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Preface

1. The core of this book is an investigation of linear and nonlinear vector differential
delay equations, extended to coverage of the topic of causal mappings. Explicit
conditions for exponential, absolute and input-to-state stabilities are suggested.
Moreover, solution estimates for these classes of equations are established. They
provide the bounds for regions of attraction of steady states. We are also interested
in the existence of periodic solutions. In addition, the Hill method for ordinary
differential equations with periodic coefficients is developed for these equations.

The main methodology presented in the book is based on a combined usage
of recent norm estimates for matrix-valued functions with the following methods
and results:

a) the generalized Bohl–Perron principle and the integral version of the gener-
alized Bohl–Perron principle;

b) the freezing method;

c) the positivity of fundamental solutions.

A significant part of the book is devoted to a solution of the Aizerman–
Myshkis problem and integrally small perturbations of linear equations.

2. Functional differential equations naturally arise in various applications, such
as control systems, viscoelasticity, mechanics, nuclear reactors, distributed net-
works, heat flow, neural networks, combustion, interaction of species, microbiology,
learning models, epidemiology, physiology, and many others. The theory of func-
tional differential equations has been developed in the works of V. Volterra, A.D.
Myshkis, N.N. Krasovskii, B. Razumikhin, N. Minorsky, R. Bellman, A. Halanay,
J. Hale and other mathematicians.

The problem of stability analysis of various equations continues to attract
the attention of many specialists despite its long history. It is still one of the most
burning problems because of the absence of its complete solution. For many years
the basic method for stability analysis has been the use of Lyapunov function-
als, from which many strong results have been obtained. We do not discuss this
method here because it has been well covered in several excellent books. It should
be noted that finding Lyapunov type functionals for vector equations is often
connected with serious mathematical difficulties, especially in regard to nonau-
tonomous equations. To the contrary, the stability conditions presented in this
book are mainly formulated in terms of the determinants and eigenvalues of aux-
iliary matrices dependent on a parameter. This fact allows us to apply well-known
results of the theory of matrices to stability analysis.

One of the methods considered in the book is the freezing method. That
method was introduced by V.M. Alekseev in 1960 forstability analysis of ordi-
nary differential equations and extended to functional differential equations by
the author.

ix



x Preface

We also consider some classes of equations with causal mappings. These
equations include differential, differential-delay, integro-differential and other tra-
ditional equations. The stability theory of nonlinear equations with causal map-
pings is in an early stage of development.

Furthermore, in 1949 M.A. Aizerman conjectured that a single input-single
output system is absolutely stable in the Hurwitz angle. That hypothesis created
great interest among specialists. Counter-examples were set up that demonstrated
it was not, in general, true. Therefore, the following problem arose: to find the class
of systems that satisfy Aizerman’s hypothesis. The author has shown that any
system satisfies the Aizerman hypothesis if its impulse function is non-negative.
A similar result was proved for multivariable systems.

On the other hand, in 1977 A.D. Myshkis pointed out the importance of
consideration of the generalized Aizerman problem for retarded systems. In 2000
it was proved by the author, that a retarded system satisfies the generalized Aiz-
erman hypothesis if its Green function is non-negative.

3. The aim of the book is to provide new tools for specialists in the stability theory
of functional differential equations, control system theory and mechanics.

This is the first book that:

i) gives a systematic exposition of an approach to stability analysis of vector
differential delay equations based on estimates for matrix-valued functions
allowing us to investigate various classes of equations from a unified view-
point;

ii) contains a solution of the Aizerman–Myshkis problem;

iii) develops the Hill method for functional differential equations with periodic
coefficients;

iv) presents an integral version of the generalized Bohl–Perron principle.

It also includes the freezing method for systems with delay and investigates
integrally small perturbations of differential delay equations with matrix coeffi-
cients.

The book is intended not only for specialists in stability theory, but for anyone
interested in various applications who has had at least a first year graduate level
course in analysis.

I was very fortunate to have fruitful discussions with the late Professors M.A.
Aizerman, M.A. Krasnosel’skii, A.D. Myshkis, A. Pokrovskii, and A.A. Voronov,
to whom I am very grateful for their interest in my investigations.



Chapter 1

Preliminaries

1.1 Banach and Hilbert spaces

In Sections 1–3 we recall very briefly some basic notions of the theory of Banach
and Hilbert spaces. More details can be found in any textbook on Banach and
Hilbert spaces (e.g., [2] and [16]).

Denote the set of complex numbers by ℂ and the set of real numbers by ℝ.

A linear space 𝑋 over ℂ is called a (complex) linear normed space if for any
𝑥 ∈ 𝑋 a non-negative number ∥𝑥∥𝑋 = ∥𝑥∥ is defined, called the norm of 𝑥, having
the following properties:

1. ∥𝑥∥ = 0 iff 𝑥 = 0,

2. ∥𝛼𝑥∥ = ∣𝛼∣∥𝑥∥,
3. ∥𝑥+ 𝑦∥ ≤ ∥𝑥∥+ ∥𝑦∥ for every 𝑥, 𝑦 ∈ 𝑋, 𝛼 ∈ ℂ.

A sequence {ℎ𝑛}∞𝑛=1 of elements of 𝑋 converges strongly (in the norm) to
ℎ ∈ 𝑋 if

lim
𝑛→∞ ∥ℎ𝑛 − ℎ∥ = 0.

A sequence {ℎ𝑛} of elements of 𝑋 is called the fundamental (Cauchy) one if

∥ℎ𝑛 − ℎ𝑚∥ → 0 as 𝑚,𝑛 → ∞.

If any fundamental sequence converges to an element of 𝑋 , then 𝑋 is called a
(complex) Banach space.

In a linear space 𝐻 over ℂ for all 𝑥, 𝑦 ∈ 𝐻 , let a number (𝑥, 𝑦) be defined,
such that

1. (𝑥, 𝑥) > 0, if 𝑥 ∕= 0, and (𝑥, 𝑥) = 0, if 𝑥 = 0,
2. (𝑥, 𝑦) = (𝑦, 𝑥),

3. (𝑥1 + 𝑥2, 𝑦) = (𝑥1, 𝑦) + (𝑥2, 𝑦) (𝑥1, 𝑥2 ∈ 𝐻),

4. (𝜆𝑥, 𝑦) = 𝜆(𝑥, 𝑦) (𝜆 ∈ ℂ).

, Frontiers in Mathematics,
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2 Chapter 1. Preliminaries

Then (., .) is called the scalar product. Define in 𝐻 the norm by

∥𝑥∥ =
√
(𝑥, 𝑥).

If 𝐻 is a Banach space with respect to this norm, then it is called a Hilbert space.
The Schwarz inequality

∣(𝑥, 𝑦)∣ ≤ ∥𝑥∥ ∥𝑦∥
is valid.

If, in an infinite-dimensional Hilbert space, there is a countable set whose
closure coincides with the space, then that space is said to be separable. Any
separable Hilbert space 𝐻 possesses an orthonormal basis. This means that there
is a sequence {𝑒𝑘 ∈ 𝐻}∞𝑘=1 such that

(𝑒𝑘, 𝑒𝑗) = 0 if 𝑗 ∕= 𝑘 and (𝑒𝑘, 𝑒𝑘) = 1 (𝑗, 𝑘 = 1, 2, . . . )

and any ℎ ∈ 𝐻 can be represented as

ℎ =

∞∑
𝑘=1

𝑐𝑘𝑒𝑘

with
𝑐𝑘 = (ℎ, 𝑒𝑘), 𝑘 = 1, 2, . . . .

Besides the series strongly converges.

Let 𝑋 and 𝑌 be Banach spaces. A function 𝑓 : 𝑋 → 𝑌 is continuous if for
any 𝜖 > 0, there is a 𝛿 > 0, such that ∥𝑥− 𝑦∥𝑋 ≤ 𝛿 implies ∥𝑓(𝑥)− 𝑓(𝑦)∥𝑌 ≤ 𝜖.

Theorem 1.1.1 (The Urysohn theorem). Let 𝐴 and 𝐵 be disjoint closed sets in a
Banach space 𝑋. Then there is a continuous function 𝑓 defined on 𝑋 such that

0 ≤ 𝑓(𝑥) ≤ 1, 𝑓(𝐴) = 1 and 𝑓(𝐵) = 0.

For the proof see, for instance, [16, p. 15].

Let a function 𝑥(𝑡) be defined on a real segment [0, 𝑇 ] with values in 𝑋 . An
element 𝑥′(𝑡0) (𝑡0 ∈ (0, 𝑇 )) is the derivative of 𝑥(𝑡) at 𝑡0 if∥∥∥∥𝑥(𝑡0 + ℎ)− 𝑥(𝑡0)

ℎ
− 𝑥′(𝑡0)

∥∥∥∥ → 0 as ∣ℎ∣ → 0.

Let 𝑥(𝑡) be continuous at each point of [0, 𝑇 ]. Then one can define the Riemann
integral as the limit in the norm of the integral sums:

lim
max ∣Δ𝑡

(𝑛)
𝑘 ∣→0

𝑛∑
𝑘=1

𝑥(𝑡
(𝑛)
𝑘 )Δ𝑡

(𝑛)
𝑘 =

∫ 𝑇

0

𝑥(𝑡)𝑑𝑡,

(
0 = 𝑡

(𝑛)
0 < 𝑡

(𝑛)
1 < ⋅ ⋅ ⋅ < 𝑡(𝑛)𝑛 = 𝑇,Δ𝑡

(𝑛)
𝑘 = 𝑡

(𝑛)
𝑘 − 𝑡

(𝑛)
𝑘−1

)
.
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1.2 Examples of normed spaces

The following spaces are examples of normed spaces. For more details see [16,
p. 238].

1. The complex 𝑛-dimensional Euclidean space ℂ𝑛 with the norm

∥𝑥∥𝑛 =

(
𝑛∑

𝑘=1

∣𝑥𝑘∣2
)1/2

(𝑥 = {𝑥𝑘}𝑛
𝑘=1 ∈ ℂ

𝑛) .

2. The space 𝐵(𝑆) is defined for an arbitrary set 𝑆 and consists of all bounded
scalar functions on 𝑆. The norm is given by

∥𝑓∥ = sup
𝑠∈𝑆

∣𝑓(𝑠)∣.

3. The space 𝐶(𝑆) is defined for a topological space 𝑆 and consists of all bounded
continuous scalar functions on 𝑆. The norm is

∥𝑓∥ = sup
𝑠∈𝑆

∣𝑓(𝑠)∣.

4. The space 𝐿𝑝(𝑆) is defined for any real number 𝑝, 1 ≤ 𝑝 < ∞, and any set
𝑆 having a finite Lebesgue measure. It consists of those measurable scalar
functions on 𝑆 for which the norm

∥𝑓∥ =
[∫

𝑆

∣𝑓(𝑠)∣𝑝𝑑𝑠
]1/𝑝

is finite.

5. The space 𝐿∞(𝑆) is defined for any set 𝑆 having a finite Lebesgue measure.
It consists of all essentially bounded measurable scalar functions on 𝑆. The
norm is

∥𝑓∥ = ess sup
𝑠∈𝑆

∣𝑓(𝑠)∣.

Note that the Hilbert space has been defined by a set of abstract axioms. It
is noteworthy that some of the concrete spaces defined above satisfy these axioms,
and hence are special cases of abstract Hilbert space. Thus, for instance, the 𝑛-
dimensional space ℂ𝑛 is a Hilbert space, if the inner product (𝑥, 𝑦) of two elements

𝑥 = {𝑥1, . . . , 𝑥𝑛} and 𝑦 = {𝑦1, . . . , 𝑦𝑛}
is defined by the formula

(𝑥, 𝑦) =

𝑛∑
𝑘=1

𝑥𝑘𝑦𝑘.

In the same way, complex 𝑙2 space is a Hilbert space if the scalar product
(𝑥, 𝑦) of the vectors 𝑥 = {𝑥𝑘} and 𝑦 = {𝑦𝑘} is defined by the formula

(𝑥, 𝑦) =

∞∑
𝑘=1

𝑥𝑘𝑦𝑘.
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Also the complex space 𝐿2(𝑆) is a Hilbert space with the scalar product

(𝑓, 𝑔) =

∫
𝑆

𝑓(𝑠)𝑔(𝑠)𝑑𝑠.

1.3 Linear operators

An operator 𝐴, acting from a Banach space 𝑋 into a Banach space 𝑌 , is called a
linear one if

𝐴(𝛼𝑥1 + 𝛽𝑥2) = 𝛼𝐴𝑥1 + 𝛽𝐴𝑥2

for any 𝑥1, 𝑥2 ∈ 𝑋 and 𝛼, 𝛽 ∈ ℂ. If there is a constant 𝑎, such that the inequality

∥𝐴ℎ∥𝑌 ≤ 𝑎∥ℎ∥𝑋 for all ℎ ∈ 𝑋

holds, then the operator is said to be bounded. The quantity

∥𝐴∥𝑋→𝑌 := sup
ℎ∈𝑋

∥𝐴ℎ∥𝑌

∥ℎ∥𝑋

is called the norm of 𝐴. If 𝑋 = 𝑌 we will write ∥𝐴∥𝑋→𝑋 = ∥𝐴∥𝑋 or simply ∥𝐴∥.
Under the natural definitions of addition and multiplication by a scalar, and

the norm, the set 𝐵(𝑋,𝑌 ) of all bounded linear operators acting from 𝑋 into 𝑌
becomes a Banach space. If 𝑌 = 𝑋 we will write 𝐵(𝑋,𝑋) = 𝐵(𝑋). A sequence
{𝐴𝑛} of bounded linear operators from 𝐵(𝑋,𝑌 ) converges in the uniform operator
topology (in the operator norm) to an operator 𝐴 if

lim
𝑛→∞ ∥𝐴𝑛 −𝐴∥𝑋→𝑌 = 0.

