions. Namely, the following result is valid.

Theorem 10.1.3. Let F' be a continuous causal mapping in C(—n ,00). Let con-
ditions (1.7) and (1.9) hold. Then problem (1.1), (1.2) has a unique solution
x € Qo).

Note that in our considerations one can put [Fz](t) =0 for —n <t < 0.

10.2 Stability of quasilinear equations

In the rest of this chapter the uniqueness of solutions is assumed.
Consider the equation

i(t) = /On doR(t,8)z(t — s) + [Fz](t) (t > 0), (2.1)

Recall that any causal mapping satisfies the condition F0 = 0 (see Section 1.8).

Definition 10.2.1. Let F' be a continuous causal mapping in C'(—n,00). Then the
zero solution of (2.1) is said to be stable (in the Lyapunov sense), if for any € > 0,
there exists a § > 0, such that the inequality ||¢||c(—y,0) < 6 implies ||| c(0,00) < €
for any solution xz(t) of problem (2.1), (1.2).

The zero solution of (2.1) is said to be asymptotically stable, if it is stable,

and there is an open set  C C(—n,0), such that ¢ € Q implies z(t) — 0 as

t — oo. Besides, (Q is called the region of attraction of the zero solution. If the
zero solution of (2.1) is asymptotically stable and Q=C (—n,0), then it is globally
asymptotically stable.

The zero solution of (2.1) is exponentially stable, if there are positive con-
stants v, mg and 7o, such that the condition ||¢||c(—y, 0) < 7o implies the relation

[z(@)]ln < mOHanc'(fn’o) eVt (t> 0).

The zero solution of (2.1) is globally exponentially stable if it is exponentially
stable and the region of attraction coincides with C'(—n,0). That is, ro = co.

Theorem 10.2.2. Let the conditions (1.3) and

4lGllow,0) < 1 (2.2)
hold. Then the zero solution to (2.1) is stable.

This result immediately follows from Theorem 10.1.2.
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Clearly,
t
161l c(0.00) < SUD / IG(t, 1) ndltr. (2.3)
t>0 Jo

Thus the previous theorem implies

Corollary 10.2.3. Let the conditions (1.3) and

t
1
sup/ IG () ldtr <~
t>0 Jo q

hold. Then the zero solution to (2.1) is stable

By Theorem 10.1.2, under conditions (1.3) and (2.2) we have the solution
estimate

HZ”C'(fn 00)
zllo(—n o) £ ——F— (2.4)
1- qHGHC(O,oo)
provided )
[2llc(=n 00 < 01 = allGllc(0,00))-
Since (1.5) is assumed to be stable, there is a constant cg, such that
[2lle(=n ,00) < colldllo(-n 0)- (2.5)
Thus the inequality
collllon 0y < o(1 = allGllo,e)) (2.6)
gives us a bound for the region of attraction.
Furthermore, if the condition
Fuw
IFullowse) _ o

lwlle(—n 00)—0 Hw”C(fn ,00)
holds, then equation (2.1) will be called a quasilinear equation.

Theorem 10.2.4 (Stability in the linear approximation). Let HCA;'HC(QOO) < oo and
equation (2.1) be quasilinear. Then the zero solution to equation (2.1) is stable.

Proof. From (2.7) it follows that for any ¢ > 0, there is a ¢ > 0, such that
(1.3) holds, and g = g(e) — 0 as ¢ — 0. Take g in such a way that the condition
q/|Gllc(0,00) < 1is fulfilled. Now the required result is due to the previous theorem.

O

For instance, assume that

[Fw(t)|n < Z/n [w(t = s)|[7rdur(s) (we C(—n,00)), (2.8)
k=170
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where p(s) are nondecreasing functions, and pg = const > 1. Then

m
IFwlloq.ee) < Y var(ue)llwllP_, -
k=1

So (2.7) is valid. Moreover, for any ¢ > 0,
[Fw(t)[ln < Z/O [w(t = s)[ndpur(s)e? " (w € Q(e)).
k=1
So condition (1.3) holds with

q=qlo) =Y _ o™ " var(u). (2.9)
k=1

Furthermore, consider the following equation with an autonomous linear part:

(1) = /O " ARy (s)a(t — 8) + [Fal(1), (2.10)

where Ry(7) is an n x n-matrix-valued function defined on [0,7 ] and having a
bounded variation. Let Go(t) be the fundamental solution of the equation

/ dRo(s)z(t — s). (2.11)
Put
Cof(t) / Golt — 1) (1) dt1, (2.12)
for a f € C(0,00). Theorem 10.2.2 implies that, if the conditions (1.3) and
ql1Gollco.00) < 1

hold, then the zero solution to equation (2.10) is stable.
Hence we arrive at the following result.

Corollary 10.2.5. Let the conditions (1.3) and
1
1GollL1(0,00) < p (2.13)

hold. Then the zero solution to equation (2.10) is stable.

Recall that some estimates for ||Go||lc(0,00) and ||Gol|£1(0,00) can be found in
Sections 4.4 and 4.8 (in the general case) and Section 4.7 (in the case of systems
with one delay).
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10.3 Absolute LP-stability

Let F be a continuous causal mapping in LP(—n,00) for some p > 1. That is, F'
maps LP(—n ,00) into itself continuously in the norm of LP(—n,00), and for all
7 > —n we have P, ' = P, FP,, where P, are the projections defined by

w(t) if —p <t <7,

ILP(—
0 if 7 <t < oo, (w € L¥(=n ,00))

(Prw)(t) = {

and P, = I. Consider equation (2.10) assuming that the inequality

| Fw|| e (0,00) < @pllwl|Le(—y 00) (w € LP(—n,00)) (3.1)

is fulfilled with a constant g,.
Repeating the proof of Lemma 10.1.1 we arrive at the following result.

Lemma 10.3.1. Let F' be a continuous causal mapping in LP(—n ,00) for some
p > 1. Let condition (3.1) hold. Then

[Fwllzro1) < gpllwller(—y m (we LP(=n,T))
for all T > 0.
Let G be defined in space LP(0,00) by (2.12).

Theorem 10.3.2. Let F be a continuous causal mapping in LP(—n ,00) for some
p > 1. Let the conditions (3.1) and

qp”éO”LP(O,oo) <1 (3.2)

hold. Then problem (2.10), (1.2) has a solution x(t) € LP(—n ,o0) satisfying the
inequality
HZ”LP(fn ,00)

2l Lr(—n 00) < (3.3)

1= |Gl Lr(0,00)
where z(t) is a solution of the linear problem (2.11), (1.2).

The proof of this theorem is similar to the proof of Theorem 10.1.2 with the
replacement of C'(0,T) by LP(0,T).
The Lipschitz condition

[Fw — Fwi[rr(0,00) < @pllw — w1 Lo(—y 00) (w1, w € LP(0,00)) (3.4)
together with the Contraction Mapping theorem also allows us easily to prove the
existence and uniqueness of solutions. Specifically the following result is valid.

Theorem 10.3.3. Let F be a continuous causal mapping in LP(—n ,00) for some
p > 1. Let conditions (3.2) and (3.4) hold. Then problem (2.10), (1.2) has a unique
(continuous) solution x € LP(—n,00).
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Definition 10.3.4. The zero solution to equation (2.10) is said to be absolutely
LP-stable in the class of the nonlinearities satisfying (3.1), if there is a positive
constant mg independent of the specific form of functions F' (but dependent on gp),
such that

2] Lo~y 00) < molldllc(—n 0) (3.5)
for any solution z(t) of problem (2.10), (1.2).
From Theorem 10.3.2 it follows that the zero solution to equation (2.10) is ab-
solutely LP-stable in the class of nonlinearities satisfying (3.1), provided condition
(3.2) holds.

According to the well-known property of convolutions (see Section 1.3) we
have

||GO||LT’(O,OO) < 1Gollzr(0,00) (3.6)
We thus arrive at the following result.

Corollary 10.3.5. The zero solution to equation (2.10) is absolutely LP-stable in
the class of nonlinearities satisfying (3.1) provided qp||GollL1(0,00) < 1.

Recall that
n
K(z)=1z —/ exp(—z8)dRy(s) (z € C).
0

It is assumed that all the characteristic values of K are in C_. So the autonomous
linear equation (2.11) is exponentially stable. According to Lemma 4.4.1 we have
the inequality R

[GollL2(0,00) < 0(K),

where
0(K) = sup 1K (iw)]| -
—2 var(Ro)<w<2 var(Rg)
So due to Theorem 10.3.2 we get
Corollary 10.3.6. The zero solution to equation (2.10) is absolutely L?*-stable in
the class of nonlinearities satisfying

1Fwllz2(0,00) < @2llwllz2(—y o) (w € L*(=1,00)), (3.7)

provided
¢20(K) < 1. (3.8)

Moreover, any its solutions satisfies the inequality

2]l L2(—n 00)

H-r||L2(777,oo) =7_ ng(K) ) (39)

where z(t) is a solution of the linear problem (2.11), (1.2).
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Now we can apply the bounds for §(K) from Sections 4.3, 4.7 and 4.8.

The following lemma shows that the notion of the L2-absolute stability of
(2.10) is stronger than the notion of the asymptotic (absolute) stability.

Lemma 10.3.7. If the zero solution to equation (2.10) is absolutely L*-stable in
the class of nonlinearities (3.7), then the zero solution to (2.10) is asymptotically
stabile.

Proof. Indeed, assume that a solution x of (2.10) is in L?(0, c0) and note that from
(2.10) and (3.7) it follows that ||Z[|22(0,00) < (var(Ro) + q2)||#| £2(—y ,00). Thus

@7 = - t T llz(s)lnds < 2/:0 lz(s)l[nll2(s)llnds

00 1/2 , oo 1/2
2 (/ ||m(s)||ids> </ x(s)ids) — 0 ast— oo,
t t

as claimed. 0O

IN

10.4 Mappings defined on () N L?

In this section we investigate a causal mapping F acting in space L%(—n ,00) =
L?([-n,00),C") and satisfying the condition

IFflle20,00) < @l FllL2(—n 00y (F € Q) N LA (=1, 00)) (4.1)

with a positive constant go. Such a condition enables us to derive stability condi-
tions, sharper than (2.2).

For example, let there be a nondecreasing function v(s) = v(p, s), defined on
[0,7], such that

n
IEf1)[In < /O £ (= s)llndv(s) (t=0; f Qo)) (4.2)
Let us show that condition (4.2) implies the inequality

IEfll220,00) < Var(®) | fllL2(—y 00y (f € Q0) N LA (=17, 00)). (4.3)

Indeed, introduce in the space of scalar functions L?([-7n ,00);C) the operator
FE, by

(Eyw)(t) = /077 w(t —71)dv(T) (w e Lz([—n ,00); C).
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Then
e n 2
1Bl = [ | [ wle=ravtn)|
:/0 ; w(t—T)du(T)/O w(t — 71)dv(rm)| dt
g/o /0 |w(t—7)|du(7)/0 |w(t — 71)|dv(my)|dL.
Hence

1Bl 0y < /// wlt — )|t — m)|dt dv() du(r).

But by the Schwarz inequality

/000 |w(t — 7)||w(t — m)|dt < \//000 lw(t — 7)|2dt \//000 lw(t — 1)|2dt
< [ty

Now simple calculations show that

1Byl 12(0,00) < var(v)wl] 22— o0 -
Hence (4.2) with w(t) = || f(t)]|» implies (4.3).

Theorem 10.4.1. Let F' be a continuous causal mapping in L*(—n,o0). Let condi-
tions (4.1) and (3.8) hold. Then the zero solution to (2.10) is L%-stable. Namely,
there are constants co > 0 and ro € (0, o], such that

%] 2= ,00) < CollDllc(—1,0) (4.4)

for a solution x(t) of problem (2.10), (1.2) provided
[¢llo(—n 0) < ro- (4.5)
Proof. First let o = co. Since the linear equation (2.11) is L?-stable, we can write
12l L2~y 00) < c1ll@llc(—n 0) (1 = const). (4.6)

By (3.9) we thus have (4.4). So in the case p = oo, the theorem is proved.
Furthermore, recall that

(Eof)(t) = / " ARyt~ 7).

0
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By Lemma 1.12.1
1 EofllL2(0,00) < var(Ro)|| fl| 2y ,00)-
Now from (2.10) and (4.1) in the case ¢ = oo it follows that
[&]l22(0,00) < (var(Ro) + g2) ||/l L2 (1 ,00)-
Or according to (4.4),
1&] £2(0,00) < (var(Ro) + g2)collpllc(—n 0)- (4.7)
Recall that by Lemma 4.4.6, if f € L?(0,00) and f e L0, 0), then
1£1E0.00) < 201f 220,00 1 £l £2(0,00) -
This and (4.7) imply the inequality
|2llo,00) < e2llBllon.0) (c2 = coV2). (4.8)

Now let ¢ < co. By the Urysohn theorem, (see Section 1.1), there is a continuous
scalar-valued function v, defined on C(0, o), such that

1 if ||f||C' 0,00 <o,
Yo(f) = _ (©:00)
0 if | fllc(o,00) = 0

Put F,f = ,(f)Ff. Clearly, F, satisfies (4.1) for all f € L?(—n,o00). Consider
the equation
& = Epx + Fyx. (4.9)

Denote the solution of problems (4.9), (1.2) by z,. According to (4.4) and (4.8)
we have

120l L2(—n 00) < Coll@llc(—n.0) and [|Zollc(o,00) < c2ll@llc(—n 0)-

If we take 0
Pl c(—n,0) <70 = .

then z, € (o). So the solutions of equations (2.10) and (4.8) coincide. This proves
the theorem. O

10.5 Exponential stability

Let F be a continuous causal operator in C(—n ,00). Consider the equation

i=Fx (5.1)
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and substitute
a(t) = ye(t)e (5.2)
with an € > 0 into (5.1). Then we obtain the equation
Je = eye + e F(e™y,). (5.3)

Lemma 10.5.1. For an € > 0, let the zero solution of equation (5.3) be stable in the
Lyaponov sense. Then the zero solution of equation (5.1) is exponential stable.

Proof. 1f ||¢||c(—y 0) is sufficiently small, we have

[y @) lln < mollllc(—y 0 (=0)
for a solution of (5.3). Now (5.2) implies the result. O

Recall that Q(g) := {v € C(-=n,00) : [|[v|lc(—p ,00) < 0} for a positive ¢ < oo.

Let a continuous causal mapping F in C(—n,00) satisfy condition (1.3), for
an 0 < oo. Then we will say that F has the e-property, if for any f € Qo) we
have

tim [l F (e~ f)lle(0,00) < allFlloo o) (5.4)
Here

[ F e )l eo.00) = 5up [ [F (e F))()]n-
t>0

For example, if condition (4.2) is fulfilled, then
¢ ¢ e [ ¢
e [F(e™ " N]@)]In < e 5/0 e I f(t = ) |lndv
7
< [Tt s)ludv (f € e,
0

and thus condition (5.4) holds.

Theorem 10.5.2. Let conditions (1.3), (2.2) and (5.4) hold. Then the zero solution
to (2.1) is exponentially stable.