A sequence {𝐴𝑛} of bounded linear operators converges strongly to an operator 𝐴
if the sequence of elements {𝐴𝑛ℎ} strongly converges to 𝐴ℎ for every ℎ ∈ 𝑋 .

If 𝜙 is a linear operator, acting from 𝑋 into ℂ, then it is called a linear
functional. It is bounded (continuous) if 𝜙(𝑥) is defined for any 𝑥 ∈ 𝑋 , and there
is a constant 𝑎 such that the inequality

∥𝜙(ℎ)∥𝑌 ≤ 𝑎∥ℎ∥𝑋 for all ℎ ∈ 𝑋

holds. The quantity

∥𝜙∥𝑋 := sup
ℎ∈𝑋

∣𝜙(ℎ)∣
∥ℎ∥𝑋

is called the norm of the functional 𝜙. All linear bounded functionals on 𝑋 form
a Banach space with that norm. This space is called the space dual to 𝑋 and is
denoted by 𝑋∗.

In the sequel 𝐼𝑋 = 𝐼 is the identity operator in 𝑋 : 𝐼ℎ = ℎ for any ℎ ∈ 𝑋 .
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The operator 𝐴−1 is the inverse one to 𝐴 ∈ 𝐵(𝑋,𝑌 ) if 𝐴𝐴−1 = 𝐼𝑌 and
𝐴−1𝐴 = 𝐼𝑋 .

Let 𝐴 ∈ 𝐵(𝑋,𝑌 ). Consider a linear bounded functional 𝑓 defined on 𝑌 .
Then on 𝑋 the linear bounded functional 𝑔(𝑥) = 𝑓(𝐴𝑥) is defined. The operator
realizing the relation 𝑓 → 𝑔 is called the operator 𝐴∗ dual (adjoint) to 𝐴. By the
definition

(𝐴∗𝑓)(𝑥) = 𝑓(𝐴𝑥) (𝑥 ∈ 𝑋).

The operator 𝐴∗ is a bounded linear operator acting from 𝑌 ∗ to 𝑋∗.

Theorem 1.3.1. Let {𝐴𝑘} be a sequence of linear operators acting from a Banach
space 𝑋 to a Banach space 𝑌 . Let for each ℎ ∈ 𝑋,

sup
𝑘

∥𝐴𝑘ℎ∥𝑌 < ∞.

Then the operator norms of {𝐴𝑘} are uniformly bounded. Moreover, if {𝐴𝑛}
strongly converges to a (linear) operator 𝐴, then

∥𝐴∥𝑋→𝑌 ≤ sup
𝑛

∥𝐴𝑛∥𝑋→𝑌 .

For the proof see, for example, [16, p. 66].

A point 𝜆 of the complex plane is said to be a regular point of an operator
𝐴, if the operator 𝑅𝜆(𝐴) := (𝐴−𝐼𝜆)−1 (the resolvent) exists and is bounded. The
complement of all regular points of 𝐴 in the complex plane is the spectrum of 𝐴.
The spectrum of 𝐴 is denoted by 𝜎(𝐴).

The quantity
𝑟𝑠(𝐴) = sup

𝑠∈𝜎(𝐴)

∣𝑠∣

is the spectral radius of 𝐴. The Gel’fand formula

𝑟𝑠(𝐴) = lim
𝑘→∞

𝑘

√
∥𝐴𝑘∥

is valid. The limit always exists. Moreover,

𝑟𝑠(𝐴) ≤ 𝑘

√
∥𝐴𝑘∥

for any integer 𝑘 ≥ 1. So
𝑟𝑠(𝐴) ≤ ∥𝐴∥.

If there is a nontrivial solution 𝑒 of the equation 𝐴𝑒 = 𝜆(𝐴)𝑒, where 𝜆(𝐴) is a
number, then this number is called an eigenvalue of operator 𝐴, and 𝑒 ∈ 𝐻 is an
eigenvector corresponding to 𝜆(𝐴). Any eigenvalue is a point of the spectrum. An
eigenvalue 𝜆(𝐴) has the (algebraic) multiplicity 𝑟 ≤ ∞ if

dim(∪∞
𝑘=1 ker(𝐴− 𝜆(𝐴)𝐼)𝑘) = 𝑟.
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In the sequel 𝜆𝑘(𝐴), 𝑘 = 1, 2, . . . are the eigenvalues of 𝐴 repeated according to
their multiplicities.

A vector 𝑣 satisfying (𝐴 − 𝜆(𝐴)𝐼)𝑛𝑣 = 0 for a natural 𝑛, is a root vector of
operator 𝐴 corresponding to 𝜆(𝐴).

An operator 𝑉 is called a quasinilpotent one, if its spectrum consists of zero,
only.

On a linear manifold 𝐷(𝐴) of a Banach space 𝑋 ,let there be defined a linear
operator𝐴, mapping𝐷(𝐴) into a Banach space 𝑌 . Then𝐷(𝐴) is called the domain
of 𝐴. A linear operator 𝐴 is called a closed operator, if from 𝑥𝑛 ∈ 𝑋 → 𝑥0 and
𝐴𝑥𝑛 → 𝑦0 in the norm, it follows that 𝑥0 ∈ 𝐷(𝐴) and 𝐴𝑥0 = 𝑦0.

Theorem 1.3.2 (The Closed Graph theorem). A closed linear map defined on the
all of a Banach space, and with values in a Banach space, is continuous.

For the proof see [16, p. 57].

Theorem 1.3.3 (The Riesz–Thorin theorem). Assume 𝑇 is a bounded linear op-
erator from 𝐿𝑝(Ω1) to 𝐿𝑝(Ω2) and at the same time from 𝐿𝑞(Ω1) to 𝐿𝑞(Ω2)
(1 ≤ 𝑝, 𝑞 ≤ ∞). Then it is also a bounded operator from 𝐿𝑟(Ω1) to 𝐿𝑟(Ω2) for any
𝑟 between 𝑝 and 𝑞. In addition the following inequality for the norms holds:

∥𝑇 ∥𝐿𝑟(Ω1)→𝐿𝑟(Ω2) ≤ max{∥𝑇 ∥𝐿𝑝(Ω1)→𝐿𝑝(Ω2), ∥𝑇 ∥𝐿𝑞(Ω1)→𝐿𝑞(Ω2)}.
For the proof (in a more general situation) see [16, Section VI.10.11].

Theorem 1.3.4. Let 𝑓 ∈ 𝐿1(Ω) be a fixed integrable function and let 𝑇 be the
operator of convolution with 𝑓 , i.e., for each function 𝑔 ∈ 𝐿𝑝(Ω) (𝑝 ≥ 1) we have

(𝑇𝑔)(𝑡) =

∫
Ω

𝑓(𝑡− 𝑠)𝑔(𝑠)𝑑𝑠.

Then
∥𝑇𝑔∥𝐿𝑝(Ω) ≤ ∥𝑓∥𝐿1(Ω)∥𝑔∥𝐿𝑝(Ω).

For the proof see [16, p. 528].

Now let us consider operators in a Hilbert space𝐻 . A bounded linear operator
𝐴∗ is adjoint to 𝐴, if

(𝐴𝑓, 𝑔) = (𝑓,𝐴∗𝑔) for every ℎ, 𝑔 ∈ 𝐻.

The relation ∥𝐴∥ = ∥𝐴∗∥ is true. A bounded operator 𝐴 is a selfadjoint one, if
𝐴 = 𝐴∗. 𝐴 is a unitary operator, if 𝐴𝐴∗ = 𝐴∗𝐴 = 𝐼. Here and below 𝐼 ≡ 𝐼𝐻 is the
identity operator in 𝐻 . A selfadjoint operator 𝐴 is positive (negative) definite, if

(𝐴ℎ, ℎ) ≥ 0 ((𝐴ℎ, ℎ) ≤ 0) for every ℎ ∈ 𝐻.

A selfadjoint operator 𝐴 is strongly positive (strongly negative) definite, if there
is a constant 𝑐 > 0, such that

(𝐴ℎ, ℎ) ≥ 𝑐 (ℎ, ℎ) ((𝐴ℎ, ℎ) < −𝑐 (ℎ, ℎ)) for every ℎ ∈ 𝐻.
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A bounded linear operator satisfying the relation 𝐴𝐴∗ = 𝐴∗𝐴 is called a normal
operator. It is clear that unitary and selfadjoint operators are examples of normal
ones. The operator 𝐵 ≡ 𝐴−1 is the inverse one to 𝐴, if 𝐴𝐵 = 𝐵𝐴 = 𝐼. An operator
𝑃 is called a projection if 𝑃 2 = 𝑃 . If, in addition, 𝑃 ∗ = 𝑃 , then it is called an
orthogonal projection (an orthoprojection). The spectrum of a selfadjoint operator
is real, the spectrum of a unitary operator lies on the unit circle.

1.4 Ordered spaces and Banach lattices

Following [91], let us introduce an inequality relation for normed spaces which can
be used analogously to the inequality relation for real numbers.

A non-empty set 𝑀 with a relation ≤ is said to be an ordered set, whenever
the following conditions are satisfied.

i) 𝑥 ≤ 𝑥 for every 𝑥 ∈ 𝑀 ,

ii) 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑥 implies that 𝑥 = 𝑦 and

iii) 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑧 implies that 𝑥 ≤ 𝑧.

If, in addition, for any two elements 𝑥, 𝑦 ∈ 𝑀 either 𝑥 ≤ 𝑦 or 𝑦 ≤ 𝑥, then
𝑀 is called a totally ordered set. Let 𝐴 be a subset of an ordered set 𝑀 . Then
𝑥 ∈ 𝑀 is called an upper bound of 𝐴, if 𝑦 ≤ 𝑥 for every 𝑦 ∈ 𝐴. 𝑧 ∈ 𝑀 is called a
lower bound of 𝐴, if 𝑦 ≥ 𝑧 for all 𝑦 ∈ 𝐴. Moreover, if there is an upper bound of
𝐴, then 𝐴 is said to be bounded from above. If there is a lower bound of 𝐴, then
𝐴 is called bounded from below. If 𝐴 is bounded from above and from below, then
we will briefly say that 𝐴 is order bounded. Let

[𝑥, 𝑦] = {𝑧 ∈ 𝑀 : 𝑥 ≤ 𝑧 ≤ 𝑦}.
That is, [𝑥, 𝑦] is an order interval.

An ordered set (𝑀,≤) is called a lattice, if any two elements 𝑥, 𝑦 ∈ 𝑀 have
a least upper bound denoted by sup(𝑥, 𝑦) and a greatest lower bound denoted by
inf(𝑥, 𝑦). Obviously, a subset 𝐴 is order bounded, if and only if it is contained in
some order interval.

Definition 1.4.1. A real vector space 𝐸 which is also an ordered set is called an
ordered vector space, if the order and the vector space structure are compatible in
the following sense: if 𝑥, 𝑦 ∈ 𝐸, such that 𝑥 ≤ 𝑦, then 𝑥+ 𝑧 ≤ 𝑦 + 𝑧 for all 𝑧 ∈ 𝐸
and 𝑎𝑥 ≤ 𝑎𝑦 for any positive number 𝑎. If, in addition, (𝐸,≤) is a lattice, then 𝐸
is called a Riesz space (or a vector lattice).

Let 𝐸 be a Riesz space. The positive cone 𝐸+ of 𝐸 consists of all 𝑥 ∈ 𝐸, such
that 𝑥 ≥ 0. For every 𝑥 ∈ 𝐸 let

𝑥+ = sup (𝑥, 0), 𝑥− = inf (−𝑥, 0), ∣𝑥∣ = sup (𝑥,−𝑥)

be the positive part, the negative part and the absolute value of 𝑥, respectively.
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Example 1.4.2. Let 𝐸 = ℝ𝑛 and

𝑅𝑛
+ = {(𝑥1, . . . , 𝑥𝑛) ∈ ℝ

𝑛 : 𝑥𝑘 ≥ 0 for all 𝑘}.
Then 𝑅𝑛

+ is a positive cone and for 𝑥 = (𝑥1, . . . , 𝑥𝑛), 𝑦 = (𝑦1, . . . , 𝑦𝑛) ∈ ℝ𝑛, we
have

𝑥 ≤ 𝑦 iff 𝑥𝑘 ≤ 𝑦𝑘 and ∣𝑥∣ = (∣𝑥1∣, . . . , ∣𝑥𝑛∣).
Example 1.4.3. Let 𝑋 be a non-empty set and let 𝐵(𝑋) be the collection of all
bounded real-valued functions defined on 𝑋 .

It is a simple and well-known fact that 𝐵(𝑋) is a vector space ordered by
the positive cone

𝐵(𝑋)+ = {𝑓 ∈ 𝐵(𝑋) : 𝑓(𝑡) ≥ 0 for all 𝑡 ∈ 𝑋}.
Thus 𝑓 ≥ 𝑔 holds, if and only if 𝑓 − 𝑔 ∈ 𝐵(𝑋)+. Obviously, the function ℎ1 =
sup (𝑓, 𝑔) is defined by

ℎ1(𝑡) = max {𝑓(𝑡), 𝑔(𝑡)}
and the function ℎ2 = inf (𝑓, 𝑔) is defined by

ℎ2(𝑡) = min {𝑓(𝑡), 𝑔(𝑡)}
for every 𝑡 ∈ 𝑋 and 𝑓, 𝑔 ∈ 𝐵(𝑋). This shows that 𝐵(𝑋) is a Riesz space and the
absolute value of 𝑓 is ∣𝑓(𝑡)∣.
Definition 1.4.4. Let 𝐸 be a Riesz space furnished with a norm ∥.∥, satisfying
∥𝑥∥ ≤ ∥𝑦∥ whenever ∣𝑥∣ ≤ ∣𝑦∣. In addition, let the space 𝐸 be complete with
respect to that norm. Then 𝐸 is called a Banach lattice.

The norm ∥.∥ in a Banach lattice 𝐸 is said to be order continuous, if

inf{∥𝑥∥ : 𝑥 ∈ 𝐴} = 0
for any down-directed set 𝐴 ⊂ 𝐸, such that inf{𝑥 ∈ 𝐴} = 0, cf. [91, p. 86].

The real spaces 𝐶(𝐾), 𝐿𝑝(𝐾) (𝐾 ⊆ ℝ𝑛) and 𝑙𝑝 (𝑝 ≥ 1) are examples of
Banach lattices.

A bounded linear operator 𝑇 in 𝐸 is called a positive one, if from 𝑥 ≥ 0 it
follows that 𝑇𝑥 ≥ 0.

1.5 The abstract Gronwall lemma

In this section 𝐸 is a Banach lattice with the positive cone 𝐸+.

Lemma 1.5.1 (The abstract Gronwall lemma). Let 𝑇 be a bounded linear positive
operator acting in 𝐸 and having the spectral radius

𝑟𝑠(𝑇 ) < 1.
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Let 𝑥, 𝑓 ∈ 𝐸+. Then the inequality

𝑥 ≤ 𝑓 + 𝑇𝑥

implies 𝑥 ≤ 𝑦 where 𝑦 is a solution of the equation

𝑦 = 𝑓 + 𝑇𝑦.

Proof. Let 𝐵𝑥 = 𝑓 +𝑇𝑥. Then 𝑥 ≤ 𝐵𝑥 implies 𝑥 ≤ 𝐵𝑥 ≤ 𝐵2𝑥 ≤ ⋅ ⋅ ⋅ ≤ 𝐵𝑚𝑥. This
gives

𝑥 ≤ 𝐵𝑚𝑥 =

𝑚−1∑
𝑘=0

𝑇 𝑘𝑓 + 𝑇𝑚𝑥 → (𝐼 − 𝑇 )−1𝑓 = 𝑦 as 𝑚 → ∞.

Since 𝑟𝑠(𝑇 ) < 1, the von Neumann series converges. □

We will say that 𝐹 : 𝐸 → 𝐸 is a non-decreasing mapping if 𝑣 ≤ 𝑤 (𝑣, 𝑤 ∈ 𝐸)
implies 𝐹 (𝑣) ≤ 𝐹 (𝑤).

Lemma 1.5.2. Let 𝐹 : 𝐸 → 𝐸 be a non-decreasing mapping, and 𝐹 (0) = 0. In
addition, let there be a positive linear operator 𝑇 in 𝐸, such that the conditions

∣𝐹 (𝑣)− 𝐹 (𝑤)∣ ≤ 𝑇 ∣𝑣 − 𝑤∣ (𝑣, 𝑤 ∈ 𝐸), (5.1)

and 𝑟𝑠(𝑇 ) < 1 hold. Then the inequality

𝑥 ≤ 𝐹 (𝑥) + 𝑓 (𝑥, 𝑓 ∈ 𝐸+)

implies that 𝑥 ≤ 𝑦 where 𝑦 is a solution of the equation

𝑦 = 𝐹 (𝑦) + 𝑓.

Moreover, the inequality

𝑧 ≥ 𝐹 (𝑧) + 𝑓 (𝑧, 𝑓 ∈ 𝐸+)

implies that 𝑧 ≥ 𝑦.

Proof. We have 𝑥 = 𝐹 (𝑥) + ℎ with an ℎ < 𝑓 . Thanks to (5.1) and the condition
𝑟𝑠(𝑇 ) < 1, the mappings 𝐹𝑓 := 𝐹+𝑓 and 𝐹ℎ := 𝐹+ℎ have the following properties:
𝐹𝑚

𝑓 and 𝐹𝑚
ℎ are contracting for some integer 𝑚. So thanks to the generalized

contraction mapping theorem [115], 𝐹 𝑘
𝑓 (𝑓)→ 𝑥, 𝐹 𝑘

ℎ (𝑓)→ 𝑦 as 𝑘 → ∞. Moreover,
𝐹 𝑘

𝑓 (𝑓) ≥ 𝐹 𝑘
ℎ (𝑓) for all 𝑘 = 1, 2, . . . , since 𝐹 is non-decreasing and ℎ ≤ 𝑓 . This

proves the inequality 𝑥 ≥ 𝑦. Similarly the inequality 𝑥 ≤ 𝑧 can be proved. □
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1.6 Integral inequalities

Let 𝐶(𝐽,ℝ𝑛) be a space of real vector-valued functions defined, bounded and
continuous on a finite or infinite interval 𝐽 . The inequalities are understood in the
coordinate-wise sense.

To receive various solution estimates, we essentially use the following lemma.

Lemma 1.6.1. Let 𝐾̂(𝑡, 𝑠) be a matrix kernel with non-negative entries, such that
the integral operator

(𝐾𝑥)(𝑡) =

∫
𝐽

𝐾̂(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠

maps 𝐶(𝐽,ℝ𝑛) into itself and has the spectral radius 𝑟𝑠(𝐾) < 1. Then for any
non-negative continuous vector function 𝑣(𝑡) satisfying the inequality

𝑣(𝑡) ≤
∫
𝐽

𝐾̂(𝑡, 𝑠)𝑣(𝑠)𝑑𝑠 + 𝑓(𝑡)

where 𝑓 is a non-negative continuous on 𝐽 vector function, the inequality 𝑣(𝑡) ≤
𝑢(𝑡) (𝑡 ∈ 𝐽) is valid, where 𝑢(𝑡) is a solution of the equation

𝑢(𝑡) =

∫
𝐽

𝐾̂(𝑡, 𝑠)𝑢(𝑠)𝑑𝑠+ 𝑓(𝑡).

Similarly, the inequality

𝑣(𝑡) ≥
∫
𝐽

𝐾̂(𝑡, 𝑠)𝑣(𝑠)𝑑𝑠 + 𝑓(𝑡)

implies 𝑣(𝑡) ≥ 𝑢(𝑡) (𝑡 ∈ 𝐽).

Proof. The lemma is a particular case of the abstract Gronwall lemma. □

If 𝐽 = [𝑎, 𝑏] is an arbitrary finite interval and

(𝐾𝑥)(𝑡) =

∫ 𝑡

𝑎

𝐾̂(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠 (𝑡 ≤ 𝑏),

and the condition

sup
𝑡∈ [𝑎,𝑏]

∫ 𝑡

𝑎

∥𝐾̂(𝑡, 𝑠)∥𝑑𝑠 < ∞

is fulfilled with an arbitrary matrix norm, then it is simple to show that 𝑟𝑠(𝐾) = 0.

The same equality for the spectral radius is true, if

(𝐾𝑥)(𝑡) =

∫ 𝑏

𝑡

𝐾̂(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠 (𝑡 ≥ 𝑎),

provided

sup
𝑡∈ [𝑎,𝑏]

∫ 𝑏

𝑡

∥𝐾̂(𝑡, 𝑠)∥𝑑𝑠 < ∞.
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1.7 Generalized norms

In this section nonlinear equations are considered in a space furnished with a
vector (generalized) norm introduced by L. Kantorovich [108, p. 334]. Note that
a vector norm enables us to use information about equations more complete than
a usual (number) norm.

Throughout this section 𝐸 is a Banach lattice with a positive cone 𝐸+ and a
norm ∥.∥𝐸.

Let𝑋 be an arbitrary set. Assume that in𝑋 a vector metric𝑀(., .) is defined.
That is, 𝑀(., .) maps 𝑋 ×𝑋 into 𝐸+ with the usual properties: for all 𝑥, 𝑦, 𝑧 ∈ 𝑋

a) 𝑀(𝑥, 𝑦) = 0 iff 𝑥 = 𝑦;

b) 𝑀(𝑥, 𝑦) =𝑀(𝑦, 𝑥) and

c) 𝑀(𝑥, 𝑦) ≤ 𝑀(𝑥, 𝑧) +𝑀(𝑦, 𝑧).

Clearly, 𝑋 is a metric space with the metric 𝑚(𝑥, 𝑦) = ∥𝑀(𝑥, 𝑦)∥𝐸 . That
is, a sequence {𝑥𝑘 ∈ 𝑋} converges to 𝑥 in the metric 𝑚(., .) iff 𝑀(𝑥𝑘, 𝑥) → 0 as
𝑘 → ∞.
Lemma 1.7.1. Let 𝑋 be a space with a vector metric 𝑀(., .): 𝑋 ×𝑋 → 𝐸+, and
𝐹 (𝑥) map a closed set Φ ⊆ 𝑋 into itself with the property

𝑀(𝐹 (𝑥), 𝐹 (𝑦)) ≤ 𝑄𝑀(𝑥, 𝑦) (𝑥, 𝑦 ∈ Φ), (7.1)

where 𝑄 is a positive operator in 𝐸 whose spectral radius 𝑟𝑠(𝑄) is less than one:
𝑟𝑠(𝑄) < 1. Then, if 𝑋 is complete in generalized metric 𝑀(., .) (or, equivalently,
in metric 𝑚(., .)), 𝐹 has a unique fixed point 𝑥 ∈ Φ. Moreover, that point can be
found by the method of successive approximations.

Proof. Following the usual proof of the contracting mapping theorem we take an
arbitrary 𝑥0 ∈ Φ and define the successive approximations by the equality

𝑥𝑘 = 𝐹 (𝑥𝑘−1) (𝑘 = 1, 2, . . . ).

Hence,

𝑀(𝑥𝑘+1, 𝑥𝑘) =𝑀(𝐹 (𝑥𝑘), 𝐹 (𝑥𝑘−1)) ≤ 𝑄𝑀(𝑥𝑘, 𝑥𝑘−1) ≤ ⋅ ⋅ ⋅ ≤ 𝑄𝑘𝑀(𝑥1, 𝑥0).

For 𝑚 > 𝑘 we thus get

𝑀(𝑥𝑚, 𝑥𝑘) ≤ 𝑀(𝑥𝑚, 𝑥𝑚−1) +𝑀(𝑥𝑚−1, 𝑥𝑘)

≤ ⋅ ⋅ ⋅ ≤
𝑚−1∑
𝑗=𝑘

𝑀(𝑥𝑗+1, 𝑥𝑗) ≤
𝑚−1∑
𝑗=𝑘

𝑄𝑗𝑀(𝑥1, 𝑥0).

Inasmuch as 𝑟𝑠(𝑄) < 1,

𝑀(𝑥𝑚, 𝑥𝑘) ≤ 𝑄𝑘(𝐼 −𝑄)−1𝑀(𝑥1, 𝑥0)→ 0, (𝑘 → ∞).
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Here and below 𝐼 is the unit operator in a corresponding space. Consequently,
points 𝑥𝑘 converge in the metric 𝑀(., .) to an element 𝑥 ∈ Φ. Since

lim
𝑘→∞

𝐹 (𝑥𝑘) = 𝐹 (𝑥),

𝑥 is the fixed point due to (2.2). Thus, the existence is proved.

To prove the uniqueness let us assume that 𝑦 ∕= 𝑥 is a fixed point of 𝐹 as
well. Then by (7.1) 𝑀(𝑥, 𝑦) =𝑀(𝐹 (𝑥), 𝐹 (𝑦)) ≤ 𝑄𝑀(𝑥, 𝑦). Or

(𝐼 −𝑄)−1𝑀(𝑥, 𝑦) ≤ 0.
But 𝐼 − 𝑄 is positively invertible, because 𝑟𝑠(𝑄) < 1. In this way, 𝑀(𝑥, 𝑦) ≤ 0.
This proves the result. □

Now let 𝑋 be a linear space with a vector (generalized) norm 𝑀(.). That is,
𝑀(.) maps 𝑋 into 𝐸+ and is subject to the usual axioms: for all 𝑥, 𝑦 ∈ 𝑋

𝑀(𝑥) > 0 if 𝑥 ∕= 0; 𝑀(𝜆𝑥) = ∣𝜆∣𝑀(𝑥) (𝜆 ∈ C); 𝑀(𝑥+ 𝑦) ≤ 𝑀(𝑥) +𝑀(𝑦).