Proof. Substituting (5.2) with a sufficiently small ¢ > 0 into (2.1), we obtain the
equation
Ye — €Ye = Ee,Rye + Feyea (55)

where
(Berf)(t) = / D eTd R f(E— 1) and (L)) = e [F(e = ](0).

By (5.4) we have
e flle,00) < al)IF flloo,s0 (5.6)
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where a(e) — 1 <1 as € — 0. Let G be the fundamental solution of the linear
equation
y— ey = Ec ry. (5.7)
Put .
Cof(0) = [ Gultt)f()dn (] € C(0.00))
0
It is simple to see that G.— Gase—0. Taking e sufficiently small and applying

Theorem 10.2.2 according to (5.6) we can assert that equation (5.5) is stable in
the Lyapunov sense. Now Lemma 10.5.1 proves the exponential stability. |

10.6 Nonlinear equations “close” to
ordinary differential ones

Consider the equation
y(t) = A(t)y(t) + [Fy](t) (t =0), (6.1)

where A(t) is a piece-wise continuous matrix-valued function and F is a continuous
causal mapping F' in C(—n,00). Recall the ||.||, means the Euclidean norm for
vectors and the corresponding operator (spectral) norm for matrices.

Lemma 10.6.1. Let F be a continuous causal mapping in C(—n ,00) satisfying
condition (1.3), and the evolution operator U(t,s) (t > s > 0) of the equation

y=A(t)y (t>0) (6.2)

satisfy the condition
¢ 1
Voo = sup/ Ut 5)|[nds < = (6.3)
t>0Jo q

Then the zero solution of equation (6.1) is stable. Moreover, a solution y of problem
(6.1), (1.2) satisfies the inequality

o < S0 0000+ vl o
Yllc(0,00) > 1— qreo

provided

S0 (U 0)6(O)ln + gveol¢llc—n.0) _
1—quve ©
Proof. Rewrite (6.1) as

x(t) = U(t,0)¢(0) +/O U(t,s)(Fzx)(s)ds.
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So
[z(@)]ln < U(¢,0)¢(0)]|n +/O [T, $)llnllFz(s)|nds.

According to (6.4) and continuity of solutions, there is a T' > 0, such that
lz(®)]ln <o (t<T).
Since F' is causal, by (1.3)
1Fzllco,r) < qllzllo—y ).

Thus
t
1zllcr) < sup UL 0)0(0)][n + qllzlic—y ) sup / [U (¢, 5)|Inds.
0<t<T 0<t<T Jo
Consequently

Izllc.r) < supllU(E 0)6(O)lln + allzlic—n z)vee

< Sup 1U(t,0)6(0)[ln + qveo (1Zl c 0,1y + 1llc(=n ,0))-

Hence,
sup;>o [|U(t,0)¢(0)ln 4 qveol|dllc(—n 0)

1—qre

Izllcor <

Now condition (6.4) enables us to extend this inequality to the whole half-line, as
claimed. 0

Due to the latter theorem we arrive at our next result.

Corollary 10.6.2. Under the hypothesis of Theorem 10.6.1, let F' have the e-property
(5.4). Then the zero solution of equation (6.1) is exponentially stable.

Note that, if
((A(t) + A*(t))h,h)en < =2a(t)(h,h)cn (h € C™ t >0)
with a positive a piece-wise continuous function a(t), then
U (#,8) ]| < e I ot

So if a has the property

t

t

Voo i= sup/ e~ Joalt)dtigg o 0,
t>0Jo
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then vo < Dso. For instance, under the condition
Q= irtlfa(t) > 0,
we deduce that

t
Voo < Sup/ e~ 0(t=s)gg — 1/ayg.
t>0 Jo

In particular, if A(t) = Ap is a constant matrix, then
Ult,s) = elt=5)40 (£ > 5> 0).

As it is shown in Section 2.5,

n—1 k k
t"g"(Ao)
Aot a(Ag)t g 0
€775 < e ’;_0: (k1)3/2 (t >0),

where a(Ap) = maxy, Re A (Ao) and therefore,

Voo = [[€ || 11(0,00) < Va,, Where vy,

Z \/_ ‘ alA ‘k+1
Now Lemma 10.6.1 and Corollary 10.6.2 imply the following result.
Corollary 10.6.3. Let Ay be a Hurwitzian matriz and the conditions (1.3) and
qua, <1
hold. Then the zero solution of the equation
&(t) = Aox(t) + (Fx)(t) (6.5)
is stable. If, in addition, F has the e-property (5.4), then the zero solution of
equation (6.5) is exponentially stable.
10.7 Applications of the generalized norm

Again consider equation (2.1). Let rj; (¢, s) be the entries of R(t, s). Rewrite (2.1)
in the form of the coupled system

)+ Z/n zj(t —s)dsrji(t,s) = [Fz];(t) (t>0;j=1,....,n), (7.1
—17/0

where (z(t) = (xx(t))7_,, [Fw];(t) mean the coordinates of the vector function
Fw(t) with a w € C([-n,00),C"™).
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The inequalities for real vectors or vector functions are understood below in
the coordinate-wise sense.

Furthermore, let p := (p1,...,pn) be a vector with positive coordinates
p; < oo. We need the following set:

Q(p) = {o(t) = (0;(1)) € C([=1,00),C") : [vjlle(-n 00).0) < pj5 J=1,....n}.
If we introduce in C([a, b],C™) the generalized norm as the vector
Mia,5)(v) == (Ivjlle(apc)i=i (v(t) = (v;(t)) € C([a,b],C"))

(see Section 1.7), then we can write down

Q(p) == {U € C([_n ,00),C") M[fn ,oo)(v) < pA}

It is assumed that F' satisfies the following condition: there are non-negative con-
stants v (4,k =1,...,n), such that for any

w(t) = (w;(t))j=1 € Qp),
the inequalities
[[Fwljlle(0,00).0) < ZijHwk||C([—n,oo),c) (j=1,...,n) (7.2)
k=1
hold. In other words,
Mig,00) (Fw) < AF)M{_y) o) (w) (w € Q(p)), (7.3)
where A(F') is the matrix defined by
AF) = (Vjk)] g (7.4)

Lemma 10.7.1. Let F be a continuous causal mapping in C(—n ,00) satisfying
condition (7.3). Then

Mio7y(Fw) < A(F)M—y 7y(w) (w € Q(p) NC([=n,T]),C"))

for all'T > 0.

Proof. Again put

© w(t) f0<t<T,
YT Y 00 e T
and
(Fw)(t) f0<t<T,
Frw(t) =
rw(t) {0 it T.
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Take into account that Fpw = Frwy. Then

M[07T](Fw) = M[O,oo) (FT’LU) = M[07oo)(FT’LUT)
< Mg o0) (Fwr) < AF)Mi_y o0y (wr) = AF) My 11(w).

)

This proves the required result. |

It is also assumed that the entries G, (¢, s) of the fundamental solution G(t, s)
of equation (1.5) satisfy the conditions

e 9]
Vik = Sup/ |Gk (t, s)|ds < oo. (7.5)
>0 Jo

Denote by 4 the matrix with the entries «;:

Y= (Vk)j k-

Theorem 10.7.2. Let the condition (7.2) and (7.5) hold. If, in addition, the spectral
radius of the matriz Q = YA(F) is less than one, then the zero solution of equation
(2.1) is stable. Moreover, if a solution z of the linear problem (1.5), (1.2) satisfies
the condition

My 00)(2) + QP < p, (7.6)
then the solution xz(t) of problem (2.1), (1.2) satisfies the inequality
My o0y (@) < (I = Q)" My o) (2). (7.7)

Proof. Take a finite T > 0 and define on Q7(p) = Q(p) N C(—n,T) the mapping
® by

t
Bu(t) = 2(t) +/ Gt 1) [Ful(t)dt, (0<t<Tswe Qn(p)),
0
and
Dw(t) = ¢(t) for —n <t <0.
Then by (7.3) and Lemma 10.7.1,
Mi_y 7(Qw) < My, 71(2) + YAF)M|_py 1)(w).

According to (7.6) ® maps Q7 (p) into itself. Taking into account that ® is compact
we prove the existence of solutions. Furthermore,

Mi_y 1y(@) = M_yy 7)(P2) < M|, 11(2) + QM| 1)().

So
M_y my(x) < (I = Q) "M, 7(2).

Hence letting T' — oo, we obtain (7.7), completing the proof. O
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The Lipschitz condition
Mig,00)(Fw — Fwy) < A(F)M_; ooy (w — w1) (w1, w € Q(p)) (7.8)

together with the Generalized Contraction Mapping theorem (see Section 1.7) also
allows us to prove the existence and uniqueness of solutions. Namely, the following
result is valid.

Theorem 10.7.3. Let conditions (7.5) and (7.8) hold. If, in addition, the spectral
radius of the matriz QQ = YA(F) is less than one, then problem (2.1), (1.2) has a
unique solution & € Q(p), provided z satisfies condition (7.6). Moreover, the zero
solution of equation (2.1) is stable.

The proof is left to the reader.
Note that one can use the well-known inequality

rs(Q) < maXZ ik (7.9)
-

where ¢;; are the entries of (). About this inequality, as well as about other
estimates for the matrix spectral radius see Section 2.4.

Let 1;(s) be defined and nondecreasing on [0,7]. Now we are going to in-
vestigate the stability of the following nonlinear system with the diagonal linear
part:

b0) 4 [ 2yt = () = [F5al(6) (ol6) = (on(O)imss G = Lo 2 0)

(7.10)
In this case Gji(t,s) = Gjr(t — s) and
Gir(t) =0 #k; jk=1,...,n; t>0).
Suppose that,
n var(y;) < é (j=1,...,n), (7.11)

then G;;(s) > 0 (see Section 11.3). Moreover, due to Lemma 4.6.3, we obtain the
relations

> 1
Vi :/ Gjji(s)ds = .
27 0 JJ( ) var(uj)
Thus
. . Vik
= (qjr)} =1 With the ent = ——.
Q (qjk)g,kA wi e entries gji var()

Now Theorem 10.7.2 and (7.9) imply our next result.
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Corollary 10.7.4. If the conditions (7.2), (7.11) and

1

n
vi, <1l (j=1,...,n)
V&I‘(/Jj); /

hold, then the zero solution of equation (7.10) is stable.

Furthermore, let us apply the generalized norm to equation (6.1). To this end
we use the representation of the evolution operator by the exponential multiplica-

tive integral: .
= [ erom
[s:t]

(see [14, Section III1.1.5]), where the symbol

—
/ eA(tl )dtl
[s,t]

AT ATn-1)5  (A(T16 A(70)8 (Tk _ T}gn) s+ (t— s)k,é _t— s>
n

means the limit of the products

asn — oo

Assume that A(t) = (a;x(t)) is real and its norm is bounded on the positive
half-line; so there are positive constants b (j # k) and real constants b;;, such
that

a;i(t) <bj; and |ajx(t)| <bjy (t>0;7#k; j,k=1,...,n). (7.12)
These inequalities imply
A(t)<B forall t>0, where B = (bji).
For a matrix (¢;i) let |C| mean the matrix (|¢jx|). Then due to (7.12) we have

‘eA(t)6| < eBé_

—
/ eA(tl)dtl
[s,t]

In the considered case G(t,s) = U(t,s) and the entries G, (t, s) of G(t, s) satisfy

Hence

U(t,s)| = < expl(t — )B] (> s).

|Gt 8)| < uji(ts 5)

where u;(t, s) are the entries of the matrix exp[(t — s)B].
Now we can apply Theorem 10.7.2 and estimates for w;(¢, s) from Section
2.6 to establish the stability condition for equation (6.1).
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10.8 Systems with positive fundamental solutions

In this section all the considered functions and matrices are assumed to be real.
Let R’ be the cone of vectors from C"™ with non-negative coordinates. De-
note by
C(a,b) = C([a,B], R

the cone of vector functions from C(a, b) = C([a, b], R™) with non-negative coordi-
nates. The inequality v > 0 for a vector v means that v € R} . The inequality f > 0
for a function f means that f € Cy(a,b). The inequality f; > fo for functions
f1, f2 means that f1 — fo € Cy(a,b).

Consider the problem

() = /0 R $)a(t — s) + [Fal(1), (8.1)
z(t) = ¢(t) € Cy(—n,0) (—n <t <0), (8.2)

where R(t,s) = (rjx(t,7))7 4, again is an n X n-matrix-valued function defined
on [0,00) x [0,n], which is piece-wise continuous in ¢ for each 7, whose entries
satisfy the condition
vjp =sup = varri(t,.) <oo (j,k=1,...,n),
>0

and F' is a continuous causal mapping in C'(—7 , 00).

A solution of problem (8.1), (8.2) is understood as in Section 10.1. In this
section the existence of solutions of problem (8.1), (8.2) is assumed.

Let the fundamental solution G(¢, s) of the equation

s(t) = /0 AR )2 — 5) (8.3)

be a matrix function non-negative for all ¢ > s > 0. Denote by K, the subset of
C4(—n,0), such that

¢ € K, implies z(t) >0 (t>0) (8.4)

for a solution z(t) of the linear problem (8.3), (8.2).
Recall that F0 = 0.

Definition 10.8.1. Let F' be a continuous causal mapping in C(—n,00). Then the
zero solution of (8.1) is said to be stable (in the Lyapunov sense) with respect to
K, , if for any € > 0, there exists a number § > 0, such that the conditions ¢ € K,
and [|¢]|¢(—n,0) < 0 imply [|z||c(0,00) < € for a solution x(t) of problem (8.1), (8.2).

The zero solution of (8.1) is said to be asymptotically stable, with respect to
K, if it is stable with respect to K, , and there is an open set wy C K, , such
that ¢ € wy implies z(t) — 0 as t — oo.
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The zero solution of (8.1) is exponentially stable with respect to K, , if there
are positive constants v, mg and rg, such that the conditions

pe K, and |[¢llc—y,0 <70

< ¥t (¢t > 0) for any positive solution

x. If ry = oo, then the zero solution of (8.1) is globally exponentially stable with
respect to K, .

imply the relation ||z(t)|l, < molldllc(—y,0) €

It is assumed that F satisfies the following conditions: there are linear causal
non-negative bounded operators A_ and A, such that

A_v<Fv<A,v forany veCy(—n,0). (8.5)

It particular, A_ can be the zero operator: A_v = 0 for any positive v.

Theorem 10.8.2. Let the fundamental solution G(t, s) of equation (8.3) be a matrix
function non-negative for all t > s > 0 and condition (8.5) hold. Then a solution
x(t) of problem (8.1), (8.2) with ¢ € K,, satisfies the inequalities

z(t) < at) <z (t) (t=0), (8.6)

where x4 (t) is the (non-negative continuous) solution of the equation

i(t) = /077 dsR(t,s)x(t — s) + [Arx](t) (8.7)

and x_(t) is the solution of the equation

i(t) = /077 dsR(t,s)z(t — s) + [A_z](t) (8.8)

with the same initial function ¢ € K, .

Proof. Since ¢(t) > 0; we have [F'z](s) > 0,s < 0. Take into account that
t
x(t) = 2(t) —|—/ G(t, s)[Fz](s)ds.
0
So, there is a T' > 0, such that

x(t) >0 (0 <t <T)and therefore z(t) > z(t) (0 <t <T).