Following [108], we shall call 𝐸 a norming lattice, and 𝑋 a lattice-normed
space. Clearly, 𝑋 with a generalized (vector) norm 𝑀(.) : 𝑋 → 𝐸+ is a normed
space with the norm

∥ℎ∥𝑋 = ∥𝑀(ℎ)∥𝐸 (ℎ ∈ 𝑋). (7.2)

Now the previous lemma implies

Corollary 1.7.2. Let 𝑋 be a space with a generalized norm 𝑀(.) : 𝑋 → 𝐸+ and
𝐹 (𝑥) map a closed set Φ ⊆ 𝑋 into itself with the property

𝑀(𝐹 (𝑥)− 𝐹 (𝑦)) ≤ 𝑄𝑀(𝑥− 𝑦) (𝑥, 𝑦 ∈ Φ),
where 𝑄 is a positive operator in 𝐸 with 𝑟𝑠(𝑄) < 1. Then, if 𝑋 is complete in the
norm defined by (7.2), 𝐹 has a unique fixed point 𝑥 ∈ Φ. Moreover, that point can
be found by the method of successive approximations.

1.8 Causal mappings

Let 𝑋(𝑎, 𝑏) = 𝑋([𝑎, 𝑏];𝑌 ) (−∞ < 𝑎 < 𝑏 ≤ ∞) be a normed space of functions
defined on [𝑎, 𝑏] with values in a normed space 𝑌 and the unit operator 𝐼. For
example 𝑋(𝑎, 𝑏) = 𝐶([𝑎, 𝑏],ℂ𝑛) or 𝑋(𝑎, 𝑏) = 𝐿𝑝([𝑎, 𝑏],ℂ𝑛).

Let 𝑃𝜏 (𝑎 < 𝜏 < 𝑏) be the projections defined by

(𝑃𝜏𝑤)(𝑡) =

{
𝑤(𝑡) if 𝑎 ≤ 𝑡 ≤ 𝜏,

0 if 𝜏 < 𝑡 ≤ 𝑏
(𝑤 ∈ 𝑋(𝑎, 𝑏)),

and 𝑃𝑎 = 0, and 𝑃𝑏 = 𝐼.
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Definition 1.8.1. Let 𝐹 be a mapping in 𝑋(𝑎, 𝑏) having the following properties:

𝐹0 ≡ 0, (8.1)

and for all 𝜏 ∈ [𝑎, 𝑏], the equality

𝑃𝜏𝐹𝑃𝜏 = 𝑃𝜏𝐹 (8.2)

holds. Then 𝐹 will be called a causal mapping (operator).

This definition is somewhat different from the definition of the causal op-
erator suggested in [13]; in the case of linear operators our definition coincides
with the one accepted in [17]. Note that, if 𝐹 is defined on a closed set Ω ∋ 0 of
𝑋(𝑎, 𝑏), then due to the Urysohn theorem, 𝐹 can be extended by zero to the whole
space. Put 𝑋(𝑎, 𝜏) = 𝑃𝜏𝑋(𝑎, 𝑏). Note that, if 𝑋(𝑎, 𝑏) = 𝐶(𝑎, 𝑏), then 𝑃𝜏𝑓 is not
continuous in 𝐶(𝑎, 𝑏) for an arbitrary 𝑓 ∈ 𝐶(𝑎, 𝑏). So 𝑃𝜏 is defined on the whole
space 𝐶(𝑎, 𝑏) but maps 𝐶(𝑎, 𝑏) into the space 𝐵(𝑎, 𝑏) ⊃ 𝐶(𝑎, 𝑏), where 𝐵(𝑎, 𝑏) is
the space of bounded functions. However, if 𝑃𝜏𝐹𝑓 is continuous on [𝑎, 𝜏 ], that is
𝑃𝜏𝐹𝑓 ∈ 𝐶(𝑎, 𝜏) for all 𝜏 ∈ (𝑎, 𝑏], and relations (8.1) and (8.2) hold, then 𝐹 is
causal in 𝐶(𝑎, 𝑏).

Let us point an example of a causal mapping. To this end consider in 𝐶(0, 𝑇 )
the mapping

(𝐹𝑤)(𝑡) = 𝑓(𝑡, 𝑤(𝑡)) +

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠 (0 ≤ 𝑡 ≤ 𝑇 ; 𝑤 ∈ 𝐶(0, 𝑇 ))

with a continuous kernel 𝑘, defined on [0, 𝑇 ]2 × ℝ and a continuous function

𝑓 : [0, 𝑇 ]× ℝ → ℝ, satisfying 𝑘(𝑡, 𝑠, 0) ≡ 0 and 𝑓(𝑡, 0) ≡ 0.

For each 𝜏 ∈ (0, 𝑇 ), we have

(𝑃𝜏𝐹𝑤)(𝑡) = 𝑓𝜏 (𝑡, 𝑤(𝑡)) + 𝑃𝜏

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠,

where

𝑓𝜏 (𝑡, 𝑤(𝑡)) =

{
𝑓(𝑡, 𝑤(𝑡)) if 0 ≤ 𝑡 ≤ 𝜏,

0 if 𝜏 < 𝑡 ≤ 𝑇 .

Clearly,

𝑓𝜏 (𝑡, 𝑤(𝑡)) = 𝑓𝜏 (𝑡, 𝑤𝜏 (𝑡)) where 𝑤𝜏 = 𝑃𝜏𝑤.

Moreover,

𝑃𝜏

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠 = 𝑃𝜏

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤𝜏 (𝑠))𝑑𝑠 = 0, 𝑡 > 𝜏
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and

𝑃𝜏

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠 =

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠 =

∫ 𝑡

0

𝑘(𝑡, 𝑠, 𝑤𝜏 (𝑠))𝑑𝑠, 𝑡 ≤ 𝜏.

Hence it follows that the considered mapping is causal. Note that, the integral
operator ∫ 𝑐

0

𝑘(𝑡, 𝑠, 𝑤(𝑠))𝑑𝑠

with a fixed positive 𝑐 ≤ 𝑇 is not causal.

1.9 Compact operators in a Hilbert space

A linear operator 𝐴 mapping a normed space 𝑋 into a normed space 𝑌 is said to
be completely continuous (compact) if it is bounded and maps each bounded set
in 𝑋 into a compact one in 𝑌 . The spectrum of a compact operator is either finite,
or the sequence of the eigenvalues of 𝐴 converges to zero, any non-zero eigenvalue
has the finite multiplicity.

This section deals with completely continuous operators acting in a separable
Hilbert space 𝐻 . All the results presented in this section are taken from the books
[2] and [65].

Any normal compact operator can be represented in the form

𝐴 =

∞∑
𝑘=1

𝜆𝑘(𝐴)𝐸𝑘,

where 𝐸𝑘 are eigenprojections of 𝐴, i.e., the projections defined by 𝐸𝑘ℎ = (ℎ, 𝑑𝑘)𝑑𝑘

for all ℎ ∈ 𝐻 . Here 𝑑𝑘 are the normal eigenvectors of 𝐴. Recall that eigenvectors
of normal operators are mutually orthogonal.

A completely continuous quasinilpotent operator sometimes is called a Vol-
terra operator.

Let {𝑒𝑘} be an orthogonal normal basis in 𝐻 , and the series

∞∑
𝑘=1

(𝐴𝑒𝑘, 𝑒𝑘)

converges. Then the sum of this series is called the trace of 𝐴:

Trace𝐴 = Tr 𝐴 =

∞∑
𝑘=1

(𝐴𝑒𝑘, 𝑒𝑘).

An operator 𝐴 satisfying the condition

Tr (𝐴∗𝐴)1/2 < ∞



1.9. Compact operators in a Hilbert space 15

is called a nuclear operator. An operator 𝐴, satisfying the relation

Tr (𝐴∗𝐴) < ∞

is said to be a Hilbert–Schmidt operator.

The eigenvalues 𝜆𝑘((𝐴
∗𝐴)1/2) (𝑘 = 1, 2, . . . ) of the operator (𝐴∗𝐴)1/2 are

called the singular numbers (𝑠-numbers) of 𝐴 and are denoted by 𝑠𝑘(𝐴). That is,

𝑠𝑘(𝐴) := 𝜆𝑘((𝐴
∗𝐴)1/2) (𝑘 = 1, 2, . . . ).

Enumerate singular numbers of 𝐴 taking into account their multiplicity and in
decreasing order. The set of completely continuous operators acting in a Hilbert
space and satisfying the condition

𝑁𝑝(𝐴) :=

[ ∞∑
𝑘=1

𝑠𝑝𝑘(𝐴)

]1/𝑝

< ∞,

for some 𝑝 ≥ 1, is called the von Schatten–von Neumann ideal and is denoted by
𝑆𝑁𝑝. 𝑁𝑝(.) is called the norm of the ideal 𝑆𝑁𝑝. It is not hard to show that

𝑁𝑝(𝐴) =
𝑝

√
Tr (𝐴𝐴∗)𝑝/2.

Thus, 𝑆𝑁1 is the ideal of nuclear operators (the Trace class) and 𝑆𝑁2 is the ideal of
Hilbert–Schmidt operators. 𝑁2(𝐴) is called the Hilbert–Schmidt norm. Sometimes
we will omit index 2 of the Hilbert–Schmidt norm, i.e.,

𝑁(𝐴) := 𝑁2(𝐴) =
√
Tr (𝐴∗𝐴).

For any orthonormal basis {𝑒𝑘} we can write

𝑁2(𝐴) =

( ∞∑
𝑘=1

∥𝐴𝑒𝑘∥2
)1/2

.

This equality is equivalent to the following one:

𝑁2(𝐴) =

⎛
⎝ ∞∑

𝑗,𝑘=1

∣𝑎𝑗𝑘∣2
⎞
⎠

1/2

,

where 𝑎𝑗𝑘 = (𝐴𝑒𝑘, 𝑒𝑗) (𝑗, 𝑘 = 1, 2, . . . ) are entries of a Hilbert–Schmidt operator
𝐴 in an orthonormal basis {𝑒𝑘}.

For all finite 𝑝 ≥ 1, the following propositions are true (the proofs can be
found in the book [65, Section 3.7]).
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If 𝐴 ∈ 𝑆𝑁𝑝, then also 𝐴∗ ∈ 𝑆𝑁𝑝. If 𝐴 ∈ 𝑆𝑁𝑝 and 𝐵 is a bounded linear
operator, then both 𝐴𝐵 and 𝐵𝐴 belong to 𝑆𝑁𝑝. Moreover,

𝑁𝑝(𝐴𝐵) ≤ 𝑁𝑝(𝐴)∥𝐵∥ and 𝑁𝑝(𝐵𝐴) ≤ 𝑁𝑝(𝐴)∥𝐵∥.
In addition, the inequality

𝑛∑
𝑗=1

∣𝜆𝑗(𝐴)∣𝑝 ≤
𝑛∑

𝑗=1

𝑠𝑝𝑗 (𝐴) (𝑛 = 1, 2, . . . )

is valid, cf. [65, Theorem II.3.1].

Lemma 1.9.1. If 𝐴 ∈ 𝑆𝑁𝑝 and 𝐵 ∈ 𝑆𝑁𝑞 (1 < 𝑝, 𝑞 < ∞), then 𝐴𝐵 ∈ 𝑆𝑁𝑠

with
1

𝑠
=
1

𝑝
+
1

𝑞
.

Moreover,
𝑁𝑠(𝐴𝐵) ≤ 𝑁𝑝(𝐴)𝑁𝑞(𝐵).

For the proof of this lemma see [65, Section III.7]. Recall also the following
result.

Theorem 1.9.2 (Lidskij’s theorem). Let 𝐴 ∈ 𝑆𝑁1. Then

Tr 𝐴 =

∞∑
𝑘=1

𝜆𝑘(𝐴).

The proof of this theorem can be found in [65, Section III.8].

1.10 Regularized determinants

The regularized determinant of 𝐼 −𝐴 with 𝐴 ∈ 𝑆𝑁𝑝 (𝑝 = 1, 2, . . . ) is defined as

det
𝑝
(𝐼 −𝐴) :=

∞∏
𝑗=1

𝐸𝑝(𝜆𝑗(𝐴)),

where 𝜆𝑗(𝐴) are the eigenvalues of 𝐴 with their multiplicities arranged in decreas-
ing order, and

𝐸𝑝(𝑧) := (1− 𝑧) exp

[
𝑝−1∑
𝑚=1

𝑧𝑚(𝐴)

𝑚

]
, 𝑝 > 1 and 𝐸1(𝑧) := 1− 𝑧.

As shown below, regularized determinant are useful for the investigation of periodic
systems.

The following lemma is proved in [57].
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Lemma 1.10.1. The inequality

∣𝐸𝑝(𝑧)∣ ≤ exp[𝜁𝑝∣𝑧∣𝑝]

is valid, where

𝜁𝑝 =
𝑝− 1
𝑝

(𝑝 ∕= 1, 𝑝 ∕= 3) and 𝜁1 = 𝜁3 = 1.

From this lemma one can immediately obtain the following result.

Lemma 1.10.2. Let 𝐴 ∈ 𝑆𝑁𝑝 (𝑝 = 1, 2, . . . ). Then

∣ det
𝑝
(𝐼 −𝐴)∣ ≤ exp[𝜁𝑝𝑁𝑝

𝑝 (𝐴)].

Let us point out also the lower bound for regularized determinants which has
been established in [45]. To this end denote by 𝐿 a Jordan contour connecting 0
and 1, lying in the disc {𝑧 ∈ ℂ : ∣𝑧∣ ≤ 1} and not containing the points 1/𝜆𝑗 for
any eigenvalue 𝜆𝑗 of 𝐴, such that

𝜙𝐿(𝐴) := inf
𝑠∈𝐿; 𝑘=1,2,...

∣1− 𝑠𝜆𝑘∣ > 0.

Theorem 1.10.3. Let 𝐴 ∈ 𝑆𝑁𝑝 for an integer 𝑝 ≥ 1 and 1 ∕∈ 𝜎(𝐴). Then

∣∣∣det
𝑝
(𝐼 −𝐴)

∣∣∣ ≥ exp[−𝜁𝑝𝑁
𝑝
𝑝 (𝐴)

𝜙𝐿(𝐴)

]
.

1.11 Perturbations of determinants

Now let us consider perturbations of determinants. Let 𝑋 and 𝑌 be complex
normed spaces with norms ∥.∥𝑋 and ∥.∥𝑌 , respectively, and 𝐹 be a 𝑌 -valued
function defined on 𝑋 . Assume that 𝐹 (𝐶 + 𝜆𝐶) (𝜆 ∈ ℂ) is an entire function for
all 𝐶,𝐶 ∈ 𝑋 . That is, for any 𝜙 ∈ 𝑌 ∗, the functional < 𝜙, 𝐹 (𝐶+𝜆𝐶) > defined on
𝑌 is an entire scalar-valued function of 𝜆. In [44], the following lemma has been
proved.

Lemma 1.11.1. Let 𝐹 (𝐶 + 𝜆𝐶) (𝜆 ∈ ℂ) be an entire function for all 𝐶,𝐶 ∈ 𝑋
and there be a monotone non-decreasing function 𝐺 : [0,∞) → [0,∞), such that
∥𝐹 (𝐶)∥𝑌 ≤ 𝐺(∥𝐶∥𝑋) (𝐶 ∈ 𝑋). Then

∥𝐹 (𝐶)−𝐹 (𝐶)∥𝑌 ≤ ∥𝐶−𝐶∥𝑋 𝐺

(
1 +

1

2
∥𝐶 + 𝐶∥𝑋 +

1

2
∥𝐶 − 𝐶∥𝑋

)
(𝐶,𝐶 ∈ 𝑋).

Lemmas 1.10.1 and 1.11.1 imply the following result.
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Corollary 1.11.2. The inequality∣∣∣det
𝑝
(𝐼 −𝐴)− det

𝑝
(𝐼 −𝐵)

∣∣∣ ≤ 𝛿𝑝(𝐴,𝐵) (𝐴,𝐵 ∈ 𝑆𝑁𝑝, 1 ≤ 𝑝 < ∞)

is true, where

𝛿𝑝(𝐴,𝐵) := 𝑁𝑝(𝐴−𝐵) exp

[
𝜁𝑝 (1 +

1

2
(𝑁𝑝(𝐴+𝐵) +𝑁𝑝(𝐴−𝐵)))𝑝

]
≤ 𝑁𝑝(𝐴−𝐵) exp [(1 +𝑁𝑝(𝐴) +𝑁𝑝(𝐵)))

𝑝] .

Now let 𝐴 and 𝐵 be 𝑛×𝑛-matrices. Then due to the inequality between the
arithmetic and geometric mean values,

∣ det 𝐴∣2 =
𝑛∏

𝑘=1

∣𝜆𝑘(𝐴)∣2 ≤
(
1

𝑛

𝑛∑
𝑘=1

∣𝜆𝑘(𝐴)∣2
)1/𝑛

.

Thus,

∣ det 𝐴∣ ≤ 1

𝑛𝑛/2
𝑁𝑛

2 (𝐴).

Moreover, ∣ det 𝐴∣ ≤ ∥𝐴∥𝑛 for an arbitrary matrix norm. Hence, Lemma 1.11.1
implies our next result.

Corollary 1.11.3. Let 𝐴 and 𝐵 be 𝑛× 𝑛-matrices. Then

∣ det 𝐴− det 𝐵∣ ≤ 1

𝑛𝑛/2
𝑁2(𝐴−𝐵)

[
1 +

1

2
𝑁2(𝐴− 𝐵) +

1

2
𝑁2(𝐴+𝐵)

]𝑛

and

∣ det 𝐴− det 𝐵∣ ≤ ∥𝐴−𝐵∥
[
1 +

1

2
∥𝐴−𝐵∥ + 1

2
∥𝐴−𝐵∥

]𝑛

for an arbitrary matrix norm ∥.∥.
Now let us recall the well-known inequality for determinants.

Theorem 1.11.4 (Ostrowski [97]). Let 𝐴 = (𝑎𝑗𝑘) be a real 𝑛× 𝑛-matrix. Then the
inequality

∣ det 𝐴∣ ≥
𝑛∏

𝑗=1

⎛
⎝∣𝑎𝑗𝑗 ∣ −

𝑛∑
𝑚=1,𝑚 ∕=𝑗

∣𝑎𝑗𝑚∣
⎞
⎠

is valid, provided

∣𝑎𝑗𝑗 ∣ >
𝑛∑

𝑚=1,𝑚 ∕=𝑗

∣𝑎𝑗𝑚∣ (𝑗 = 1, . . . , 𝑛).
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1.12 Matrix functions of bounded variations

A scalar function 𝑔 : [𝑎, 𝑏]→ ℝ is a function of bounded variation if

var(𝑔) = Var𝑡∈[𝑎,𝑏] 𝑔(𝑡) := sup
𝑃

𝑛−1∑
𝑖=0

∣𝑔(𝑡𝑖+1)− 𝑔(𝑡𝑖)∣ < ∞,

where the supremum is taken over the set of all partitions 𝑃 of the interval [𝑎, 𝑏].

Any function of bounded variation 𝑔 : [𝑎, 𝑏] → ℝ is a difference of bounded
nondecreasing functions. If 𝑔 is differentiable and its derivative is integrable then
its variation satisfies

var(𝑔) ≤
∫ 𝑏

𝑎

∣𝑔′(𝑠)∣𝑑𝑠.

For more details see [16, p. 140]. Sometimes we will write

var(𝑔) =

∫ 𝑏

𝑎

∣𝑑𝑔(𝑠)∣.

Let ∥𝑥∥𝑛 be the Euclidean norm of a vector 𝑥 and ∥𝐴∥𝑛 be the spectral norm
of a matrix 𝐴. The norm of 𝑓 in 𝐶([𝑎, 𝑏],ℂ𝑛) is sup𝑡 ∥𝑓(𝑡)∥𝑛, in 𝐿𝑝([𝑎, 𝑏],ℂ𝑛) (1 ≤
𝑝 < ∞) its norm is (∫ 𝑏

𝑎
∥𝑓(𝑡)∥𝑝

𝑛)
1/𝑝, in 𝐿∞([𝑎, 𝑏],ℂ𝑛) its norm is vrai sup𝑡 ∥𝑓(𝑡)∥𝑛.

For a real matrix-valued function 𝑅0(𝑠) = (𝑟𝑖𝑗(𝑠))
𝑛
𝑖,𝑗=1 defined on a real finite

segment [𝑎, 𝑏], whose entries have bounded variations

var(𝑟𝑖𝑗) = var𝑠∈[𝑎,𝑏] 𝑟𝑖𝑗(𝑠),

we can define its variation as the matrix

Var(𝑅0) = Var𝑠∈[𝑎,𝑏] 𝑅0(𝑠) = (var(𝑟𝑖𝑗))
𝑛
𝑖,𝑗=1.

For a 𝑐 > 𝑏 and an 𝑓 ∈ 𝐶([𝑎, 𝑐],ℂ𝑛) put

𝐸0𝑓(𝑡) =

∫ 𝑏

𝑎

𝑑𝑅0(𝑠)𝑓(𝑡− 𝑠) (𝑏 ≤ 𝑡 ≤ 𝑐).

Below we prove that 𝐸0 is bounded in the norm of 𝐿𝑝 (𝑝 ≥ 1) on the set of
continuous functions and therefore can be extended to the whole space 𝐿𝑝, since
that set is dense in 𝐿𝑝.

Let
var(𝑅0) := ∥Var(𝑅0)∥𝑛,

and

𝜁1(𝑅0) :=

𝑛∑
𝑗=1

√√√⎷ 𝑛∑
𝑘=1

(var(𝑟𝑗𝑘))2.

So var(𝑅0) is the spectral norm of matrix Var(𝑅0).
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Lemma 1.12.1. Suppose all the entries 𝑟𝑗𝑘 of the matrix function 𝑅0 defined on
[𝑎, 𝑏] have bounded variations. Then the inequalities

∥𝐸0∥𝐶([𝑎,𝑐],ℂ𝑛)→𝐶([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛 var(𝑅0), (12.1)

∥𝐸0∥𝐿∞([𝑎,𝑐],ℂ𝑛)→𝐿∞([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛 var(𝑅0), (12.2)

∥𝐸0∥𝐿2([𝑎,𝑐],ℂ𝑛)→𝐿2([𝑏,𝑐],ℂ𝑛) ≤ var(𝑅0), (12.3)

and

∥𝐸0∥𝐿1([𝑎,𝑐],ℂ𝑛)→𝐿1([𝑏,𝑐],ℂ𝑛) ≤ 𝜁1 (𝑅0) (12.4)

are valid.

Proof. Let 𝑓(𝑡) = (𝑓𝑘(𝑡))
𝑛
𝑘=1 ∈ 𝐶([𝑎, 𝑐],ℂ𝑛). For each coordinate (𝐸0𝑓)𝑗(𝑡) of

𝐸0𝑓(𝑡) we have

∣(𝐸0𝑓)𝑗(𝑡)∣ =
∣∣∣∣∣
∫ 𝑏

𝑎

𝑛∑
𝑘=1

𝑓𝑘(𝑡− 𝑠)𝑑𝑟𝑗𝑘(𝑠)

∣∣∣∣∣
≤

𝑛∑
𝑘=1

∫ 𝑏

𝑎

∣𝑑𝑟𝑗𝑘∣ max
𝑎≤𝑠≤𝑏

∣𝑓𝑘(𝑡− 𝑠)∣ =
𝑛∑

𝑘=1

var(𝑟𝑗𝑘) max
𝑎≤𝑠≤𝑏

∣𝑓𝑘(𝑡− 𝑠)∣.

Hence,

𝑛∑
𝑗=1

∣(𝐸0𝑓)𝑗(𝑡)∣2 ≤
𝑛∑

𝑗=1

(
𝑛∑

𝑘=1

var(𝑟𝑗𝑘)∥𝑓𝑘∥𝐶(𝑎,𝑐)

)2

= ∥Var(𝑅0) 𝜈𝐶∥2𝑛 ≤ (var(𝑅0)∥𝜈𝐶∥𝑛)
2 (𝑏 ≤ 𝑡 ≤ 𝑐),

where 𝜈𝐶 = (∥𝑓𝑘∥𝐶(𝑎,𝑐))
𝑛
𝑘=1, ∥.∥𝐶(𝑎,𝑐) = ∥.∥𝐶([𝑎,𝑐],ℂ).

But

∥𝜈𝐶∥2𝑛 =
𝑛∑

𝑘=1

∥𝑓𝑘∥2𝐶(𝑎,𝑐) ≤ 𝑛max
𝑘

∥𝑓𝑘∥2𝐶(𝑎,𝑐) ≤ 𝑛 sup
𝑡

𝑛∑
𝑘=1

∥𝑓𝑘(𝑡)∥2𝑛 = 𝑛∥𝑓∥2𝐶([𝑎,𝑐],ℂ𝑛).

So

∥𝐸0𝑓∥𝐶([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛 var(𝑅0)∥𝑓∥𝐶([𝑎,𝑐],ℂ𝑛)

and thus inequality (12.1) is proved.

In the case of the space 𝐿∞ by inequality (12.1) we have

∥𝐸0𝑓∥𝐿∞([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛 var(𝑅0)∥𝑓∥𝐿∞([𝑎,𝑐],ℂ𝑛)

for a continuous function 𝑓 . But the set of continuous functions is dense in 𝐿∞.
So the previous inequality is valid on the whole space 𝐿∞. This proves (12.2).
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Now consider the norm in space 𝐿2. We have

∫ 𝑐

𝑏

∣(𝐸0𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
∫ 𝑐

𝑏

(
𝑛∑

𝑘=1

∫ 𝑏

𝑎

∣𝑓𝑘(𝑡− 𝑠)∣∣𝑑𝑟𝑗𝑘(𝑠)∣
)2

𝑑𝑡

=

∫ 𝑏

𝑎

∫ 𝑏

𝑎

𝑛∑
𝑖=1

𝑛∑
𝑘=1

∣𝑑𝑟𝑗𝑘(𝑠)∣∣𝑑𝑟𝑗𝑖(𝑠1)∣
∫ 𝑐

𝑏

∣𝑓𝑘(𝑡− 𝑠)𝑓𝑖(𝑡− 𝑠1)∣𝑑𝑡.