But z(t) > 0 for all ¢ > 0. Consequently, one can extend these inequalities to the
whole positive half-line.
Now conditions (8.5) imply

x(t) < z(t) —1—/0 G(t,s)[Ayx](s)ds and x(t) > z(t) —|—/0 G(t,s)[A_x](s)ds.
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Hence due the abstract Gronwall Lemma (see Section 1.5), omitting simple calcu-
lations we have
z(t) <ai(t) and x(t) >x_(t) (t >0),

where x4 (t) is a solution of the equation

2o (t) = 2(t) + /0 Gt 5)[Apay](s)ds

and z_(t) is a solution of the equation

v () = 2(1) +/O G(t, s)[A_z_]ds (t > 0).

According to the Variation of Constant formula these equations are equivalent to
(8.7) and (8.8). O

Corollary 10.8.3. Under the hypothesis of Theorem 10.8.2, let equation (8.7) be
(asymptotically, exponentially) stable with respect to K, . Then the zero solution
to (8.1) is globally (asymptotically, exponentially) stable with respect to K, .

Conwersely, let the zero solution to (8.1) be globally (asymptotically, exponent-
ially) stable with respect to K, . Then equation (8.8) is (asymptotically, exponent-
ially) stable with respect to K, .

Again use the generalized norm as the vector

Mia)(v) := ([[vjllc(fapr)i=1 (v(E) = (v;(t)) € C(la, b], R™)).
Furthermore, let p := (p1,...,pn) be a vector with positive coordinates p; < oo.
Put

()= {v(t) = (0, (1)) € O([=,00) R}) :0 < vy (£) < pji t =~ =1.....n}.
So
Q4 () = {v € C([=n,00), BY) : Mi_y oy (v) < ).
It should be noted that the Urysohn theorem and just proved theorem enable us,

instead of conditions (8.3), to impose the following ones:

A_v < Fv < Ajv for any v € Q4(p).

10.9 The Nicholson-type system

In this section we explore the vector equation, which models cancer cell populations
and other biological processes, cf. [8] and references given therein. Namely, we
consider the system

% =1r(t) [—a121(t) + brza(t) + cra1(t — 1) exp(—z1 (t — 7))],
(9.1)

% = r(t) [—az2x2(t) + baw1(t) + coxa(t — 7) exp(—z2(t — 7))],
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where a;,b;,¢;, 7 = const > 0, and r(t),¢ > 0, is a piece-wise continuous function
bounded on the positive half-line with the property

%Izlg r(t) > 0.
Take the initial conditions
z1(t) = ¢1(t), 2(t) = ¢ga(t) (t € [-7,0]) (9.2)

with continuous functions ¢i. Everywhere in this section it is assumed that ¢y
(k =1,2) are non-negative.

Recall that inequalities for vector-valued functions are understood in the
coordinate-wise sense.

Rewrite (9.1) as

dfigf) = r(t)(Az(t) + CFi (a(t — 7)), (9.3)
where
—a b ct 0
() em (e
and

Fi(a(t — 7)) = (2r(t = 7) exp(—ap(t = 7)))iz1-
Taking Fx(t) = CFy(x(t — 7) we have

0 < Fou(t) <Cu(t—7) (v(t) > 0).
Equation (8.7) in the considered case takes the form

dy(t)

- r(t)[Ay(t) + Cy(t — 7)), (9.4)

and equation (8.8) takes the form

dz—(tt) = () Ay(1). (9.5)

The evolution operator U_(t, s) to (9.5) is
U_(t,7) = elir(s)ds A

Since the off-diagonal entries of A are non-negative, the evolution operator to
(9.5) is non-negative. Applying Theorem 10.8.2 and omitting simple calculations,
we arrive at the following result.
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Corollary 10.9.1. Any solution xz(t) of problem (9.1), (9.2) is non-negative and
satisfies the inequalities
elo T Ag(0) < w(t) < @i (t) (¢ >0)

where x4 (t) is the solution of problem (9.4), (9.2). Consequently, the zero so-
lution to (9.1) is globally asymptotically stable with respect to the cone K =
C([-n,0], RY), provided (9.4) is asymptotically stable.

Rewrite (9.4) as
t
y(t) = U_(£,0)$(0) + / U_(t, s)r(s)Cy(s — 7)ds.
0
Thus
Iollctr) = sup 10~ (,0)60) 2 + lyllorirMo (0 < T < cx),

where ,
My = sup/ r(s)||U-(t,s)C||2ds.
t Jo
Here ||.||2 is the spectral norm in C2. Hence it easily follows that (9.4) is stable

provided My < 1. Note that the eigenvalues A\;(A) and A3(A4) of A are simply
calculated and with the notation

m(t,s) = /Str(sl)dsl,

we have
Hem(t,s) AH2 < ea(A)m(t,S)(]_ + g(A)m(t, S)),

where a(A) = maxg=1,2Re A1 (A4) and g(A) = |by — b2| (see Section 2.8). Assume
that ¢1 < ¢a, a(A4) < 0, and

r_ = irtlfr(t) >0, and rp =supr(t) < oo.
t
Then My < M, where
¢
My :==1ryco sup/ et —(1 4 g(A)(t — s)ry )ds
t
o
= CoT4 / e (=1 4 g(A)ur, )du.
0

This integral is simply calculated. Thus, if My < 1, then the zero solution to (9.1)
is globally asymptotically stable with respect to the cone C([—7, 0], Rf_)
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10.10 Input-to-state stability of general systems

This section is devoted to the input-to-state stability of coupled systems of func-
tional differential equations with nonlinear causal mappings. The notion of the
input-to-state stability plays an essential role in control theory.

Consider in C" the problem

z(t) = /077 dRo(T)x(t — 1) + [Fz](t) + u(t) (0<n < oo; t>0), (10.1)

z(t)=0 for —n<t<O, (10.2)

where u(t) is the input, x(¢) is the state, and Ro(7) (0 < 7 < 7n)is an n X n-
matrix-valued function of bounded variation, again. In addition, F' is a continuous
causal mapping in LP(—n,00) (p > 1).

For example, we can reduce the form (10.1) to the nonlinear differential delay
equation

z(t) = /O77 dRo(T)x(t — 1) + Fo(x(t — h)) + u(t) (h = const > 0;t>0), (10.3)

where Fy : C" — C™ is a continuous function, u € L?(0, 00). Equation (10.3) takes
the form (10.1) with

[Fz](t) = Fo(z(t — h)).
Besides F' is causal in L™ (—h, o).

Again,

. . B 1 [e'e] eiwtdw
K(z)—zl_/o " dRo(r) and G(t) = oo K(iw)

are the characteristic matrix-valued function of and fundamental solution of the
linear equation

. /077 dRy(7)2(t — 7) (£ > 0), (10.4)

respectively. All the characteristic values of K(.) are in C_.

Definition 10.10.1. We will say that system (10.1), (10.2) is input-to-state LP-
stable, if there is a positive constant my < oo, such that for all u € LP satisfying
lul| Lr(0,00) < M0, a solution of problem (10.1), (10.2) is in LP(0, c0).
Put
Qp(0) = {w e LP(=n,00) : lwl|pr(—y o) < 0}
for a positive number p < co.
It is assumed that there is a constant ¢ = ¢(p) > 0, such that

1Pl o(000) < allwllio( g ooy (w € 2p(0))- (10.6)
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Recall that .
Gt = [ 69 f(s)ds.
0
Theorem 10.10.2. Let the conditions (10.6) and q||CA?HLp(O,OO) < 1 hold. Then (10.1)

is input-to-state LP-stable.

Proof. Put | = ||u||rr(,0) for a fixed u. Repeating the arguments of the proof
of Theorem 10.1.2 with L? instead of C, and taking into account the zero initial
conditions, we get the inequality

Gl Lo (0,00)1
||5L'HLP(0,OO) <— .
1 —q[|GlLr(0,0)

This inequality proves the theorem. O

By the properties of convolutions (see Section 1.3), we have
1Glz22(),00) < Gl L1(0,00)-

Now Theorem 10.10.2 implies our next result.

Corollary 10.10.3. Let condition (10.6) hold. In addition, let q||G|p1(0,00) < 1.
Then equation (10.1) is input-to-state LP-stable.

Due to Lemma 4.4.1 we have

1Gll2(0.00) < O(K), where O(K):= sup 15~ (iw) |-
—2 var(Ro)<w<2 var(Rp)

Now making use of Theorem 10.10.2, we arrive at the following result.

Corollary 10.10.4. Let condition (10.6) hold with p = 2. In addition, let ¢0(K) < 1.
Then system (10.1) is input-to-state L*-stable.

10.11 Input-to-state stability of systems
with one delay in linear parts

In this section we illustrate the results of the previous section in the case of systems
whose linear parts have one distributed delay:

(1) —|—A/Onx(t — )du(s) = [Fal(t) + u(t), (11.1)

where p is a scalar nondecreasing function and A is a constant positive definite
Hermitian matrix. So the eigenvalues \;(A) of A are real and positive. Then the
linear equation

Z(t) + A/O77 x(t — s)du(s) =0 (11.2)
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can be written as
() —Nj(A)E,xi(t) =0, j=1,...,n, (11.3)
where

.&ﬂﬂ=ﬂjﬂrwﬂwﬂ

for a scalar function f.
If the inequality

enAj(A) var(p) <1 (j=1,...,n) (11.4)
holds, then by Lemma 4.6.6 the fundamental solution G; of the scalar equation

(11.3) is positive and
1

(AG”W:Mmmmr

But the fundamental solution G, of the vector equation (11.2) satisfies the equality

[ 160l =max [ G50
0 J 0

o 1
/0 G (B)llndt = min; A;(A) var(u) .

Thus

Now Theorem 10.10.2 implies our next result.

Corollary 10.11.1. Let A be a positive definite Hermitian matriz. and conditions
(10.6) and (11.4) hold. If in addition,

4 < min )\ (4) var(u), (11.5)

then system (11.1) is input-to-state LP-stable.

10.12 Comments

This chapter is particularly based on the papers [39, 41] and [61].

The basic results on the stability of nonlinear differential-delay equations
are presented, in particular, in the well-known books [72, 77, 100]. About the
recent results on absolute stability of nonlinear retarded systems see [88, 111] and
references therein.

The stability theory of nonlinear equations with causal mappings is at an
early stage of development. The basic method for stability analysis is the direct
Lyapunov method, cf. [13, 83]. But finding Lyapunov functionals for equations
with causal mappings is a difficult mathematical problem.
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Interesting investigations of linear causal operators are presented in the books
(82, 105]. The papers [5, 15] also should be mentioned. In the paper [15], the
existence and uniqueness of local and global solutions to the Cauchy problem for
equations with causal operators in a Banach space are established. In the paper
[5] it is proved that the input-output stability of vector equations with causal
operators is equivalent to the causal invertibility of causal operators.



Chapter 11

Scalar Nonlinear Equations

In this chapter, nonlinear scalar first- and higher-order equations with differential-
delay linear parts and nonlinear causal mappings are considered. Explicit stability
conditions are derived.

The Aizerman—Myshkis problem is also discussed.

11.1 Preliminary results

In this chapter all the considered functions are scalar; so LP(a,b) = LP([a,b],C)
and C(a,b) = C([a,b],C). In addition,

either X(a,b) = LP(a,b),p>1, or X(a,b)=C(a,b).

Consider the equation

z(t) = 2z(t) + /Ot k(t,t1)(Fx)(t)dt; (t>0), (1.1a)
z(t) =2(t) (—n <t<0), (1.1b)

where k : [0 < s <t < 00) — R is a measurable kernel and z € X (—n, o0) is given,
and F is a continuous causal mapping in X(—n,00) (0 < n < o0) (see Section
1.8). For instance, the mapping defined by

(Fu)(t) = / " gwlt — )du(s) (6> ), (1.2)

where p is a nondecreasing function and g is a continuous function with ¢(0) = 0,
is causal in C(—n , 00).

A solution of (1.1) is a continuous function = defined on [—7 ,00), which
satisfies (1.1).

It is assumed that there is a constant ¢ > 0, such that

1E] x(0,00) < @ 10l x (= ,00) (v € X (=7, 00)). (1.3)

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 193
DOI 10.1007/978-3-0348-0577-3_11, © Springer Basel 2013
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Introduce the operator V : X (0, 00) — X (0,00) by

(Vo)(t) = /Ot k(t, 0 )o(t)dt (¢ > 05 v € X(0,00)).

Lemma 11.1.1. Let V' be compact in X (0,7) for each finite T, and the conditions
(1.3) and

aIVIx (00 <1 (1.4)

hold. Then equation (1.1) has a (continuous) solution x € X (—n ,00). Moreover,
that solution satisfies the inequality

”ZHX(HLOO)

X — ) =1 _ I,
]| x (= ,00) 1— gV x(0.00

Proof. By Lemmas 10.1.1 and 10.1.3, if condition (1.3) holds, then for all T > 0
and w € X(—n,T), we have

[Fwllxo.1) < ql|wllx—y.m)-
On X(—n,T), T < oo, let us define the mapping ® by
(Pw)(t) = 2(t) + (VFw)(t),t >0, and (Pw)(t)=z(t),t <0,

for a w € X(—n,T). Hence, according to the previous inequality, for any number
r > 0, large enough, we have

1Pwllx(—n 1) < 2l x(=n.1) + IVIxD WX (0 1) <7 (l0lx (=00 ,1) < 7)-

So ® maps a bounded set of X (—n,T) into itself. Now the existence of a solution
x(t) is due to the Schauder Fixed Point Theorem, since V is compact.

From (1.1) it follows that

2l x(=n 1) < 12l x(=n, 1) + IVIIx0,1)82] x (=0, T)-

Thus (1.4) implies

el (o ) € AT
T T 1= qllVx o)
Now letting T'— oo we get the required result. O

Furthermore, let k(t,s) = Q(t — s) with a continuous @ € L*(0,00). Then
V' = Vi, where the operator Vg is defined by

(o)t = [ @~ (a0 € X(0.0); £ 0)
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For each positive T' < oo, operator Vg is compact. Moreover, by the properties of
the convolution operators we have

1Vallx 0,000 < QI L1(0,00)

with X (0,00) = LP(0,00) and X(0,00) = C(0,00) (see Section 1.3). Now the
previous lemma implies

Corollary 11.1.2. Assume that Q € L'(0,00), z € X (-1 ,00), and the condition
(1.3) holds. If, in addition, q||Q||L1(0,00) < 1, then the problem

t
z(t) = 2(t) +/ Q(t —t1)(Fx)(t1)dt; (t>0), (1.5a)
0
z(t) =z(t) (-n <t<0) (1.5b)
has a solution x € X (—n,00). Moreover, that solution satisfies the inequality

”ZHX(HLOO)

2l oy < —IXCn0)
lellxn e < T AT 0o

Let
Q(2) ::/O e #'Q(t)dt (Rez >0)

be the Laplace transform of ). Then by the Parseval equality we easily get
IVallz2(0,00) = Ag, where

Aq = sup||Q(is)] -
seR

So Lemma 11.1.1 implies our next result.
Corollary 11.1.3. Assume that Q € L'(—n, ), z € L?>(—n, ), and the condition
(1.3) holds with X (—n,00) = L?(—n,00). If, in addition, the condition gAg < 1 is
fulfilled, then problem (1.5) has a (continuous) solution x € L?(—n,c0). Moreover,
that solution satisfies the inequality

”ZHLQ(fn ,00)
HJ?||L2(777’OO) > 1_qAQ
Furthermore, suppose that
Q) =0 (¢ >0). (1.6)

Then, obviously,

Q)| =

[T < [Tama-a0 wem. 0
0 0

Now Corollary 11.1.2 implies the following result.



196 Chapter 11. Scalar Nonlinear Equations

Corollary 11.1.4. Let Q € L'(0,00),2 € X(—n,00) and the conditions (1.3), (1.6)
and

gQ(0) <1 (1.8)
be fulfilled. Then problem (1.5) has a solution x € X(—n,00) and

121l x (=1 ,00)
1 —qQ(0)
To investigate the stability of the scalar differential delay equation we need

the following lemma.

Lemma 11.1.5. Let Q € L'(0,00) and condition (1.6) hold. Then inequality (1.8)
is valid if and only if all the zeros of the function

1
Q=)

2] x (< 00) <

—q (1.9)

are in C_ :={z € C: Rez < 0}.

Proof. Let (1.8) hold. Then thanks to (1.7), IQ( ml
to the Rouché theorem, all the roots of the function defined by (1.9) are in C_,
since Q € L'(0, ) and therefore all the roots of the function 1/Q(z) are in C_.

Conversely, let all the roots of the function defined by (1.9) be in C_. Then
either

> ¢ for all real y. So according

1
— > (1.10)
|Q(iy)|
or
1
— < (1.11)
|Q(iy)|
for all real y. But in the case (1.11), the integral
oo ~
J
—o0
does not converge. This proves the lemma. O

11.2 Absolute stability

In the rest of this chapter the uniqueness of solutions is assumed.
Let us consider the equation

2™ (¢ +Z/ )(t — 7)dux(7) = [Fz](t) (t>0), (2.1)
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where pi (k= 0,...,n — 1) are bounded nondecreasing functions defined on
[0,n] and F' is a causal mapping in X (—n,oc0) with X (a,b) = LP(a,b),p > 1, or
X(a,b) = C(a,b), again. Impose the initial condition

z(t) = ¢(t) (—n <t <0) (2.2)

with a given function ¢ having continuous derivatives up to n — 1th order. Let
K (.) be the characteristic function of the equation

n—1 n
)+ Y / 2B~ P () = 0 (¢ > 0). (2.3)
k=070
That is,
n—1 n
KQ)=A"+) A / e Mg (7).
k=0 0

It is assumed that all the zeros of K(.) are in C_. Introduce the Green function
of (2.3):
1 [ efwdw
G(t) = — t>0).
®) 27 _OOK(iw)( 20)

If n = 1, then the notions of the Green function and fundamental solution coincide.

It is simple to check that the equation

w™(t) + i /n w®(t = r)dp () = f(t) (t>0) (2.4)
k=070

with the zero initial condition
wP)=0(—n <t<0;k=1,....,n—1) (2.5)
and the locally integrable function f satisfying
If(#)] < coe® (co,e1 = const; t > 0)

admits the Laplace transform. So by the inverse Laplace transform, problem (2.4),
(2.5) has the solution

w(t) = /Ot G(t—t1)f(t1)dtr (t>0).

Hence it follows that (2.1) is equivalent to the equation

o) =0+ [ G-t FEa) e (1> 0) (2.6)

where ( is a solution of problem (2.3), (2.2).
A continuous solution of the integral equation (2.6) with condition (2.2) will
be called a (mild) solution of problem (2.1), (2.2).



198 Chapter 11. Scalar Nonlinear Equations

Lemma 11.2.1. Let all the zeros of K(z) be in C_. Then the linear equation (2.3)
is exponentially stable.

Proof. As it is well known, if all the zeros of K (z) are in C_, then (2.3) is asymp-
totically stable, cf. [77, 78]. Now we get the required result by small perturbations
and the continuity of the zeros of K(z). O

Introduce in X (0, 00) the operator

t
Cro(t) = / Glt — t)w(t)dty (> 0).
0
Thanks to the preceding lemma it is bounded, since
1G] x0.00) < G| L1(0,00) < 00

Moreover, since (2.3) is exponentially stable, for a solution ¢ of problem (2.2),
(2.3) we have

n—1

C()] < const e (6™ |y 0 (€ > 05 £ > 0). (2.7)
k=0

Hence, ¢ € X(—n,00). Now Lemma 11.1.1 implies the following result.

Theorem 11.2.2. Assume that condition (1.3) holds for X (—n,00) = LP(—n,00),
p>1or X(—n,00) = C(—n,0), and all the zeros of K(z) are in C_. If, in
addition,

qnéHX(o,oo) <1, (2.8)

then problem (2.1), (2.2) has a solution x € X(—n,00) and
||C||X(77] 00)

]l x(0,00) £ 2 ——,

1= qllGlx(0,00)

where € is a solution of problem (2.2), (2.3), and consequently,

n—1
2l x 0,000 < M D 6P llcr-n 0, (2.9)
k=0

where the constant M does not depend on the initial conditions.
Combining this theorem with Corollary 11.1.4 we obtain the following result.

Corollary 11.2.3. Assume that condition (1.3) holds with X (—n,00) = LP(—n,o0)
forap>1, or X(—n,00) = C(—n,0), and all the zeros of K(z) are in C_. If,
in addition, G(t) is non-negative and

K(0) > q, (2.10)

then problem (2.1), (2.2) has a solution © € X (0,00). Moreover, that solution
satisfies inequality (2.9).
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Furthermore, Corollary 11.1.3 implies

Corollary 11.2.4. Let all the zeros of K(z) be in C_. Assume that the conditions
(1.3) with X (—n,00) = L?(—n,00) and

;rel]%\K(zs)\ >q (2.11)

hold. Then problem (2.1), (2.2) has a solution x € L?(0, ). Moreover, that solu-
tion satisfies the inequality (2.9) with X (0,00) = L?(0, 00).

Definition 11.2.5. Equation (2.1) is said to be absolutely X-stable in the class of
nonlinearities satisfying (1.3), if there is a positive constant M, independent of
the specific form of mapping F' (but dependent on ¢), such that (2.9) holds for
any solution z(t) of (2.1).

Let us appeal to the following corollary to Theorem 11.2.2.

Corollary 11.2.6. Assume that all the zeros of K(z) be in C_. and condition (2.8)
holds, then (2.1) is absolutely X -stable in the class of nonlinearities (1.3) with
X(—U ’ OO) = Lp(—77 ’ oo),p > 1 or X(—77 ’ OO) = C(—77 ’ OO)
If, in addition, G is positive, then condition (2.8) can be replaced by (2.10).
In the case X (—n,00) = L?(—n,0), condition (2.8) can be replaced by (2.11).

11.3 The Aizerman—Myshkis problem

We consider the following problem, which we call the Aizerman—Myshkis problem.

Problem 11.3.1: To separate a class of equations (2.1), such that the asymptotic
stability of the linear equation

2™ L Tf /n ) (t —7)dp; (1) = gz(t), (3.1)
k=070

with some ¢ € [0, q] provides the absolute X -stability of (2.1) in the class of non-
linearities (1.3).

Recall that X (—n,00) = C(—n,00) or X(—n,00) = LP(—n,00).

Theorem 11.3.1. Let the Green function of (2.3) be non-negative and condition
(2.10) hold. Then equation (2.1) is absolutely L?-stable in the class of nonlinear-
ities satisfying (1.3). Moreover, (2.1) satisfies the Aizerman—Myshkis problem in
L?(—n ,00) with § = q.

Proof. Corollary 11.2.6 at once yields that (2.1) is absolutely stable, provided
(2.10) holds. By Lemma 11.1.5 this is equivalent to the asymptotic stability of
(3.1) with ¢ = ¢. This proves the theorem. |
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Let us consider the first-order equation

i@%+Anw@—sMM@=ﬂFﬂ@)@>0% (3.2)

where p is a nondecreasing function having a bounded variation var(u). We need
the corresponding linear equation

() + /0 "t = s)du(s) =0 (¢ > 0). (3.3)

Denote by G, (t) the Green function (the fundamental solution) of this equation.
In the next section we prove the following result.

Lemma 11.3.2. Under the condition,
en var(p) <1, (3.4)

G, is non-negative on the positive half-line.
Denote by K,, the characteristic function of (3.3):
n
Ku(e) ==+ [ e dus).
0

So K,,(0) is equal to the variation var(y) of p. By Lemma 11.1.5, K,,(2) — ¢ has
all its zeros in C_ if and only if ¢ < var(u). Now by Theorem 11.3.1 we easily get
the following result.

Corollary 11.3.3. Assume that the conditions (3.4) and q < var(u) are fulfilled.
Then equation (3.2) is X -absolutely stable in the class of nonlinearities (1.3).

Now let us consider the second-order equation
i(t) + Au(t) + Ba(t — 1) + Cu(t) + Du(t — 1) + Eu(t — 2) = [Fu](t) (t > 0) (3.5)

with non-negative constants A, B,C, D, E.
Introduce the functions

Ko(A) =X+ AN+ Ble * + C + De ™ 4 Ee™** (3.6)
and o ,
1 oI etz (ly
Go(t) := — co = const).
2(t) 270 J oy —ooi K2(2) (co )
Assume that
B*/4>E, A*/4A> C, (3.7)
and let
A A? B B2
re(A,C) = 3 + T —C, and ry(B,E)= 5 + T —E.



11.3. The Aizerman—Myshkis problem 201

In the next section we also prove the following result.

Lemma 11.3.4. Let the conditions (3.7),

D < T+(B?E)T— (Aa O) +7r- (B?E)T-i- (Aa O) (38)
and 1
7“+(B, E)e“’(A’C) < g (39)

hold. Then G2(t) is non-negative on the positive half-line.

Clearly, K5(0) = C' + D + E. Now Theorem 11.3.1 and Lemma 11.1.5 yield
the following corollary.

Corollary 11.3.5. Let the conditions (3.7)~(3.9) and ¢ < C + D + E hold. Then
equation (3.5) is X -absolutely stable in the class of nonlinearities (1.3).

Finally, consider the higher-order equations. To this end at a continuous
function v defined on [—7, 00), let us define an operator Si by

(Skv)(t) = arv(t — hg) (E=1,...,n; ar = const > 0, hy, = const > 0; ¢ > 0).
Besides,
h1_|_..._|_hn:77,
Consider the equation

n

11 (% + Sk) x(t) = [Fz](t) (t>0). (3.10)

k=1

Put

n co+ico 2zt

1 0 e*tdz
|| “hezy and G (t) = —/ - .
e zZ + are an n(t) 277 Sy —ioe Wo(2)

So G (t) is the Green function of the linear equation

n

11 <% + Sk) z(t) = 0.

Due to the properties of the convolution, we have

t t1 . tn—2 .
t) :/ Gl(t—tl)/ Ga(t —tg).../ Grltn_1)dt,_1 ... dty dti,
0 0 0

where Gy (t) (k=1,...,n) is the Green function of the equation

(;t ; sk> 2(t) = i(t) + apa(t — hi) = 0.
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Assume that
eaghy <1 (k=1,...,n); (3.11)

then due to Lemma 11.3.2 G1.(t) > 0 (t > 0; k= 1,...,n). We thus have proved
the following result.

Lemma 11.3.6. Let condition (3.11) hold. Then G, (t) is non-negative.

Clearly,
Wn (0) = H ag .
k=1

Now Theorem 11.3.1 and Lemma 11.1.5 yield our next result.

Corollary 11.3.7. Let the conditions (3.11) and
q< H ay
k=1

hold. Then equation (3.10) is X-absolutely stable in the class of nonlinearities
(1.3).

11.4 Proofs of Lemmas 11.3.2 and 11.3.4
With constants a > 0, b > 0, let us consider the equation
W(t) + au(t) + bu(t —h) = 0. (4.1)
Lemma 11.4.1. Let the condition
hbe™ < ™! (4.2)

hold. Then the Green function of equation (4.1) is positive.

Proof. First, we consider the Green function Gy(t) of the equation
U+ bu(t —h) =0 (b= const, t > 0). (4.3)

Recall that G satisfies with the initial condition

Gb(O) =1, Gb(t) =0 (t < 0). (4.4)
Suppose that
bh < et (4.5)
Since
maxTe T =e !,

7>0
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there is a positive solution wy of the equation we™" = bh. Taking ¢ = h~twy, we
get a solution ¢ of the equation ¢ = be"®. Put in (4.3) G(t) = e~*z(t). Then

Z—cz+be"2(t — h) = 2+ c(2(t — h) — 2(t)) = 0.

But due to (4.4) z(0) =1, 2(t) = 0 (¢t < 0). So the latter equation is equivalent to
the following one:

A =1+ /Otc[z(s) _(s—h)lds = 1+ c/ot 2(s)ds — c/ot_h +(s)ds.

Consequently,

A(t) = 1+c/tt +(s)ds.

—h

Due to the von Neumann series it follows that z(¢) and, therefore, the Green
function Gy(t) of (4.3) are positive.
Furthermore, substituting u(t) = e~%wv(¢) into (4.1), we have the equation

O(t) 4+ be™v(t — h) = 0.

According to (4.5), condition (4.2) provides the positivity of the Green function
of the latter equation. Hence the required result follows. O

Denote by G the Green function of equation (4.3) with b = var(u). Due to
the previous lemma, under condition (3.4) G is positive.

The assertion of Lemma 11.3.2 follows from the next result.

Lemma 11.4.2. If condition (3.4) holds, then the Green function G, of equation
(3.3) is non-negative and satisfies the inequality

Gult) = G4 () = 0 (t > 0).
Proof. Indeed, according to the initial conditions, for a sufficiently small ty > 7,
Gu(t) >0, G.(t) <0 (0<t<tg).

Thus,
Gult=n) 2 Gu(t—s) (s <n; 0 <t <to).

Hence,
var ()Gt =) = [ Gult = )dls) (¢ < to).
0

According to (3.3) we get

GIL (t) + var (M)Gu (t -n ) = f(t)
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with
n
£ =var ()Gt =)~ [ Gult = s)du(s) 0 (0 < ¢ < 1),
0

Hence, by virtue of the variation of constants formula, arrive at the relation

Gult) = () + [ Golt=9)f()is > G 0 <1 < 10)

Extending this inequality to the whole half-line, we get the required result. O
Proof of Lemma 11.3.4. First, consider the function

Ko(A) = (At a1 +bie” ) (A + ag + bae™?)
with non-negative constants ay, by (k = 1,2). Then

1 co+1i00 etzdz

Go(t) :== 7 e Fol2) (co = const)
is the Green function to equation
i+S i+S t)=0 (t>0) (4.6)
at M)\ T2) Y= '

where
(Skv)(t) = arv(t) + bro(t — 1) (k=1,2; t >0).