By the Schwarz inequality(∫ 𝑐

𝑏

∣𝑓𝑘(𝑡− 𝑠)𝑓𝑖(𝑡− 𝑠1)∣𝑑𝑡
)2

≤
∫ 𝑐

𝑏

∣𝑓𝑘(𝑡− 𝑠)∣2𝑑𝑡
∫ 𝑐

𝑏

∣𝑓𝑖(𝑡− 𝑠1)∣2𝑑𝑡

≤
∫ 𝑐

𝑎

∣𝑓𝑘(𝑡)∣2𝑑𝑡
∫ 𝑐

𝑎

∣𝑓𝑖(𝑡)∣2𝑑𝑡.

Thus∫ 𝑐

𝑏

∣(𝐸0𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
𝑛∑

𝑖=1

𝑛∑
𝑘=1

var(𝑟𝑗𝑘) var(𝑟𝑗𝑖)∥𝑓𝑘∥𝐿2(𝑎,𝑐)∥𝑓𝑖∥𝐿2(𝑎,𝑐)

=

(
𝑛∑

𝑘=1

var(𝑟𝑗𝑘)∥𝑓𝑘∥𝐿2(𝑎,𝑐)

)2

(∥𝑓𝑘∥𝐿2(𝑎,𝑐) = ∥𝑓𝑘∥𝐿2([𝑎,𝑐],ℂ))

and therefore

𝑛∑
𝑗=1

∫ 𝑐

𝑏

∣(𝐸0𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
𝑛∑

𝑗=1

(
𝑛∑

𝑘=1

var(𝑟𝑗𝑘)∥𝑓𝑘∥𝐿2(𝑎,𝑐)

)2

= ∥Var(𝑅0) 𝜈2∥2𝑛 ≤ (var(𝑅0)∥𝜈2∥𝑛)
2

where 𝜈2 is the vector with the coordinates ∥𝑓𝑘∥𝐿2(𝑎,𝑐). But ∥𝜈2∥𝑛 = ∥𝑓∥𝐿2([𝑎,𝑐],ℂ𝑛).
So (12.3) is also proved.

Similarly, for an 𝑓(𝑡) = (𝑓𝑘(𝑡))
𝑛
𝑘=1 ∈ 𝐿1([𝑎, 𝑐],ℂ𝑛) we obtain

∫ 𝑐

𝑏

∣(𝐸0𝑓)𝑗(𝑡)∣𝑑𝑡 ≤
𝑛∑

𝑘=1

∫ 𝑏

𝑎

∫ 𝑐

𝑏

∣𝑓𝑘(𝑡− 𝑠)∣𝑑𝑡∣𝑑𝑟𝑗𝑘(𝑠)∣ ≤
𝑛∑

𝑘=1

var(𝑟𝑗𝑘)

∫ 𝑐

𝑎

∣𝑓𝑘(𝑡)∣𝑑𝑡.

So

∥𝐸0𝑓∥𝐿1([𝑏,𝑐],ℂ𝑛) =

∫ 𝑐

𝑏

√√√⎷ 𝑛∑
𝑗=1

∣(𝐸0𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
∫ 𝑐

𝑏

𝑛∑
𝑗=1

∣(𝐸0𝑓)𝑗(𝑡)∣𝑑𝑡

≤
𝑛∑

𝑗=1

∫ 𝑐

𝑎

𝑛∑
𝑘=1

var(𝑟𝑗𝑘)∣𝑓𝑘(𝑡)∣𝑑𝑡.
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Consequently, by the Schwarz inequality

∥𝐸0𝑓∥𝐿1([𝑏,𝑐],ℂ𝑛) ≤
𝑛∑

𝑗=1

∫ 𝑐

𝑎

√√√⎷ 𝑛∑
𝑘=1

(var(𝑟𝑗𝑘))2
𝑛∑

𝑘=1

∣𝑓𝑘(𝑡)∣2 𝑑𝑡.

Hence (12.4) follows, as claimed. □

The Riesz–Thorin theorem (see Section 1.3) and previous lemma imply the
following result.

Corollary 1.12.2. The inequalities

∥𝐸0∥𝐿𝑝([𝑎,𝑐],ℂ𝑛)→𝐿𝑝([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛 var(𝑅0) (𝑐 > 𝑏; 𝑝 ≥ 2)

and

∥𝐸0∥𝐿𝑝([𝑎,𝑐],ℂ𝑛)→𝐿𝑝([𝑏,𝑐],ℂ𝑛) ≤ max{𝜁1(𝑅0),
√
𝑛 var(𝑅0)} (𝑐 > 𝑏; 𝑝 ≥ 1)

are valid.

Let us consider the operator

𝐸𝑓(𝑡) =

∫ 𝑏

𝑎

𝑑𝑠𝑅(𝑡, 𝑠)𝑓(𝑡− 𝑠) (𝑓 ∈ 𝐶([𝑎, 𝑐],ℂ𝑛); 𝑏 ≤ 𝑡 ≤ 𝑐) (12.5)

where 𝑅(𝑡, 𝑠) = (𝑟𝑖𝑗(𝑡, 𝑠))
𝑛
𝑖,𝑗=1 is a real 𝑛 × 𝑛-matrix-valued function defined on

[𝑏, 𝑐]× [𝑎, 𝑏], which is piece-wise continuous in 𝑡 for each 𝜏 and

𝑣𝑗𝑘 := sup
𝑏≤𝑡≤𝑐

var(𝑟𝑗𝑘(𝑡, .)) < ∞ (𝑗, 𝑘 = 1, . . . , 𝑛). (12.6)

Below we prove that 𝐸 is also bounded in the norm of 𝐿𝑝 (𝑝 ≥ 1) on the set of
continuous functions and therefore can be extended to the whole space 𝐿𝑝.

Let

𝑍(𝑅) = (𝑣𝑗𝑘)
𝑛
𝑗,𝑘=1.

Since for 𝑏 ≤ 𝑡 ≤ 𝑐,∣∣∣∣∣
∫ 𝑏

𝑎

𝑓𝑘(𝑡− 𝑠)𝑑𝑟𝑗𝑘(𝑡, 𝑠)

∣∣∣∣∣ ≤ max
𝑎≤𝑠≤𝑏

∣𝑓𝑘(𝑡− 𝑠)∣
∫ 𝑏

𝑎

∣𝑟𝑗𝑘(𝑡, 𝑠)∣ ≤ 𝑣𝑗𝑘∥𝑓𝑘∥𝐶(𝑎,𝑐),

for each coordinate (𝐸𝑓)𝑗(𝑡) of 𝐸𝑓(𝑡) we have

∣(𝐸𝑓)𝑗(𝑡)∣ =
∣∣∣∣∣
∫ 𝑏

𝑎

𝑛∑
𝑘=1

𝑓𝑘(𝑡− 𝑠)𝑑𝑟𝑗𝑘(𝑡, 𝑠)

∣∣∣∣∣ ≤
𝑛∑

𝑘=1

𝑣𝑗𝑘 sup
𝑎≤𝑠≤𝑏

∣𝑓𝑘(𝑡− 𝑠)∣.
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Hence,

𝑛∑
𝑗=1

∣(𝐸𝑓)𝑗(𝑡)∣2 ≤
𝑛∑

𝑗=1

(
𝑛∑

𝑘=1

(𝑣𝑗𝑘)

)
∥𝑓𝑘∥2𝐶(𝑎,𝑐) = ∥𝑍(𝑅)𝜈𝐶∥2𝑛 ≤ ∥𝑍(𝑅)∥𝑛∥𝜈𝐶∥2𝑛,

where 𝜂 𝐶 is the same as in the proof of the previous lemma. As shown above,
∥𝜈𝐶∥2𝑛 ≤ 𝑛∥𝑓∥2𝐶([𝑎,𝑐],ℂ𝑛). Thus,

∥𝐸𝑓∥𝐶([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛∥𝑍(𝑅)∥𝑛∥𝑓∥𝐶([𝑎,𝑐],ℂ𝑛). (12.7)

Moreover,
∥𝐸𝑓∥𝐿∞([𝑏,𝑐],ℂ𝑛) ≤

√
𝑛∥𝑍(𝑅)∥𝑛∥𝑓∥𝐿∞([𝑎,𝑐],ℂ𝑛) (12.8)

for a continuous function 𝑓 . But the set of continuous functions is dense in 𝐿∞.
So the previous inequality is valid on the whole space. Repeating the arguments
of the proof of the previous lemma we obtain

∥𝐸𝑓∥𝐿2([𝑏,𝑐],ℂ𝑛) ≤ ∥𝑍(𝑅)∥𝑛∥𝑓∥𝐿2([𝑎,𝑐],ℂ𝑛). (12.9)

Now let 𝑓(𝑡) = (𝑓𝑘(𝑡)) ∈ 𝐿1([𝑎, 𝑐],ℂ𝑛). Then

∫ 𝑐

𝑏

∣(𝐸𝑓)𝑗(𝑡)∣𝑑𝑡 ≤
𝑛∑

𝑘=1

∫ 𝑏

𝑎

∫ 𝑐

𝑏

∣𝑓𝑘(𝑡− 𝑠)∣𝑑𝑡∣𝑑𝑟𝑗𝑘(𝑡, 𝑠)∣ ≤
𝑛∑

𝑘=1

𝑣𝑗𝑘

∫ 𝑐

𝑎

∣𝑓𝑘(𝑡)∣𝑑𝑡.

So

∥𝐸𝑓∥𝐿1([𝑏,𝑐],ℂ𝑛) =

∫ 𝑐

𝑏

√√√⎷ 𝑛∑
𝑗=1

∣(𝐸𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
∫ 𝑐

𝑏

𝑛∑
𝑗=1

∣(𝐸𝑓)𝑗(𝑡)∣𝑑𝑡

≤
𝑛∑

𝑗=1

∫ 𝑐

𝑎

𝑛∑
𝑘=1

𝑣𝑗𝑘∣𝑓𝑘(𝑡)∣𝑑𝑡 ≤
𝑛∑

𝑗=1

∫ 𝑐

𝑎

√√√⎷ 𝑛∑
𝑘=1

𝑣2𝑗𝑘

𝑛∑
𝑘=1

∣𝑓𝑘(𝑡)∣2 𝑑𝑡

Hence

∥𝐸𝑓∥𝐿1([𝑏,𝑐],ℂ𝑛) ≤ 𝑉1(𝑅)∥𝑓∥𝐿1([𝑎,𝑐],ℂ𝑛), (12.10)

where

𝑉1(𝑅) =

𝑛∑
𝑗=1

√√√⎷ 𝑛∑
𝑘=1

𝑣2𝑗𝑘.

We thus have proved the following result.

Lemma 1.12.3. Suppose the entries 𝑟𝑗𝑘(𝑡, 𝑠) of the matrix function 𝑅(𝑡, 𝑠) satisfy
condition (12.6). Then the operator 𝐸 defined by (12.5) is subject to the inequalities
(12.7)–(12.10).
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Now the Riesz–Thorin theorem and the previous lemma imply the following
result.

Corollary 1.12.4. Let condition (12.6) hold. Then for the operator 𝐸 defined by
(12.5), the inequalities

∥𝐸∥𝐿𝑝([𝑎,𝑐],ℂ𝑛)→𝐿𝑝([𝑏,𝑐],ℂ𝑛) ≤
√
𝑛∥𝑍∥𝑛 (𝑐 > 𝑏; 𝑝 ≥ 2)

and

∥𝐸∥𝐿𝑝([𝑎,𝑐],ℂ𝑛)→𝐿𝑝([𝑏,𝑐],ℂ𝑛) ≤ 𝑉 (𝑅) (𝑐 > 𝑏; 𝑝 ≥ 1)

are true, where 𝑉 (𝑅) = max {𝑉1(𝑅),
√
𝑛∥𝑍(𝑅)∥𝑛}.

1.13 Comments

The chapter contains mostly well-known results. This book presupposes a knowl-
edge of basic operator theory, for which there are good introductory texts. The
books [2] and [16] are classical. In Sections 1.5 and 1.6 we followed Sections I.9
and III.2 of the book [14]. The material of Sections 1.10 and 1.11 is adapted from
the papers [57, 44] and [45]. The relevant results on regularized determinants can
be found in [64]. Lemmas 1.12.1 and 11.12.3 are probably new.



Chapter 2

Some Results of the Matrix Theory

This chapter is devoted to norm estimates for matrix-valued functions, in par-
ticular, for resolvents. These estimates will be applied in the rest of the book
chapters.

In Section 2.1 we introduce the notation used in this chapter. In Section 2.2
we recall the well-known representations of matrix-valued functions. In Sections
2.3 and 2.4 we collect inequalities for the resolvent and present some results on
spectrum perturbations of matrices. Sections 2.5 and 2.6 are devoted to matrix
functions regular on simply-connected domains containing the spectrum. Section
2.7 deals with functions of matrices having geometrically simple eigenvalues; i.e.,
so-called diagonalizable matrices. In the rest of the chapter we consider particular
cases of functions and matrices.

2.1 Notations

Everywhere in this chapter ∥𝑥∥ is the Euclidean norm of 𝑥 ∈ ℂ𝑛: ∥𝑥∥ = √
(𝑥, 𝑥)

with a scalar product (., .) = (., .)𝐶𝑛 , 𝐼 is the unit matrix.