Due to the properties of the convolution, we have

¢
Golt) = / Wit — 1) Wa(t)dts,
0
where Wi (t) (k = 1,2) is the Green function of the equation

(% + 5k> 2(t) = #(t) + aga(t) + bya(t — 1) = 0.

Assume that 1
by <~ (k=1,2), (4.7)

then due to Lemma 11.4.1 Go(t) > 0 (¢ > 0).
Now consider the function

Py(\) = Ko(\) —me ™

with a constant m. It is the characteristic function of the equation

(jt N 51> (;t N 52) 2(t) = ma(t — 1) (t>0). (4.8)
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By the integral inequalities (see Section 1.6), it is not hard to show that, if Go(¢t) >
0 and m > 0, then the Green function of (4.8) is also non-negative.

Furthermore, assume that P,(\) = K3(\), where K5 () is defined in Section
11.3. That is,

A ay +ble_A)()\+a2 +bge_A) —me = 2+ AN+ Ble M+ C+De M+ Ee .

Then, comparing the coefficients of P2(\) and K3 (\), we get the relations

a1 +ax=A, ajay =C, (4.9)
bi+by=DB, bby=EF, (4.10)

and
arbs + bras — m = D. (4.11)

Solving (4.9), we get

a10=A/2+ (A%/4 - C)V? =1L (A,0).
Similarly, (4.10) implies

bio=B/2+ (B?/4— E)Y? =ry(B,E).

From the hypothesis (3.7) it follows that a1 2,012 are real. Condition (3.9) im-
plies (4.7). So Go(t) > 0,t > 0. Moreover, (3.8) provides relation (4.11) with a
positive m.

But as it was mentioned above, if Go(t) > 0, then the Green function G(t)
corresponding to Kao(A) = P»(\) is also positive. This proves the lemma. O
11.5 First-order nonlinear non-autonomous equations

First consider the linear equation

@(t) + /077 a(t — 7)drplt, 7) = 0, (5.1)

where p(t, 7) is a function defined on [0, 00) x [0, 7] nondecreasing in 7 and contin-
uous in ¢. Assume that there are nondecreasing functions p4 (7) defined on [0,7],
such that

p—(12) = p— (1) < plt, m2) — plt, 1) < pg(2) —pg(m1) (n =272 >71 20). (5.2)

We need also the autonomous equations

210+ [ 4l = a7 =0 (5.3)
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and

T_(t) + /O’I z_(t —7)dp—(7) = 0. (5.4)

Denote by Gi(t, s), G4+ (t) and G_(t) the Green functions to (5.1), (5.3) and (5.4),
respectively.

Lemma 11.5.1. Let the conditions (5.2) and
var(py)ne <1 (5.5)
hold. Then
0<Gi(t—9)<Gi(t,s) <G_(t—s) (t>s>0). (5.6)

Proof. Due to Lemma 11.3.2, G4 (t) > 0 for all ¢ > 0. In addition, according to
the initial conditions,

G4+(0)=G1(0,0)=G_(0) =1, G4+(t) =G1(t,0)=G_(t) =0 (t < 0).
For a sufficiently small ¢y > 0, we have
G1(t,0) > 0, G1(£,0) < 0 (0 < t < tg).

From (5.1) we obtain

Cr(t.0) + / " Gt — 7. 0)dyuy (1) = (1)

with

101 = [ Galt = s ()~ done 7).

Hence, by virtue of the Variation of Constants formula and (5.2), we arrive at the
relation

t
Gr(0) = Gl + [ Gt = 5)f(s)ds = G (0 <t <to).
0
Extending this inequality to the whole positive half-line, we get the left-hand part

of inequality (5.6) for s = 0. Similarly the right-hand part of inequality (5.6) and
the case s > 0 can be investigated. O

Note that due to (5.6)

t t [ee]
sup/ Gi(t,s)dt < sup/ G_(t—s)ds = / G_(s)ds.
t Jo t Jo 0
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But by (5.4)
[e's) n n [e's)
G_(0)=1= / / G_(t — r)dp_(r)dt = / / G_(t = 7)dt d_(7)
0 0 0 0
n o0 Ui o0
= / G_(s)dtdu_(7) = / / G_(s)dt dp—_(T)
0 —T 0 0
:/ G_(s)dt var(pu—).
0

So we obtain the equality

/OOO G (s)ds = ——— (5.7)

var(fi+)

Hence, we get

Corollary 11.5.2. Let conditions (5.2) and (5.5) be fulfilled. Then

Gi(t,s) <1(t>s>0),

> 8G1 (t, 8)

n
0 > [ oty = —varpte, ) (029,
at .

and
1

var(u_)’

t
sup/ G1(t,s)ds < (5.8)
t Jo

Furthermore, consider the nonlinear equation

(1) + /0 "ot = oty ) = [Fal(t) (¢ > 0), (5.9)

where F' is a causal mapping in C'(—n, c0).
Denote
Qr) :=={v e C(-n,00) : [vllc(—n o) <7}

for a positive r < occ.
It is assumed that there is a constant ¢, such that

[1Evl[o(—n .00) < @ [[0llo(—n .00) (v € QUr)). (5.10)

Following the arguments of the proof of Theorem 10.1.2, according to (5.8),
we arrive at the main result of the present section.

Theorem 11.5.3. Let the conditions (5.2), (5.5), (5.10) and
q < var(p—) (5.11)

hold. Then the zero solution of equation (5.9) is stable.
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11.6 Comparison of Green’s functions to
second-order equations

Let us consider the equation

ii(t) + 2co(t)u(t) + ca(t)u(t — h) + do(t)u(t) (6.1)
+dy () u(t — h) + da(t)u(t —2h) =0 (¢t >0), ’
where ¢q(t),d;(t) (t > 0;5 = 0,1,2) are piece-wise continuous functions, and

co(t) (t > 0) is an absolutely continuous function having a piece-wise continuous
derivative ¢o(t).

Let G(t, s) be the Green function to equation (6.1). So it is a function defined
for t > s —2h (s > 0), having continuous first and second derivatives in ¢ for
t > s, satisfying that equation for all ¢ > s > 0 and the conditions

OG(t,s)
ot

G(t,s)=0 (s—2h<t<s), =0 (s—2n<t<s);

and

i 2605)
tls ot

Furthermore, extend ¢o(t) to [—2h, c0) by the relation
co(t) = co(0) for —2h <t <0,
and put
ar(t) = c1(t)edi-n 0 and  ay(t) = do(t)eli-2n 0G5 (1> ).
The aim of this section is to prove the following result.
Theorem 11.6.1. Let the conditions

—éo(t) + c2(t) +do(t) <0 (6.2)
and
—e1(B)eo(t —h) +dy(t) <0 (t>0) (6.3)

hold. Let the Green function Go(t,s) to the equation
i(t) + a1 (t)a(t — h) + a2 (t)u(t —2h) =0 (¢ > 0) (6.4)

be non-negative. Then the Green function G(t,s) to equation (6.1) is also non-
negative.
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Proof. Substitute the equality
u(t) = w(t)e Jo cols)ds (6.5)
into (6.1). Then, taking into account that

d [t d

t
i ), co(s)ds = a/h co(s1 — h)dsy = co(t — h),

we have
e 1o co(s)ds [w(t) —2¢o(t)w(t) +w(t)(—¢éo(t) + cg(t) +do(t))

+ 2co(t)ir(t) — cE(tyu(t))]
+er(t)e o @S [_eo (t — RYw(t — h) + w(t — h)]

t—2h

oy (t)e Jo "o syt — B) 4+ dy(t)e Jo T eodsyy (¢ — 2p) = 0.
Or
W(t) + ar () (t — h) + mo(B)w(t) +my (w(t — h) + as(t)w(t —2h) =0, (6.6)
where
mo(t) :== —co(t) + c2(t) + do(t)

and .
ma(t) = ele-n OB (e (t — h) + dy (2)).

According to (6.3), mo(t) < 0,m1(t) < 0. Hence, by the integral inequalities prin-
ciple, see Section 1.6, it easily follows that if the Green function to equation (6.4)
is non-negative, then the Green function to equation (6.6) is also non-negative.
This and (6.5) prove the theorem. O

11.7 Comments

This chapter is based on the papers [36, 49]. Theorem 11.6.1 is taken from the
paper [48].

Recall that in 1949 M.A. Aizerman conjectured the following hypothesis: let
A,b,c be an n X n-matrix, a column-matrix and a row-matrix, respectively. Then
for the absolute stability of the zero solution of the equation

& =Ax+bf(cx) (& = dx/dt)
in the class of nonlinearities f : R — R, satisfying the condition

0< f(s)/s<q (¢g=const >0,s €R, s#0),
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it is necessary and sufficient that the linear equation & = Ax + ¢1bcr be asymptot-
ically stable for any ¢; € [0, ¢] [3]. These hypotheses caused great interest among
specialists. Counterexamples were set up that demonstrated it was not, in general,
true, cf. [107]. Therefore, the following problem arose: to find the class of systems
that satisfy Aizerman’s hypothesis. In 1983 the author had shown that any sys-
tem satisfies the Aizerman hypothesis if its impulse function is non-negative. A
similar result was proved for multivariable systems, distributed ones and in the
input-output version. For the details see [24]. On the other hand, A.D. Myshkis
[95, Section 10] pointed out the importance of consideration of the generalized
Aizerman problem for retarded systems. In [27] that problem was investigated for
retarded systems, whose nonlinearities have discrete constant delays; in [30], more
general systems with nonlinearities acting in space C' were considered.

The positivity conditions for fundamental solutions of first-order scalar dif-
ferential equations are well known, cf. [1].

About recent very interesting results on absolute stability see, for instance,
[86, 116] and references therein.



Chapter 12

Forced Oscillations in
Vector Semi-Linear Equations

This chapter deals with forced periodic oscillations of coupled systems of semi-
linear functional differential equations. Explicit conditions for the existence and
uniqueness of periodic solutions are derived. These conditions are formulated in
terms of the roots of characteristic matrix functions.

In addition, estimates for periodic solutions are established.

12.1 Introduction and statement of the main result

As as it is well known, any 1-periodic vector-valued function f with the property
f € L?(0,1) can be represented by the Fourier series

f=Y" cex

k=—o0

where
1
ex(t) = 2% (b = 0,41,42,...), and ck;:/ F)er()dt € C
0

are the Fourier coefficients. Introduce the Hilbert space PF of 1-periodic functions
defined on the real azis R with values in C™, and the scalar product

o0

(f,u)pr = Z (ck,br)cn  (f,u € PF),

k=—o00

where (.,.)cn is the scalar product C", ¢ and by are the Fourier coefficients of f
and u, respectively. The norm in PF is

o 1/2
loe =T Trr = (3 k)
k=—oc0
Here ||c||., = v/ (¢, ¢)cn for a vector c.

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 211
DOI 10.1007/978-3-0348-0577-3_12, © Springer Basel 2013
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Due to the periodicity, for any real a we have,

a+1 1/2
lelsonen = [ [ o] werp
a

The Parseval equality yields

vlpp = ||v]|lL2(0,1),cn) = U
a

Let R(7) be an n X n-matrix-valued function of bounded variation defined
on [0, 1]. Consider the system

1/2

a+1
v(t)||idt} for any real a.

1
a(t) —/ dR()u(t — 1)+ (Fu)(t) (t €R) (1.1)
0
where F': PF — PF is a mapping satisfying the condition
|Fv — Fw|pr < q|lv —w|pr (¢ = const > 0; v,w € PF). (1.2)
In addition,
l:=|F0|pp > 0. (1.3)

That is, F0 is not zero identically.
In particular, one can take F'v = F'v + f, where F' is causal and f € PF.
Let K(z) be the characteristic matrix of the linear term of (1.1):

1
K(z)==zI —/0 e *TdR(t) (2 €C),

where I is the unit matrix. Assume that matrices K (2imj) are invertible for all
integer j and the condition
My(K) := sup | K~ (2im5)|n < o0
§=0,41,+2,...
hold. Here the matrix norm is spectral.

An absolutely continuous function w € PF satisfying equation (1.1) for al-
most all t € R will be called a periodic solution to that equation. A solution is
nontrivial if it is not equal to zero identically. Now we are in a position to formu-
late the main result of the chapter.

Theorem 12.1.1. Let the conditions (1.2), (1.3) and
gMy(K) <1 (1.4)
be fulfilled. Then equation (1.1) has a unique nontrivial periodic solution u. More-

over, it satisfies the estimate

lulpr < I UMo(K) (1.5)

—qMy(K)
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The proof of this theorem is presented in the next section.
Note that
Mo(K) < sup || K~ (iw)]|n.
weR

Now Lemma 4.3.1 implies

Mo(K) <0(K) = sup _||K~"(iw)]n.
|w|<2var(R)

So one can use the estimates for 6(K) derived in Sections 4.4 and 4.5.

12.2 Proof of Theorem 12.1.1

In this section for brevity we set My(K) = M. Furthermore, consider an operator
T defined on PF by the equality

1
(Tw)(t) = () — / dR(F)w(t — ) (t € R, w € W(PF)).
0

We need the linear equation

(Tw)(t) = f(2) (2.1)
with f € PF, t € R. For any h € C" and an integer k we have

1
(T'(heg))(t) = er(t) [Qiﬂkl —/ 6_2iﬂdeR(T):| h = ex(t)K (2mik)h.
0

We seek a solution u to (2.1) in the form

U= Z arer (ar € C").

k=—o0
Hence,
Tu = Z Terarer, = Z e K (2mik)ay
k=—o0 k=—o0
and by (2.1),
ap = K~ '(2mik)ey  (k=0,%1,%2,...).
Therefore,

lakln < Mollck | n-

Hence, |u|pr < Mo|f|pr. This means that |7t pr < M.
Furthermore, equation (1.1) is equivalent to

u=U(u) (2.2)
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where
U(u) =T 'Fu.

For any v,w € PF relation (1.2) implies
¥ (v) = ¥(w)|pr < Moglv — wlpr.

Due to (1.3) ¥ maps PF into itself. So according to (1.4) and the Contraction
Mapping theorem equation (1.1) has a unique solution u € PF. To prove estimate
(1.5), note that

lulpr = ¥ (u)|pr < Mo(q|ulpr +1).