For a linear operator 𝐴 in ℂ𝑛 (matrix), 𝜆𝑘 = 𝜆𝑘(𝐴) (𝑘 = 1, . . . , 𝑛) are the
eigenvalues of 𝐴 enumerated in an arbitrary order with their multiplicities, 𝜎(𝐴)
denotes the spectrum of 𝐴, 𝐴∗ is the adjoint to 𝐴, and 𝐴−1 is the inverse to 𝐴;
𝑅𝜆(𝐴) = (𝐴 − 𝜆𝐼)−1 (𝜆 ∈ ℂ, 𝜆 ∕∈ 𝜎(𝐴)) is the resolvent, 𝑟𝑠(𝐴) is the spectral
radius, ∥𝐴∥ = sup𝑥∈ℂ𝑛 ∥𝐴𝑥∥/∥𝑥∥ is the (operator) spectral norm, 𝑁2(𝐴) is the
Hilbert–Schmidt (Frobenius) norm of 𝐴: 𝑁2

2 (𝐴) = Trace𝐴𝐴∗, 𝐴𝐼 = (𝐴 − 𝐴∗)/2𝑖
is the imaginary component, 𝐴𝑅 = (𝐴+𝐴∗)/2 is the real component,

𝜌(𝐴, 𝜆) = min
𝑘=1,...,𝑛

∣𝜆− 𝜆𝑘(𝐴)∣

is the distance between 𝜎(𝐴) and a point 𝜆 ∈ ℂ; 𝜌(𝐴,𝐶) is the Hausdorff distance
between a contour 𝐶 and 𝜎(𝐴). co(𝐴) denotes the closed convex hull of 𝜎(𝐴),
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𝛼(𝐴) = max𝑘 Re𝜆𝑘(𝐴), 𝛽(𝐴) = min𝑘 Re𝜆𝑘(𝐴); 𝑟𝑙(𝐴) is the lower spectral radius:

𝑟𝑙(𝐴) = min
𝑘=1,...,𝑛

∣𝜆𝑘(𝐴)∣.

In addition, ℂ𝑛×𝑛 is the set of complex 𝑛× 𝑛-matrices.

The following quantity plays an essential role in the sequel:

𝑔(𝐴) =

(
𝑁2

2 (𝐴)−
𝑛∑

𝑘=1

∣𝜆𝑘(𝐴)∣2
)1/2

.

It is not hard to check that

𝑔2(𝐴) ≤ 𝑁2
2 (𝐴)− ∣Trace𝐴2∣.

In Section 2.2 of the book [31] it is proved that

𝑔2(𝐴) ≤ 2𝑁2
2 (𝐴𝐼) (1.1)

and
𝑔(𝑒𝑖𝜏𝐴+ 𝑧𝐼) = 𝑔(𝐴) (1.2)

for all 𝜏 ∈ ℝ and 𝑧 ∈ ℂ.

2.2 Representations of matrix functions

2.2.1 Classical representations

In this subsection we recall some classical representations of functions of matrices.
For details see [74, Chapter 6] and [9].

Let 𝐴 ∈ ℂ𝑛×𝑛 and𝑀 ⊃ 𝜎(𝐴) be an open simply-connected set whose bound-
ary 𝐶 consists of a finite number of rectifiable Jordan curves, oriented in the pos-
itive sense customary in the theory of complex variables. Suppose that 𝑀 ∪ 𝐶 is
contained in the domain of analyticity of a scalar-valued function 𝑓 . Then 𝑓(𝐴)
can be defined by the generalized integral formula of Cauchy

𝑓(𝐴) = − 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)𝑅𝜆(𝐴)𝑑𝜆. (2.1)

If an analytic function 𝑓(𝜆) is represented by the Taylor series

𝑓(𝜆) =

∞∑
𝑘=0

𝑐𝑘𝜆
𝑘

(
∣𝜆∣ < 1

lim𝑘→∞ 𝑘
√∣𝑐𝑘∣

)
,

then one can define 𝑓(𝐴) as

𝑓(𝐴) =

∞∑
𝑘=0

𝑐𝑘𝐴
𝑘
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provided the spectral radius 𝑟𝑠(𝐴) of 𝐴 satisfies the inequality

𝑟𝑠(𝐴) lim
𝑘→∞

𝑘
√
∣𝑐𝑘∣ < 1.

In particular, for any matrix 𝐴,

𝑒𝐴 =

∞∑
𝑘=0

𝐴𝑘

𝑘!
.

Consider the 𝑛× 𝑛-Jordan block:

𝐽𝑛(𝜆0) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝜆0 1 0 . . . 0
0 𝜆0 1 . . . 0
. . . . . . .
. . . . . . .
. . . . . . .
0 0 . . . 𝜆0 1
0 0 . . . 0 𝜆0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

then

𝑓(𝐽𝑛(𝜆0)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑓(𝜆0)
𝑓 ′(𝜆0)

1! . . . 𝑓(𝑛−1)(𝜆0)
(𝑛−1)!

0 𝑓(𝜆0) . . .
. . . . . .
. . . . . .
. . . . . .

0 . . . 𝑓(𝜆0)
𝑓 ′(𝜆0)

1!
0 . . . 0 𝑓(𝜆0)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Thus, if 𝐴 has the Jordan block-diagonal form

𝐴 = diag(𝐽𝑚1(𝜆1), 𝐽𝑚2(𝜆2), . . . , 𝐽𝑚𝑛0
(𝜆𝑛0)),

where 𝜆𝑘, 𝑘 = 1, . . . , 𝑛0 are the eigenvalues whose geometric multiplicities are 𝑚𝑘,
then

𝑓(𝐴) = diag(𝑓(𝐽𝑚1(𝜆1)), 𝑓(𝐽𝑚2(𝜆2)), . . . , 𝑓(𝐽𝑚𝑛0
(𝜆𝑛0))). (2.2)

Note that in (2.2) we do not require that 𝑓 is regular on a neighborhood of an
open set containing 𝜎(𝐴); one can take an arbitrary function which has at each
𝜆𝑘 derivatives up to 𝑚𝑘 − 1-order.

In particular, if an 𝑛 × 𝑛-matrix 𝐴 is diagonalizable, that is its eigenvalues
have the geometric multiplicities 𝑚𝑘 ≡ 1, then

𝑓(𝐴) =

𝑛∑
𝑘=1

𝑓(𝜆𝑘)𝑄𝑘, (2.3)

where 𝑄𝑘 are the eigenprojections. In the case (2.3) it is required only that 𝑓 is
defined on the spectrum.
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Now let

𝜎(𝐴) = ∪𝑚
𝑘=1𝜎𝑘(𝐴) (𝑚 ≤ 𝑛)

and 𝜎𝑘(𝐴) ⊂ 𝑀𝑘 (𝑘 = 1, . . . ,𝑚), where 𝑀𝑘 are open disjoint simply-connected
sets: 𝑀𝑘 ∩𝑀𝑗 = ∅ (𝑗 ∕= 𝑘). Let 𝑓𝑘 be regular on 𝑀𝑘. Introduce on 𝑀 = ∪𝑚

𝑘=1𝑀𝑘

the piece-wise analytic function by 𝑓(𝑧) = 𝑓𝑗(𝑧) (𝑧 ∈ 𝑀𝑗). Then

𝑓(𝐴) = − 1

2𝜋𝑖

𝑚∑
𝑗=1

∫
𝐶𝑗

𝑓(𝜆)𝑅𝜆(𝐴)𝑑𝜆, (2.4)

where 𝐶𝑗 ⊂ 𝑀𝑗 are closed smooth contours surrounding 𝜎(𝐴𝑗) and the integration
is performed in the positive direction. For more details about representation (2.4)
see [110, p. 49].

For instance, let 𝑀1 and 𝑀2 be two disjoint disks, and

𝑓(𝑧) =

{
sin 𝑧 if 𝑧 ∈ 𝑀1,

cos 𝑧 if 𝑧 ∈ 𝑀2.

Then (2.4) holds with 𝑚 = 2.

2.2.2 Multiplicative representations of the resolvent

In this subsection we present multiplicative representations of the resolvent which
lead to new representations of matrix functions.

Let 𝐴 ∈ ℂ𝑛×𝑛 and 𝜆𝑘 be its eigenvalues with the multiplicities taken into
account.

As it is well known, there is an orthogonal normal basis (the Schur basis) {𝑒𝑘}
in which 𝐴 is represented by a triangular matrix. Moreover there is the (maximal)
chain 𝑃𝑘 (𝑘 = 1, . . . , 𝑛) of the invariant orthogonal projections of 𝐴. That is,
𝐴𝑃𝑘 = 𝑃𝑘𝐴𝑃𝑘 (𝑘 = 1, . . . , 𝑛) and

0 = 𝑃0ℂ
𝑛 ⊂ 𝑃1ℂ

𝑛 ⊂ ⋅ ⋅ ⋅ ⊂ 𝑃𝑛ℂ
𝑛 = ℂ

𝑛.

So dim(𝑃𝑘 − 𝑃𝑘−1)ℂ
𝑛 = 1. Besides,

𝐴 = 𝐷 + 𝑉 (𝜎(𝐴) = 𝜎(𝐷)), (2.5)

where

𝐷 =
𝑛∑

𝑘=1

𝜆𝑘Δ𝑃𝑘 (Δ𝑃𝑘 = 𝑃𝑘 − 𝑃𝑘−1) (2.6)

is the diagonal part of 𝐴 and 𝑉 is the nilpotent part of 𝐴. That is, 𝑉 is a nilpotent
matrix, such that

𝑉 𝑃𝑘 = 𝑃𝑘−1𝐴𝑃𝑘 (𝑘 = 2, . . . , 𝑛). (2.7)
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For more details see for instance, [18]. The representation (2.5) will be called the
triangular (Schur) representation.

Furthermore, for 𝑋1, 𝑋2, . . . , 𝑋𝑗 ∈ ℂ𝑛×𝑛 let

→∏
1≤𝑘≤𝑗

𝑋𝑘 ≡ 𝑋1𝑋2 . . .𝑋𝑛.

That is, the arrow over the symbol of the product means that the indexes of the
co-factors increase from left to right.

Theorem 2.2.1. Let 𝐷 and 𝑉 be the diagonal and nilpotent parts of an 𝐴 ∈ ℂ𝑛×𝑛,
respectively. Then

𝑅𝜆(𝐴) = 𝑅𝜆(𝐷)

→∏
2≤𝑘≤𝑛

[
𝐼 +

𝑉Δ𝑃𝑘

𝜆− 𝜆𝑘

]
(𝜆 ∕∈ 𝜎(𝐴)),

where 𝑃𝑘, 𝑘 = 1, . . . , 𝑛, is the maximal chain of the invariant projections of 𝐴.

For the proof see [31, Theorem 2.9.1]. Since

𝑅𝜆(𝐷) =

𝑛∑
𝑗=1

Δ𝑃𝑘

𝜆𝑗 − 𝜆
,

from the previous theorem we have the following result.

Corollary 2.2.2. The equality

𝑅𝜆(𝐴) =

𝑛∑
𝑗=1

Δ𝑃𝑗

𝜆𝑗 − 𝜆

→∏
𝑗+1≤𝑘≤𝑛+1

[
𝐼 +

𝑉Δ𝑃𝑘

𝜆− 𝜆𝑘

]
(𝜆 ∕∈ 𝜎(𝐴))

is true with 𝑉Δ𝑃𝑛+1 = 0.

Now (2.1) implies the representation

𝑓(𝐴) = − 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)

𝑛∑
𝑗=1

Δ𝑃𝑗

𝜆𝑗 − 𝜆

→∏
𝑗+1≤𝑘≤𝑛+1

[
𝐼 +

𝑉Δ𝑃𝑘

𝜆− 𝜆𝑘

]
𝑑𝜆.

Here one can apply the residue theorem.

Furthermore, the following result is proved in [31, Theorem 2.9.1].

Theorem 2.2.3. For any 𝐴 ∈ ℂ𝑛×𝑛 we have

𝜆𝑅𝜆 = −
→∏

1≤𝑘≤𝑛

(
𝐼 +

𝐴Δ𝑃𝑘

𝜆− 𝜆𝑘

)
(𝜆 ∕∈ 𝜎(𝐴) ∪ 0), (2.8)

where 𝑃𝑘, 𝑘 = 1, . . . , 𝑛 is the maximal chain of the invariant projections of 𝐴.
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Let 𝐴 be a normal matrix. Then

𝐴 =

𝑛∑
𝑘=1

𝜆𝑘Δ𝑃𝑘.

Hence, 𝐴Δ𝑃𝑘 = 𝜆𝑘Δ𝑃𝑘. Since Δ𝑃𝑘Δ𝑃𝑗 = 0 for 𝑗 ∕= 𝑘, the previous theorem gives
us the equality

−𝜆𝑅𝜆(𝐴) = 𝐼 +

𝑛∑
𝑘=1

𝜆𝑘Δ𝑃𝑘

𝜆− 𝜆𝑘
=

𝑛∑
𝑘=1

(
Δ𝑃𝑘 +

𝜆𝑘Δ𝑃𝑘

𝜆− 𝜆𝑘

)

or

𝑅𝜆(𝐴) =

𝑛∑
𝑘=1

Δ𝑃𝑘

𝜆𝑘 − 𝜆
.