Hence (1.4) implies the required result. O

12.3 Applications of matrix functions

Consider the problem

y'(t) = Ay(t) + [Fy] (1), y(0) = y(1), (3.1)

where A is a constant invertible diagonalizable matrix (see Section 2.7) and F is
an arbitrary continuous mapping of PF into itself, satisfying

|Fylpr < qlylpr +1 (g,1 = const >0) and F(0)# 0. (3.2)

For example, let (Fy)(t) = B(t)Fo(y(t — 1)), where B(t) is a 1-periodic matrix-
function and Fp : R™ — R™ has the Lipschitz property and Fy(0) # 0.
First, consider the scalar problem

2'(t) = wa(t) + fo(t) (x(0) ==(1)) (3.3)

with a constant w # 0 and a function fo € L*([0,1],C). Then a solution of (3.3)
is given by

x(t):/o G(w,t,s)fo(s)ds, (3.4)
where

1 ew(Ht=5) if <t <s<1,
Gw,t,s) =

1—ew | ew(t=s) ifo<s<t<l1

is the Green function to the problem (3.3), cf. [70].
Now consider the vector equation

w'(t) = Aw(t) + f(t), y(0) =y(1)

with an f € PF. Then a solution of this equation is given by

1
w(t) :/0 G(A,t,s)f(s)ds. (3.5)
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Since A is a diagonalizable matrix, we have
G(At,s) =Y G((A),t, )Py
k=1

where Py are the Riesz projections and \;(A) are the eigenvalues of A (see Sec-
tion 2.7).
By Corollary 2.7.5,

1G(A, 2, 5)[ln < 7(A4) max|G(Ak(A),1, 5)]-
Consequently,
11
[ [ e lzdsi < 73
0o Jo

where
1/2

Ja =(A) max [ / 1 / GOW(A) £ 9)Pds di

So the operator G defined by
1
GI(O) = [ Glat9)f(5)ds
0

is a Hilbert-Schmidt operator with the Hilbert-Schmidt norm Nz (G) < Ja. By
the Parseval equality we can write |G|pp < Ja.
Rewrite (3.1) as

1
y(t) = /0 G(A, 1, 5)[Fy)(s)ds.
Hence condition (3.2) implies the inequality

lylpr < Jalqlylpr +1).

Due to the Schauder fixed point theorem, we thus arrive at the following
result.

Theorem 12.3.1. Let the conditions (3.2) and
JAq <1

hold. Then (3.1) has a nontrivial solution y. Moreover, it satisfies the inequality

Jal
1—Jaq

lylpr <
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12.4 Comments

The material of this chapter is adapted from the paper [28].

Periodic solutions (forced periodic oscillations) of nonlinear functional dif-
ferential equations (FDEs) have been studied by many authors, see for instance
[10, 66, 79] and references given therein. In many cases, the problem of the ex-
istence of periodic solutions of FDEs is reduced to the solvability of the corre-
sponding operator equations. But for the solvability conditions of the operator
equations, estimates for the Green functions of linear terms of equations are often
required. In the general case, such estimates are unknown. Because of this, the
existence results were established mainly for semilinear coupled systems of FDEs.



Chapter 13

Steady States of
Differential Delay Equations

In this chapter we investigate steady states of differential delay equations. Steady
states of many differential delay equations are described by equations of the type

where Fy : C* — C” is a function satisfying various conditions. For example
consider the equation

y(t) = Fi(y(t), y(t — h)),

where F; maps C™ x C" into C". Then the condition y(t) = x € C" yields the
equation Fi(z,x) = 0. So in this case Fy(x) = Fi(z, ).

13.1 Systems of semilinear equations
In this chapter ||.|| is the Euclidean norm and

Q(r;(cn) = {J} S (Cn : ||l'H S T}

for a positive r < occ.
Let us consider in C" the nonlinear equation

Az = F(z), (1.1)

where A is an invertible matrix, and F' continuously maps (r; C") into C™.
Assume that there are positive constants ¢ and [, such that

[ERI < ql[hll+1 (h € Q@r; C)). (1.2)

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 217
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Lemma 13.1.1. Under condition (1.2) with r < oo, let
A= (gr +1) < 7. (1.3)

Then equation (1.1) has at least one solution x € Q(r; C™), satisfying the inequality

[l
=] < T— a1’ (1.4)
Proof. Set
U(y) = A"'F(y) (yeCn).
Hence,
1T < 1A (gllyll +1) < [|A™ (gr +1) <7 (y € Q(r; C)). (1.5)

So due to the Brouwer Fixed Point theorem, equation (1.1) has a solution. More-
over, due to (1.3),

1A g < 1.

Now, using (1.5), we easily get (1.4). O

Put

= JW
R(A) - kZ:O d§+1(A)\/H

where g(A) is defined in Section 2.3, do(A) is the lower spectral radius. That is,
dp(A) is the minimum of the absolute values of the eigenvalues of A:

do(A) == min |[Ag(A)].

k=1,...,n

Due to Corollary 2.3.3,
AT < R(A).

Now the previous lemma implies

Theorem 13.1.2. Under condition (1.2), let
R(A)(gr+1) <.
Then equation (1.1) has at least one solution x € Q(r; C™), satisfying the inequality

R(A) I
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13.2 Essentially nonlinear systems

Consider the coupled system
n
Zajk(m)xk = f; (jzl,...,n; T = ()74 G(C"), (2.1)
k=1

where
aji QU C*") = C (j,k=1,...,n)

are continuous functions and f = (f;) € C" is given. We can write system (2.1)
in the form

A(z)x = f (2.2)
with the matrix
A(z) = (ajk(2))j =1 (2 € Q(r;C")).
Theorem 13.2.1. Let

inf A(z))= inf mi A
zenlfi;me( (2)) zeéﬁ;mmén'/\k( (2) >0

and .
n— k
9" (A(2)) r

sup A il COVR G (2.3)
z€Q(r;C") 1 7, \/Hngrl (A(Z)) ” ”
Then system (2.1) has at least one solution x € Q(r;C™), satisfying the estimate

lall < 8,171l (2.4)

Proof. Thanks to Corollary 2.3.3,

1A ) < 6 (2 € Q(r;C™)).

0, =

Rewrite (2.2) as

r=U(r)=A"(2)f. (2.5)
Due to (2.3)

1T < O:lfll <7 (2 € Qr; C)).
So ¥ maps (r; C™) into itself. Now the required result is due to the Brouwer
Fixed Point theorem. |
Corollary 13.2.2. Let matriz A(z) be normal:
A*(2)A(z) = A(2)A*(2) (2 € Q(r;C™)).

If, in addition,

< i .
£ < _nf dofA(=), (26)

then system (2.1) has at least one solution x satisfying the estimate

I
inszQ(r;(C") dO(A(Z))

]| <
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Indeed, if A(z) is normal, then g(A(z)) =0 and
_ 1
inf.cq(rcny do(A(2))

Corollary 13.2.3. Let matriz A(z) be upper triangular:
S ap(@ar=f; (G=1,...,n). (2.7)
k=i

In addition to the notation

T(AR) = Y lap(2)P, and a(z):= min a;(A(z),

4 j=1,....n
1<j<k<n

let .
«— _TMAR) r
sip y =) o T
ZEQ(riCn) 1”5 V k!ak‘*‘l(z) ||f||

Then system (2.7) has at least one solution x € Q(r; C™).

(2.8)

Indeed, this result is due to Theorem 13.2.1, since the eigenvalues of a trian-
gular matrix are its diagonal entries, and

9(A(2)) <7(A(2)) and  do(A(2)) = a(z).

A similar result is true for lower triangular systems.
Note that according to the relation

9(Ag) < V/1/2N5(Aj — Ao)

for any constant matrix Ao (see Section 2.3), in the general case, g(A(z)) can be
replaced by the simply calculated quantity

n 1/2
* 1 —
V(AE) = VIRV ) = AR) = | 5D lap() —a (P | (29)
k=1
Ezample 13.2.4. Let us consider the system
ajl(x)xl + an(x)J?Q = fj (.13 = (.131,.132) S (C2), (2.10)
where f; are given numbers, and continuous scalar-valued functions
ajr (J,k=1,2)

are defined on
Q(r;C* ={2cC?: |z <r}.
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Due to (2.9)
9(A(2)) < a1 (z) — ar2(2)]-

In addition, A1 2(A(z)) are the roots of the polynomial

y? = =)y + b(2),

where
t(z) = Trace(A(z)) = a11(z) + az2(z)
and
b(z) = det (A(z)) = a11(2)ag2(z) — a12(2)a2(2).
Then

~ 1 |laz1(2) — @12(2)|
0, <0,:= sup +
zeq(ric?) do(A(2)) d3(A(2))
If R
| £116r <,

then due to Theorem 13.2.1, system (2.10) has a solution.

13.3 Nontrivial steady states
Consider the system
Fi(z)=0 (=1,....n o= (v;)j—, €C"), (3.1)

where functions Fj : Q(r; C") — C admit the representation

Fj(z) = () (Zajk(x)xk —fj> (j=1,...,n). (3.2)
k=1
Here ¢, : Q(r;C") — C are functions with the property ,(0) = 0, a; :
Q(r; C™) — C are continuous functions, and f; (j,k = 1,...,n) are given numbers.
Again put

A(z) = (a;k(2))jr=1 (2 € Qr;C"))
assuming that it is invertible on Q(r; C™).
In the rest of this section it is assumed that at least one of the numbers f; is

non-zero. Then
[A@)[N 2] = [If]l >0
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for any solution & € Q(r; C™) of equation (2.2) (if it exists). So & is non-trivial.
Obviously, (3.1) has the trivial (zero) solution. Moreover, if (2.2) has a solution
& € Q(r; C™), then it is simultaneously a solution of (3.1).

Now Theorem 13.2.1 implies

Theorem 13.3.1. Let condition (2.3) hold. Then system (3.1) with F; defined by
(3.2) has at least two solutions: the trivial solution and a nontrivial one satisfying
inequality (2.4).

In addition, the previous theorem and Corollary 13.2.2 yield

Corollary 13.3.2. Let matriz A(z) be normal for any z € Q(r; C™) and condition
(2.6) hold. Then system (3.1) has at least two solutions: the trivial solution and a
nontrivial one belonging to Q(r; C™).

Theorem 13.3.2 and Corollary 13.2.3 imply

Corollary 13.3.3. Let matriz A(z) be upper triangular for any z € Q(r; C™). Then
under condition (2.8), system (3.1) has at least two solutions: the trivial solution
and a nontrivial one belonging to Q(r; C™).

A similar result is valid if A(z) is lower triangular.

Ezample 13.3.4. Let us consider the system

bj(@1,22)(aj (2)ar +ajz(2)a2 — f;) =0 (z = (x1,22) €C*)  (3.3)
where functions 1; : Q(r;C") — C have the property ;(0,0) = 0. In addition,
fisajx (j,k = 1,2) are the same as in Example 13.2.4. Assume that at least one

of the numbers fi, fo is non-zero. Then due to Theorem 13.3.1, under conditions
(2.3), system (3.3) has in Q(r; C™) at least two solutions.

13.4 Positive steady states

Consider the coupled system

where
ajk,Fj : Q(T,(Cn) —R (] #k, j,k: 1,...,’17,)

are continuous functions. For instance, the coupled system

ijk(u)uk :fj (j:]-v"'vn)v (42)
k=1
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where f; are given real numbers, w;, : Q(r;C") — R are continuous functions,
can be reduced to (4.1) with

, __ wik(u) P
aji(u) = 0 () and  Fj(u) = =k
provided
wjj(2) #0 (z € Qr;C"); j=1,...,n). (4.3)
Put
o(F)=sup [IF(z)].
zeQ(r;Cn)
Denote
0 aia(z) ain(z)
e D
0 0 0
0 0 0
Vo(2) = a2 () 0 0
an1(z) ... ann-1(z) 0

Recall that No(A) is the Frobenius norm of a matrix A. So

n—-1 n n j—1
N3 (Vi (2 Z D ad(2), NE(V(2) =D a3 (2).
J=1 k=j+1 Jj=1k=2
In addition, put
n—1
7 N3 (Vi(z))
Jrn(Vi(2)) = —2 =0
rn (Ve (2)) )N
Theorem 13.4.1. Let the conditions
1 1
ar = max{ inf (=————= — Ve (2)])), inf (=—————<—[V-(2)[)} >0
2€9, " Jpa (V_(2)) * Tre (Vi (2))

and
er(F) < rae ()

hold. Then system (4.1) has at least one solution u € Q(r;C"™) satisfying the
inequality

e (F)
u|| < .
Jull < 2
In addition, let aji(2) >0 and F;(2) >0 (j#k; j,k=1,...,n) forall z from
the ball (")
c
" <= .
(zeR |z < S0k

Then the solution u of (4.1) is non-negative

For the proof see [34].
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13.5 Systems with differentiable entries
Consider the system

fe, - yyn) =hr €C(k=1,...,n),

where fj(z) = fj(z1,22,...,2,), f;(0) =0 (j = 1,...,n) are scalar-valued
continuously differentiable functions defined on C". Put F(x) = (f;(x))}-; and

- (42

,j=1

That is, F’(x) is the Jacobian matrix. Rewrite the considered system as
F(y) =heC". (5.1)

For a positive number r < co assume that

polr) = _min | do(F'(x)) = Lol - min [Ak(F' ()] > 0, (5.2)
and
Go(r) = F . .
go(r) = _max  g(F'(x)) < oo (5.3)

Finally put

Z kﬂ

Theorem 13.5.1. Let f;(zx) = fj(z1,22,...,2n), fj( ) =0 (j =1,...,n) be
scalar-valued continuously differentiable functions, defined on Q(r;C™). Assume
that conditions (5.2) and (5.3) hold. Then for any h € C™ with the property

Ih <

there is a solution y € C™ of system (5.1) which subordinates to the inequality

7]
p(F,r)’

For the proof of this result see [22].

lyll <

13.6 Comments

This chapter is based on the papers [22] and [34].



Chapter 14

Multiplicative Representations
of Solutions

In this chapter we suggest a representation for solutions of differential delay equa-
tions via multiplicative operator integrals.

14.1 Preliminary results

Let X be a Banach space with the unit operator I, and A be a bounded linear
operator acting in X.

A family P(t) of projections in X defined on a finite real segment [a,b] is
called a resolution of the identity, if it satisfies the following conditions:

1) P(a) =0,P(b) =1,
2) P(t)P(s) = P(min{t,s}) (t,s € [a,b])
and

3) sup [|[P(t)]x < oo.
te(a,b)

A resolution of the identity P(t) is said to be the spectral resolution of A, if
P(t)AP(t) = AP(t) (t € [a,b]). (1.1)

We will say that A has a vanishing diagonal, if it has a spectral resolution P(t) (a <
t <b), and with the notation

AP, = AP, = P =P (k=1,....n; a=t§" <" < .. < 1M = p),

the sums

Dy =Y AP, AAP;
k=1

tend to zero in the operator norm, as maxy |t,(€n) — t§€7';)1| — 0.

M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 225
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Lemma 14.1.1. Let a bounded linear operator A acting in X have a spectral res-
olution P(t) (a <t < b) and a vanishing diagonal. Then the sequence of the
operators

Zn =Y Pltr-1)AAP;
k=1

converges to A in the operator norm as maxy |t,(€n) — t,(;i)l\ tends to zero.

Proof. Thanks to (1.1) AP;AAP;, for j > k. So

n n n k
A= "N APjAAP, = > Y AP,AAP; = Z, + D,

j=1k=1 k=1 j=1

By the assumption D,, — 0 as n — oo. Thus Z, — A = D,, — 0 as n — o0, as
claimed. O

For bounded operators Ay, Ao, ..., A; put

N
H Ak EAlAQ,...Aj.

1<k<j

That is, the arrow over the symbol of the product means that the indexes of the
co-factors increase from left to right.

Lemma 14.1.2. Let {P,}7_, (n < 00) be an increasing chain of projections in X .
That s,

0= rangeﬁo C range P,iC---C range P, = 1.

Suppose a linear operator W in X satisfies the relation
Pk,lW]-:’k = ka fO?” k= 1, 2, ey .

Then W is a nilpotent operator and

—

F-w)y = II t+wy
2<k<n

with Wk = W(pk - Pkfl).
Proof. Taking into account that P, = I and WP, = 0, we can write down
W/ =WPy_js1WhP,_jio- Py WP,.

Hence
w" =0, (1.2)
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i.e., W is a nilpotent operator. Besides,

m
WP, = ZWk (m <n)
k=1

and thus A
Wi = > Wi, Wi, - .. W,

2<k; <k2<~‘<kj§'n

Furthermore, we have

— n
[T G+w)y=1+> Wet > Wi Wi, +--+ WalWs.. . W,
2<k<n k=2 2<ky <ka<n

Simple calculations show that

— n—1
II G+wi)=> w.
2<k<n j=1

But thanks to (1.2) it follows that
n—1 ‘
(I-w)t=> wi.
j=1

This proves the result. O

Furthermore, let P(t) be a resolution of the identity in X and let F(t) be a
function defined on [a, b], whose values are bounded operators in X and continuous
in ¢ in the operator topology. Introduce the right multiplicative integral

/ T U+ F(s) dP(s)
[a,b]

as the limit in the operator norm (if it exists) of the sequence of the products

—

I[I t+Fenap),

1<k<n

tgw —»tg”

as maxy | ;| tends to zero. In particular,

/% (I+ AdP(s))

[a,?]

denotes the limit in the operator norm of the sequence of the products

—

[ (+aap).

1<k<n
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Similarly, the left multiplicative integral is defined as the limit in the operator
norm (if it exists) of the sequence of the products

+—

[ U+F)AP) = I+ F(tn)AP)I + F(tn-1)AP,_1)...(I+ F(t1)AP)).
1<k<n

The left multiplicative integral is denoted by
—
/ (I + F(s)dP(s)).
[a,b]

Lemma 14.1.3. Let a linear operator A have a conlinuous spectral resolution P(t)
defined on a segment [a,b] and a vanishing diagonal. Then

(I-A)~"'= /[;(1 + AdP(t)).

Proof. By Lemma 14.1.1, A is the limit in the operator norm of Z,,. Due to Lemma
14.1.2,

=
(I-2Z) " = [] T+2zZ.APR).
1<k<n
Hence letting n — oo, we get the required result. O

14.2 Volterra equations

Let C™ be a complex Euclidean space and C(0,7) = C([0,7],C") (T < o0).
Consider in C" the equation

¢
o(t)~ [ Kts)ats)s = 0 (2.1)
0
where K(t,s) is a matrix kernel, such that
K(t,s)=0(0<s<t<T). (2.2)

In addition, K(t,s) is continuous in ¢ and Reimann-integrable in s, and f is
Reimann-integrable. It is not hard to check the operator V' defined by

(Vw)(t) :/0 K(t,s)w(s)ds (we C(0,T)) (2.3)

is a compact operator in C'(0,T).
For each 7 € (0,T) we define the projection Q(7) by

0 if 7<t<T,
t) if 0<t<r
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In addition, @(0) = 0 and Q(T') = I — the identity operator in C(0,T). Then,
QINVA(r) =Q(1)V, 7€l0,T],
VdP(T)w(t) =0if t # 7 and
VdP(r)w(r) = K(t, T)w(r)dr (w € C(0,T)).
If we put P(1) = I — Q(T — 7), then we obtain

(I = P(r)V(I = P(r)) = (I - P(n))V.

Otherwise P(7)V P(r) = V P(7). Consequently, P(t) is the spectral resolution of
V. Moreover, relation (2.2) and simple calculations show that V' has a vanishing
diagonal with respect to P(1).

So we can use Lemma 14.1.3. Tt asserts that (I — V)~! is the limit in the
operator norm of the products

—

[ t+vaprw))
2<k<m

which are equivalent to the products

—

II ¢+vaQ)).

1<k<m—1
So we have proved the following result.

Theorem 14.2.1. One has

(I-V)! = /e (I +VdQ(s)).

(0,77

14.3 Differential delay equations

Consider the equation

/ Al s) (t—sds—l—ZBk Yt —he) + F(t) (£>0;m <o) (3.1)
k=0

where f € C(0,T), and 0 < hg < hy < -+ < hyp, <1 < 00 are constants, By(t)
are continuous matrices and A(t, s) is Riemann integrable in s and continuous in
t. Take the zero initial condition

y(t)=10,t<0 (3.2)
and integrate (3.1). Then

y(t) = /

/ A(ty, s)y(ty — s) d5+ZBk (t)y(t — hi) | dty + fi(t1), (3.3)
k=0
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/ft1 )t .

Take into account that according to (3.2),

where

/77 A(t,s)y(t — s)ds = / A(t,s)y(t — s)ds, t <n.
0 0

Put
Alt, if <n,
Ailtys) =g AT s
0 if s>n.
Then
n t
/ A(t, s)y(t — s)ds = / Aq(t, s)y(t — s)ds.
0 0
Hence,
t o rm
/ / A(tl, )y(tl — s)dsdt1 = / / A1 tl,tl — T) (T)detl
o Jo
/ Kl t T
where .
Kl(t,T) = / Al(tl,tl — T)dtl.
Moreover,
t t
/ Be(t)y(t — hi)dts = [ Bi(t)y(ts — hi)dts
0 hpy
t—hy t .
— [ B oy = [ Bt
0 0
where

N Bk(T+hk) it  7<t— hg,
By (t =
(t.7) { 0 i 7>t — Dy

Thus equation (3.1) can be written as equation (2.1) with f = f; and

K(t,7) = Ki(t,7) + Y _ Bi(t,7).
k=0

Now we can directly apply Theorem 14.2.1.

14.4 Comments

The results of this chapter are probably new.



Appendix A
The General Form of Causal Operators

The aim of this appendix is to establish the general form of a linear bounded
causal operator acting in space C(0,T) of continuous real functions defined on a
finite segment [0, 7] with the sup-norm ||.||c(o,7)-

Let X7 be the o-algebra of the Borel subsets of [0, 7.

Lemma A.1. Let A be a bounded linear operator acting in C(0,T). Then there is
a scalar function m defined on [0,T] X X additive and having bounded variation
varm(t,.) with respect to the second argument, such that

m(.,A) € C(0,T) (AeXr) and sup varm(t,.) < | Alco,r) (1)
te[0,T]

and
/ fls)m(t,ds) (0<t<T; feC(0,T)). (2)
Proof. Let
O=to<t1 < - <tn,=T, Ay =t —tx_1 (kj:L...,n).

Take a piece-wise constant function,

Fo =3 cix(Ar),
k=1

where x is the characteristic function:

1 ifte (),

((A)() = { 0 g (a)

for any A € Y. It is clear that A can be defined on piece-wise constant functions.

Then
(Afa)(t Z ck(Ax(Ar)) Z crm(t, Ag),
k=1
M.1. Gil’, Stability of Vector Differential Delay Equations, Frontiers in Mathematics, 231
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where m(t,A) = (Ax(A))(t). Hence letting maxy [ty — tr—1| — 0, we get (2).
Clearly,

Zm(thk) < [[Alleo,n)ll ZX(A/C)”C(O,T) = Allcor) (t€(0,T)).
k=1 k=1

So variation of m(t,.) is less than or is equal to ||Al/¢(o,7). This completes the
proof. O

Note that a result similar to the preceding lemma is well known [16].
Put v(t,s) = m(t, |0, s]). So v(t,s) = m(t, [0, s]) = (Ax[0, s])(¢). Now (2) can
be written as

T
= /0 f(s)dsv(t, s). (3)

If, in addition, A is positive then v(t, s) is non-decreasing in s.
Let us turn now to the causal mappings. For all 7 € (0,7) and w € C(0,T),
let the projections P, be defined by

w(t) if0<t<r,
0 fr<t<T.

(Prw)(t) = {

In addition, Pr =1, Py = 0.

We have P.C(0,T7) = C(0,7). Clearly, for any w € C(0,T), the function
P.w is in B(0,T), where B(0,T) is the Banach space of all bounded functions
defined on [0,7] with the same sup-norm ||.||c(o,r). Since C(0,T) is embedded
into B(0,T), the equality

P.AP,w = P.Aw (we€ C(0,T); 7 €1[0,T]) (4)

has a sense.

Recall that a bounded linear operator A is said to be causal, if (4) is fulfilled
(see Section 1.8).

Theorem A.2. Let A be a bounded causal linear operator acting in C(0,T). Then
there is a function u(t,s) defined on [0, T)?, having bounded variation with respect
to the second argument, and continuous with respect to the first argument, such
that

(Af)(t /f Jdaultys) (f € C(0,T),0 <t <T).

Proof. According to (3) we obtain,

[PrAf](t /f (s)dsv-(t,s),
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and

AP0 = [ 16)dnlts) (07 <T)
0
where v, (t,s) =0 for t > 7 and v-(t,s) = v(t,s) for t < 7. Due to (4) we get
T T
/ F(8)dwr (8, 5) = / F(8)dur (8, 5).
0 0
Take ¢t = 7. Then
T T
/ f(s)dsvr(T,5) :/ f(s)dsvr (T, 8).
0 0

Hence v, (7,s) = 0 for s > 7. So taking p(¢, s) = v4(7, s) we prove the theorem. [

Theorem A.2 appears in [40].



Appendix B
Infinite Block Matrices

This appendix contains the proofs of the results applied in Chapter 7. It deals with
infinite block matrices having compact off diagonal parts. Bounds for the spectrum
are established and estimates for the norm of the resolvent are proposed. The main
tool in this appendix is the so-called m-triangular operators defined below. The
appendix is organized as follows. It consists of 7 sections. In this section we define
the m-triangular operators. In Section B.2 some properties of Volterra operators
are considered. In Section B.3 we establish the norm estimates and multiplicative
representation for the resolvents of m-triangular operators. Section B.4 is devoted
to perturbations of block triangular matrices. Bounds for the spectrum of an in-
finite block matrix close to a triangular infinite block matrix are presented in
Section B.5. Diagonally dominant infinite block matrices are considered in Section
B.6. Section B.7 contains examples illustrating our results.

B.1 Definitions

Let H be a separable complex Hilbert space, with the norm ||.|| and unit operator
1. All the operators considered in this appendix are linear and bounded. Recall
that o(A) and Ry(A) = (A — AI)~! denote the spectrum and resolvent of an
operator A, respectively.

Recall also that a linear operator V is called quasinilpotent, if o(V) = 0. A
linear operator is called a Volterra operator, if it is compact and quasinilpotent.

In what follows
m=A{P, k=0,1,2,...}

is an infinite chain of orthogonal projections Py in H, such that
0=FHCPHCPHC---
and P,, — I in the strong topology as n — co. In addition

supdim A P.H < oo, where AP, =P, — Py_1.
E>1
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Let a linear operator A acting in H satisfy the relations
APy, = P AP, (k=1,2,...). (1.1)

That is, Py are invariant projections for A. Put

k=1
and V = A — D. Then
A=D+V, (1.2)
and
DP,=P,D (k=1,2,...), (1.3)
and
Pk_1VPk = VPk (k‘ = 2,3, . )7 VP1 =0. (14)

Definition B.1.1. Let relations (1.1)-(1.4) hold with a compact operator V. Then
we will say that A is a m-triangular operator, D is a w-diagonal operator and V' is
a m-Volterra operator.

Besides, relation (1.2) will be called the m-triangular representation of A, and
D and V will be called the 7-diagonal part and m-nilpotent part of A, respectively.

B.2 Properties of w-Volterra operators

Lemma B.2.1. Let 7, = {Qr, bk =1,...,m; m < 0o}, Qm = I be a finite chain
of projections. Then any operator V' satisfying the condition Qr_1V Qi = VQy
(k=2,...,m), VQ1 = 0 is a nilpotent operator. Namely, V'™ = 0.

Proof. Since
Vm = VQO = Vmilmelv = Vm72me2VQm71V =
= VQl e VQm—ZVQm—lu
we have V™ = 0, as claimed. O

Lemma B.2.2. Let V be a w-Volterra operator (i.e., it is compact and satisfies
(1.4)). Then V is quasinilpotent.

Proof. Thanks to the definition of a m-Volterra operator and the previous lemma,
V' is a limit of nilpotent operators in the operator norm. This and Theorem 1.4.1
from [65] prove the lemma. O

Lemma B.2.3. Let V' be a w-Volterra operator and B be w-triangular. Then V B
and BV are w-Volterra operators.
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Proof. 1t is obvious that
Py 1BVP, =P, 1BP, VP, =BP, VP, = BVPF;.
Similarly Py,_1V BP;, = V BPy. This proves the lemma. ([l

Lemma B.2.4. Let A be a w-triangular operator. Let V and D be the w-nilpotent
and w-diagonal parts of A, respectively. Then for any regular point A of D, the
operators VRx(D) and Rx(D)V are w-Volterra ones.

Proof. Since PyRy\(D) = Rx(D)P, the previous lemma ensures the required re-
sult. O

Let Y be a norm ideal of compact linear operators in H. That is, Y is alge-
braically a two-sided ideal, which is complete in an auxiliary norm |- |y for which
|CBly and |BC|y are both dominated by ||C|||Bly-

In the sequel we suppose that there are positive numbers 6, (k € N), with

9;/k—>Oask—>oo,

such that
IVE| < 0lVI5 (2.1)

for an arbitrary Volterra operator

VeY. (2.2)

Recall that the Schatten-von Neumann ideal SNy, (p =1,2,...) is the ideal of
compact operators with the finite ideal norm

Nop(K) = [Trace(K*K)P]Y/?P (K € SNy).

Let V' € SNy, be a Volterra operator. Then due to Corollary 6.9.4 from [31],
we get

VI <0 N3 (V) (j=1,2,...), (2.3)
where
I
! [i/p]!

and [z] means the integer part of a positive number z. Inequality (2.3) can be
written as

pk+m
irem < 20

VE!

In particular, if V' is a Hilbert—Schmidt operator, then

(k=0,1,2,...; m=0,...,p—1). (2.4)

Vi < % (j=0,1,2,...). (2.5)



238 Appendix B. Infinite Block Matrices

B.3 Resolvents of w-triangular operators

Lemma B.3.1. Let A be a w-triangular operator. Then o(A) = o(D), where D is
the m-diagonal part of A. Moreover,

Ri( i VRA(D))*(=1)". (3.1)
k=0

Proof. Let X\ be a regular point of operator D. According to the triangular repre-
sentation (1.2) we obtain

Ry(A) = (D+V = AI)"' = R\(D)(I + VRA(D)) "

Operator VR (D) for a regular point A of operator D is a Volterra one due to
Lemma B.2.3. Therefore,

oo

(I+VRA(D))™" => (VRA(D))*(-1)

k=0

and the series converges in the operator norm. Hence, it follows that X is a regular
point of A.
Conversely let A & 0(A). According to the triangular representation (1.2) we
obtain
RA(D) = (A=V =A™ = Ry\(A)(I = VR\(A))~".

Since V is a p-Volterra, for a regular point A of A, operator VR (A) is a Volterra
one due to Lemma B.2.4. So

(I-VRA(A)™' =) (VRA(A
k=0

and the series converges in the operator norm. Thus,

oo

RA(D) = Rx(A) > (VRA(A))*.

k=0

Hence, it follows that A is a regular point of D. This finishes the proof. |
With V €Y, introduce the function

Cy(z,V) Zek\w’“ M (2> 0).
k=0

Corollary B.3.2. Let A be a m-triangular operator and let its m-nilpotent part V
belong to a norm ideal Y with the property (2.1). Then

[BA(A)] < G (IBRA(D)| V) ZGHV\YHRA( |
k=0

for all reqular A of A.
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Indeed, according to Lemma B.2.3 and (2.1),
I(VRA(D))"|| < 0|V RA(D)3-
But
[VEA(D)ly < [VIy|RA(D)]].

Now the required result is due to (3.1).
Corollary B.3.2 and inequality (2.3) yield

Corollary B.3.3. Let A be a w-triangular operator and its w-nilpotent part V €
SNy, for some integer p > 1. Then

IRA(A)]| < D" 0P NE (V) [RAD)FFE (A ¢ a(A)),
k=0

where D is the w-diagonal part of A. In particular, if V is a Hilbert—-Schmidt
operator, then

o~ N2 (V)
[RA(A)]| < kzzo i IRA(D)*1 (A & o(4)).

= NEMH(V) .
IRA(A)] < 2 || RA(D)||PEHIHL (3.2)

Thanks to the Schwarz inequality, for all z > 0 and a € (0,1),

2 2
oc.]?k ocxkak oozkoox o1 22/a2
2| = el — (1 — g2)" 177/
v B e mame- e

k=0

In particular, take a® = 1/2. Then

Now (3.2) implies

Corollary B.3.4. Let A be a w-triangular operator and its w-nilpotent part V €
SNy, for some integer p > 1. Then

[BA(A) < GUIBA(D)IL V) (A & a(A)),

where

Gz, V) = ﬁZng(V)xjH exp| NSg(V)xzp} (x >0). (3.3)
=0
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Lemma B.3.5. Let A be a 7 triangular operator, whose w-nilpotent part V' belongs
to a norm ideal Y with the property (2.1). Let B be a bounded operator in H. Then
for any p € o(B) either pn € o(D), or

A= B¢y ([Ru(D)], V) 21
In particular, if V€ SNq, for some integer p > 1, then this inequality holds with
Cy = Cp-

Indeed this result follows from Corollaries B.3.2 and B.3.4.

Let us establish the multiplicative representation for the resolvent of a -
triangular operator. To this end, for bounded linear operators Xi, Xo,..., X,
and j < m, denote

.
H Xpi=X; X010 Xom.

j<k<m

In addition

if the limit exists in the operator norm.

Lemma B.3.6. Let m1 = {Py}?2, be a chain of orthogonal projections, V a m-
Volterra operator. Then

(I~ ﬁ (I +VAP). (3.4)

k=2,3,..

Proof. First let m = {Py,..., Py} be finite. According to Lemma B.2.1,

m—1

=> vk (3.5)
k=0

On the other hand,

— m
[[ G+varP)=1+> Vi+ > Vi,V +-+ V5.V
2<k<m k=2 2<ky <ka<m

Here, as above, Vi, = VAP,. However,

> V=V Y AR, VAP,
2<k; <ka<m 2<k; <ka<m
=V Y Pn VAP, =V? Y AR, =V’
3<ko<m 3<ka<m
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Similarly,
> Vi Vig - Vigy, = V7

2<k1<ks---<k;<m

for j < m. Thus from (3.5) the relation (3.4) follows. The rest of the proof is left
to the reader. |

Theorem B.3.7. For any m-triangular operator A and a reqular A € C we have

Ry(A) = (D —\I)* f[ (I =VAP,(D — X)) *APR),

2<k<o0
where D and V' are the w-diagonal and m-nilpotent parts of A, respectively.

Proof. Due to Lemma B.2.4, VR,(D) is m-nilpotent. Now the previous lemma
implies

=
(I+VRA(D)'= ] (I-VRA(D)AP).
2<k<m
But Ry(D)AP, = APy R (D). This proves the result. O

Let A be a w-triangular operator and
II(A, A) == [[RA(D)]] H (L+ [RA(D)AP[VAP) <

Then from the previous theorem follows the inequality ||[Rx(A4)| < II(A4, N).

B.4 Perturbations of block triangular matrices
Let H = [2(C") be the space of sequences h = {hy € C"}$, with values in the

Euclidean space C™ and the norm

|Aliz(cny =

. 1/2
> ||hk||i] ,
k=1

where || - ||, is the Euclidean norm in C™.
Consider the operator defined in [2(C™) by the upper block triangular matrix

A Ap Az
. 0 Agg Aoz ...
Ay = 0 0 Asz ... |’ (4.1)

where Aji, are n x n-matrices.
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So Ay = D + V4, where V; and D are the strictly upper triangular, and
diagonal parts of A, respectively:

0 A Az Au
0 0 A3 Aoy

Vi=1l0o o o Asy

and D = diag[Au, A22,A33, .. } Put
1n(A) := sup [| R (Ake)[ln-

Lemma B.4.1. Let Ay be the block triangular matriz defined by (4.1) and Vi be
a compact operator belonging to a norm ideal Y with the property (2.1). Then

o(Ay) =o(D), and
[RA(A)i2 < Cr(na(N), V5) (4.2)

for all reqular \ of D. Moreover, for any bounded operator B acting in 12 (C™) and

a p € o(B), either u € o(D), or
4Cy (nn(p), Vi) 21
where q := |Ay — Bli2(cny. In particular, if
Vi€ SNy (p=12,...) (4.3)
then ¢y = (.

Proof. Let Pj, j =0,1,2,... be projections onto the subspaces of [?(C") gener-
ated by the first nj elements of the standard basis. Then m = { Py} is the infinite
chain of orthogonal projections in [?(C"), such that (1.1) holds and P, — I
strongly as n — co. Moreover, dim AP.H =n (k=1,2,...) and

Ajx = AP;AAP,, D = Aj;.
j=1

Hence it follows that A, is a 7 triangular operator. Now Corollaries B.3.2 and

B.3.5 prove the result. O
Let
n—1 c
. .
< — - -
[BA(Axi)ll < &(p(Akk, A)) ; T AN (A ¢ a(D))

where ¢; are non-negative coefficients, independent of k, and p(A, \) is the distance
between a complex point A and o(A). Then

n—1
~ L Cl o ~
IBA(Arrk) || < ¢(p(D, N)) = ; PESYY) (A ¢ o(D)) (4.4)
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and
p(D,A) = inf min |XA—\;j(A)l

k=1,2,...5=1,....,n

is the distance between a point A and (D), and

Ck
S (y > 0).

b
I
=3

‘We have

M) = sip IR < 0(p(D, )

Under (4.3), Lemma B.4.1 gives us the inequality
[RA(AD)|2cmy < Go(0(p(D, N), Vi) (4.5)

for all regular A of D, provided V. e SNyp. So for a bounded operator B and
€ o((B), either p € (D) or

9Gp(¢(p(D, ), Vi) > 1. (4.6)

Furthermore, let C' = (c¢;x)} ;—; be an n x n-matrix. Then as it is shown in Sec-
tion 2.3,

|RA(C Hn,zfpkﬂm)

where A\ (C); k =1,...,n are the eigenvalues of C including their multiplicities,

and
n

9(C) = (NF(C) = >~ IM(C)P)V2.

k=1

In particular, the inequalities

P(C) < N2(C) — | TraceC2| and ¢*(C) < *N2(C* —C) (4.7

[\

are true. If C' is a normal matrix, then g(C) = 0. Thus

b(Ay)

I1BA(Aj5)lln < Z W

Since D is bounded, we have

go:= sup g(Apr) < o0
k=1,2,...
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Then one can take ¢(y) = ¢o(y), where

96

n—1
Goly) =Y =2
pard \/Hyk+1
If all the diagonal matrices Ay are normal, then g(Agr) = 0 and ¢o(y) = 1/y.
Relation (4.6) yields
I,

Lemma B.4.2. Let Ay be defined by (4.1) and B a linear operator on I1>(C").
in addition, condition (4.3) holds, then for any p € o(B), there is a A € o(D),
such that

|)‘ - /"" < Tp(qv V+))7

where r,(q, V) is the unique positive root of the equation

qCp(Po(y), Vi) = 1. (4.8)

Here y is the unknown.

It is simple to see that

TP(Q? V+) S yn(zp(Qa V+))? (49)

where y,,(b) is the unique positive root of the equation
¢o(y) =b (b= const > 0),
and z,(q, V) is the unique positive root of the equation

p—1
qGp(z, Vi) = qx/iz ng(V+)a:j+1 exp| N;;’(V+)x2p] =1. (4.10)
7=0

Furthermore, due to Lemma 2.4.3, y,,(b) < p,(b), where

U S ROETS
! Veo(M)/bif ¢o(1) < b.

We need the following
Lemma B.4.3. The unique positive root z, of the equation

p—1
sz“ exp[2??] = a (a = const > 0) (4.11)
7=0

satisfies the inequality z, > 0p(a), where

dp(a) := { a/pe #aspe (4.12)

[in (a/p)]V/?Pif a > pe.
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For the proof see [31, Lemma 8.3.2]. Put in (4.10) N3,(V4 )z = 2. Then we
get equation (4.12) with a = Na,(V)/qv/2. The previous lemma implies

5P(N2P(V+)/q\/§)
N2p(V+) '

2p(a0, Vi) > 7p(q, V), where v,(q,Vy):=

We thus get
p(0: Vi) < pu(vp(a, Vi) (4.13)

B.5 Block matrices close to triangular ones

Consider in [2(C™) the operator defined by the block matrix

A A Ass
Aoy Axy A

A= 5.1
Ag1 Asy Asg (5.1)

where Aji are n x n-matrices. Clearly,
A=D+Vi+V_

where V, is the strictly upper triangular, part, D is the diagonal part and V_ is
the strictly lower triangular part of A:

0 0 0 0

Ay O 0 0

Vo= As; Asx O 0
0

A41 A42 A43

Now we get the main result of the paper which is due to (4.6) with B = A.
Recall that ¢¢ is defined in the previous section and ¢, is defined by (3.3).

Theorem B.5.1. Let A be defined by (5.1) and condition (4.3) hold. Then for any

w € o(A), either i € o(D), or there is a A € (D), such that

IV_li2cmyCp(@o(IA — p]), Vi) > 1.

The theorem is exact in the following sense: if V_ = 0, then o(A4) = o(D).
Moreover, Lemma B.4.2 with B = A implies

Corollary B.5.2. Let A be defined by (5.1) and condition (4.3) hold. Then for any

w € o(D), there is a X € o(D), such that

‘)\ - :U/| < TP(A),
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where rp(fl) is the unique positive Toot of the equation
IV_liz(cn)Cp(@o(y), V4) = 1.

Moreover, (4.13) gives us the bound for r,(A) if we take g = IV_|i2(cny-

Note that in Theorem B.5.1 it is enough that V. is compact. Operator V_
can be noncompact.
Clearly, one can exchange V; and V_.

B.6 Diagonally dominant block matrices

Put
mjk = [[Ajklln (,k=1,2,...)
and consider the matrix
M = (mjk)fk:r

Lemma B.6.1. The spectral radius rg(zzl) of;l 1s less than or is equal to the spectral
radius of M.

Proof. Let A;Z) and m%) (v =2,3,...) be the entries of A and M, respectively.
We have

2 2
A 1 = 1> An Al < S 1Al Al = > mjmu, = mS).
=1 =1 =1

Similarly, we get HAEZ) I < mgz).

But for any h = {hy} € [*(C"), we have

|AhfE ey <D (Z IIAjkhk||n> <> (ijkhklln> = |Mhlp )

j=1 \k=1 j=1 \k=1

where ~
h={|lhxll.} € P(R").

Since

b2y = D Ihall2 = Al gy,
k=1

we obtain |Ay|l2(cn) < |MY|pmwy (v =2,3,...). Now the Gel'fand formula for the
spectral radius yields the required result. O

Let

oo

Si= > Il

k=1,k#j
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Theorem B.6.2. Let Aj; be invertible for all integer j. In addition, let

sup S; < 0o (6.1)
J

and there be an € > 0, such that

1A 12 =S =€ G=1,2,...). (6.2)

Then A is invertible. Moreover, let

»(A) =sup || (4 = )7H18; < 1.
J

Then X is a reqular point of A, and

(A= X)) < (1= )™ supll(Agy =) -

Proof. Put W = /~1~— D = Vi + V_ with an invertible D. That is, W is the
off-diagonal part of A, and

A=D+W =D(I+D'w). (6.3)
Clearly,
D A Ajella < S5l A7
k=1,k#j

From (6.2) it follows that
L= Si1A455 I = 455 lne (G =1,2,...).
Therefore -
sup Z HA;leijn <1
I k=1,k#j
Then thanks to Lemma 2.4.8 on the bound for the spectral radius and the previ-
ous lemma the spectral radius 75(D~1W) of the matrix D~'W is less than one.

Therefore I + D~'W is invertible. Now (6.3) implies that A is invertble. This
proves the theorem. O

_ It should be noted that condition (6.1) implies that the off-diagonal part W
of A is compact, since under (6.1) the sequence of the finite-dimensional operators

0 A12 A13 . All

A21 0 A23 N A2[

I/Vl = A31 A32 0 [N A3l
All Al2 Al3 PN 0

converges to W in the norm of space [>(C") as [ — oo.
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B.7 Examples

Let n = 2. Then D is the orthogonal sum of the 2 x 2-matrices

a2k—1,2k—1 G2k—1,2k
Ak‘k‘: (k:1,2,...).
a2k, 2k—1 a2k 2k

If Ay are real matrices, then due to the above-mentioned inequality g?(C') <
NZ(C* — C)/2, we have

9(Akk) < |agk—1,2k — G2k,26—1]-

So one can take

1 g . N
Po(y) = " <1 + %) with  go := sup |agk—1,2k — G2k,26—1]-
k

Besides, o(D) = {1 2(Arr)}72,, where

1
A2(Agk) = 5(0%71,%71 +aok 2k £ [(G2k—1,26—1 — a2k,2k)2 - a2k71,2ka2k,2k71}1/2)~

Now we can directly apply Theorems B.5.1 and Corollary B.5.2.
Furthermore, let L?(w,C") be the space of vector-valued functions defined
on a bounded subset w of R™ with the scalar product

(f.9) = / (f(), 9(5))cnds

where (.,.)on is the scalar product in C". Let us consider in L?(w,C") the matrix
integral operator

(Tf)(x) = / K (z,5)f (s)ds

//HK(:ﬂ,s)Hid:ﬂds<oo.

That is, T is a Hilbert—Schmidt operator.
Let {er(z)} be an orthogonal normal basis in L?(w,C") and

with the condition

K(z,s) = Z Ajrer(s)er(x)
k=1
be the Fourier expansion of K, with the matrix coefficients A;;,. Then 7' is unitarily
equivalent to the operator A defined by (1.1). Now one can apply Theorems B.5.1
and B.6.1, and Corollary B.5.2.
This appendix is based on the paper [37].
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