So from (2.8) we have obtained the well-known spectral representation for the
resolvent of a normal matrix. Thus, the previous theorem generalizes the spectral
representation for the resolvent of a normal matrix. Now we can use (2.1) and
(2.8) to get the representation for 𝑓(𝐴).

2.3 Norm estimates for resolvents

For a natural 𝑛 ≥ 2, introduce the numbers

𝛾𝑛,𝑘 =

√
(𝑛− 1)(𝑛− 2) . . . (𝑛− 𝑘)

(𝑛− 1)𝑘𝑘! (𝑘 = 1, 2, . . . , 𝑛− 1), 𝛾𝑛,0 = 1.

Evidently, for all 𝑛 > 2,

𝛾2
𝑛,𝑘 ≤ 1

𝑘!
(𝑘 = 1, 2, . . . , 𝑛− 1). (3.1)

Theorem 2.3.1. Let 𝐴 be a linear operator in ℂ𝑛. Then its resolvent satisfies the
inequality

∥𝑅𝜆(𝐴)∥ ≤
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝛾𝑛,𝑘

𝜌𝑘+1(𝐴, 𝜆)
(𝜆 ∕∈ 𝜎(𝐴)),

where 𝜌(𝐴, 𝜆) = min𝑘=1,...,𝑛 ∣𝜆− 𝜆𝑘(𝐴)∣.
To prove this theorem again use the Schur triangular representation (2.5).

Recall 𝑔(𝐴) is defined in Section 2.1. As it is shown in [31, Section 2.1]), the
relation 𝑔(𝑈−1𝐴𝑈) = 𝑔(𝐴) is true, if 𝑈 is a unitary matrix. Hence it follows that
𝑔(𝐴) = 𝑁2(𝑉 ). The proof of the previous theorem is based on the following lemma.
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Lemma 2.3.2. The inequality

∥𝑅𝜆(𝐴)−𝑅𝜆(𝐷)∥ ≤
𝑛−1∑
𝑘=1

𝛾𝑛,𝑘𝑔
𝑘(𝐴)

𝜌𝑘+1(𝐴, 𝜆)
(𝜆 ∕∈ 𝜎(𝐴))

is true.

Proof. By (2.5) we have

𝑅𝜆(𝐴)−𝑅𝜆(𝐷) = −𝑅𝜆(𝐷)𝑉 𝑅𝜆(𝐴) = −𝑅𝜆(𝐷)𝑉 (𝐷 + 𝑉 − 𝐼𝜆)−1.

Thus

𝑅𝜆(𝐴)−𝑅𝜆(𝐷) = −𝑅𝜆(𝐷)𝑉 (𝐼 +𝑅𝜆(𝐷)𝑉 )
−1𝑅𝜆(𝐷). (3.2)

Clearly, 𝑅𝜆(𝐷)𝑉 is a nilpotent matrix. Hence,

𝑅𝜆(𝐴)−𝑅𝜆(𝐷) = −𝑅𝜆(𝐷)𝑉

𝑛−1∑
𝑘=0

(−𝑅𝜆(𝐷)𝑉 )
𝑘𝑅𝜆(𝐷) =

𝑛−1∑
𝑘=1

(−𝑅𝜆(𝐷)𝑉 )
𝑘𝑅𝜆(𝐷).

(3.3)
Thanks to Theorem 2.5.1 [31], for any 𝑛× 𝑛 nilpotent matrix 𝑉0,

∥𝑉 𝑘
0 ∥ ≤ 𝛾𝑛,𝑘𝑁

𝑘
2 (𝑉0). (3.4)

In addition, ∥𝑅𝜆(𝐷)∥ = 𝜌−1(𝐷,𝜆) = 𝜌−1(𝐴, 𝜆). So

∥(−𝑅𝜆(𝐷)𝑉 )
𝑘∥ ≤ 𝛾𝑛,𝑘𝑁

𝑘
2 (𝑅𝜆(𝐷)𝑉 ) ≤ 𝛾𝑛,𝑘𝑁

𝑘
2 (𝑉 )

𝜌𝑘(𝐴, 𝜆)
.

Now the required result follows from (3.3). □

The assertion of Theorem 2.3.1 directly follows from the previous lemma.

Note that the just proved Lemma 2.3.2 is a slight improvement of Theorem
2.1.1 from [31].

Theorem 2.3.1 is sharp: if 𝐴 is a normal matrix, then 𝑔(𝐴) = 0 and Theorem
2.3.1 gives us the equality ∥𝑅𝜆(𝐴)∥ = 1/𝜌(𝐴, 𝜆). Taking into account (3.1), we get

Corollary 2.3.3. Let 𝐴 ∈ ℂ𝑛×𝑛. Then

∥𝑅𝜆(𝐴)∥ ≤
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)√
𝑘!𝜌𝑘+1(𝐴, 𝜆)

for any regular 𝜆 of 𝐴.

We will need the following result.
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Theorem 2.3.4. Let 𝐴 ∈ ℂ𝑛×𝑛. Then

∥𝑅𝜆(𝐴) det (𝜆𝐼 −𝐴)∥ ≤
[
𝑁2

2 (𝐴) − 2Re(𝜆 Trace(𝐴)) + 𝑛∣𝜆∣2
𝑛− 1

](𝑛−1)/2

(𝜆 ∕∈ 𝜎(𝐴)).

In particular, let 𝑉 be a nilpotent matrix. Then

∥(𝐼𝜆− 𝑉 )−1∥ ≤ 1

∣𝜆∣
[
1 +

1

𝑛− 1
(
1 +

𝑁2
2 (𝑉 )

∣𝜆∣2
)](𝑛−1)/2

(𝜆 ∕= 0).

The proof of this theorem can be found in [31, Section 2.11].

We also point to the following result.

Theorem 2.3.5. Let 𝐴 ∈ ℂ𝑛×𝑛. Then

∥𝑅𝜆(𝐴)∥ ≤ 1

𝜌(𝐴, 𝜆)

[
1 +

1

𝑛− 1
(
1 +

𝑔2(𝐴)

𝜌2(𝐴, 𝜆)

) ](𝑛−1)/2

for any regular 𝜆 of 𝐴.

For the proof see [31, Theorem 2.14.1].

2.4 Spectrum perturbations

Let 𝐴 and 𝐵 be 𝑛× 𝑛-matrices having eigenvalues

𝜆1(𝐴), . . . , 𝜆𝑛(𝐴) and 𝜆1(𝐵), . . . , 𝜆𝑛(𝐵),

respectively, and 𝑞 = ∥𝐴−𝐵∥.
The spectral variation of 𝐵 with respect to 𝐴 is

𝑠𝑣𝐴(𝐵) := max
𝑖
min

𝑗
∣𝜆𝑖(𝐵)− 𝜆𝑗(𝐴)∣,

cf. [103]. The following simple lemma is proved in [31, Section 4.1].

Lemma 2.4.1. Assume that ∥𝑅𝜆(𝐴)∥ ≤ 𝜙(𝜌−1(𝐴, 𝜆)) for all regular 𝜆 of 𝐴, where
𝜙(𝑥) is a monotonically increasing non-negative continuous function of a non-
negative variable 𝑥, such that 𝜙(0) = 0 and 𝜙(∞) = ∞. Then the inequality
𝑠𝑣𝐴(𝐵) ≤ 𝑧(𝜙, 𝑞) is true, where 𝑧(𝜙, 𝑞) is the unique positive root of the equation
𝑞𝜙(1/𝑧) = 1.

This lemma and Corollary 2.3.2 yield our next result.
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Theorem 2.4.2. Let 𝐴 and 𝐵 be 𝑛 × 𝑛-matrices. Then 𝑠𝑣𝐴(𝐵) ≤ 𝑧(𝑞, 𝐴), where
𝑧(𝑞, 𝐴) is the unique non-negative root of the algebraic equation

𝑦𝑛 = 𝑞

𝑛−1∑
𝑗=0

𝑦𝑛−𝑗−1𝑔𝑗(𝐴)√
𝑗!

. (4.1)

Let us consider the algebraic equation

𝑧𝑛 = 𝑃 (𝑧) (𝑛 > 1), where 𝑃 (𝑧) =

𝑛−1∑
𝑗=0

𝑐𝑗𝑧
𝑛−𝑗−1 (4.2)

with non-negative coefficients 𝑐𝑗 (𝑗 = 0, . . . , 𝑛− 1).
Lemma 2.4.3. The extreme right-hand root 𝑧0 of equation (4.2) is non-negative
and the following estimates are valid:

𝑧0 ≤ 𝑛
√

𝑃 (1) if 𝑃 (1) ≤ 1, (4.3)

and

1 ≤ 𝑧0 ≤ 𝑃 (1) if 𝑃 (1) ≥ 1. (4.4)

Proof. Since all the coefficients of 𝑃 (𝑧) are non-negative, it does not decrease as
𝑧 > 0 increases. From this it follows that if 𝑃 (1) ≤ 1, then 𝑧0 ≤ 1. So 𝑧𝑛

0 ≤ 𝑃 (1),
as claimed.

Now let 𝑃 (1) ≥ 1, then due to (4.2) 𝑧0 ≥ 1 because 𝑃 (𝑧) does not decrease.
It is clear that

𝑃 (𝑧0) ≤ 𝑧𝑛−1
0 𝑃 (1)

in this case. Substituting this inequality into (4.2), we get (4.4). □

Substituting 𝑧 = 𝑎𝑥 with a positive constant 𝑎 into (4.2), we obtain

𝑥𝑛 =
𝑛−1∑
𝑗=0

𝑐𝑗
𝑎𝑗+1

𝑥𝑛−𝑗−1. (4.5)

Let

𝑎 = 2 max
𝑗=0,...,𝑛−1

𝑗+1
√
𝑐𝑗 .

Then
𝑛−1∑
𝑗=0

𝑐𝑗
𝑎𝑗+1

≤
𝑛−1∑
𝑗=0

2−𝑗−1 = 1− 2−𝑛 < 1.

Let 𝑥0 be the extreme right-hand root of equation (4.5), then by (4.3) we have
𝑥0 ≤ 1. Since 𝑧0 = 𝑎𝑥0, we have derived the following result.
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Corollary 2.4.4. The extreme right-hand root 𝑧0 of equation (4.2) is non-negative.
Moreover,

𝑧0 ≤ 2 max
𝑗=0,...,𝑛−1

𝑗+1
√
𝑐𝑗 .

Now put 𝑦 = 𝑥𝑔(𝐴) into (6.1). Then we obtain the equation

𝑥𝑛 =
𝑞

𝑔(𝐴)

𝑛−1∑
𝑗=0

𝑥𝑛−𝑗−1

√
𝑗!

.

Put

𝑤𝑛 =

𝑛−1∑
𝑗=0

1√
𝑗!
.

Applying Lemma 2.4.3 we get the estimate 𝑧(𝑞, 𝐴) ≤ 𝛿(𝑞), where

𝛿(𝑞) :=

{
𝑞𝑤𝑛 if 𝑞𝑤𝑛 ≥ 𝑔(𝐴),

𝑔1−1/𝑛(𝐴)[𝑞𝑤𝑛]
1/𝑛 if 𝑞𝑤𝑛 ≤ 𝑔(𝐴).

Now Theorem 2.4.2 ensures the following result.

Corollary 2.4.5. One has 𝑠𝑣𝐴(𝐵) ≤ 𝛿(𝑞).

Furthermore let 𝐷̃, 𝑉+ and 𝑉− be the diagonal, upper nilpotent part and
lower nilpotent part of matrix 𝐴, respectively. Using the notation 𝐴+ = 𝐷̃ + 𝑉+,
we arrive at the relations

𝜎(𝐴+) = 𝜎(𝐷̃), 𝑔(𝐴+) = 𝑁2(𝑉+) and ∥𝐴−𝐴+∥ = ∥𝑉−∥.
Taking

𝛿𝐴 :=

{ ∥𝑉−∥𝑤𝑛 if ∥𝑉−∥𝑤𝑛 ≥ 𝑁2(𝑉+),

𝑁
1−1/𝑛
2 (𝑉+)[∥𝑉−∥𝑤𝑛]

1/𝑛 if ∥𝑉−∥𝑤𝑛 ≤ 𝑁2(𝑉+),

due to the previous corollary we obtain

Corollary 2.4.6. Let 𝐴 = (𝑎𝑗𝑘)
𝑛
𝑗,𝑘=1 be an 𝑛× 𝑛-matrix. Then for any eigenvalue

𝜇 of 𝐴, there is a 𝑘 = 1, . . . , 𝑛, such that

∣𝜇− 𝑎𝑘𝑘∣ ≤ 𝛿𝐴,

and therefore the (upper) spectral radius satisfies the inequality

𝑟𝑠(𝐴) ≤ max
𝑘=1,...,𝑛

∣𝑎𝑘𝑘∣+ 𝛿𝐴,

and the lower spectral radius satisfies the inequality

𝑟𝑙(𝐴) ≥ min
𝑘=1,...,𝑛

∣𝑎𝑘𝑘∣ − 𝛿𝐴,

provided ∣𝑎𝑘𝑘∣ > 𝛿𝐴 (𝑘 = 1, . . . , 𝑛).
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Clearly, one can exchange the places 𝑉+ and 𝑉−.
Let us recall the celebrated Gerschgorin theorem. To this end write

𝑅𝑗 =
𝑛∑

𝑘=1,𝑘 ∕=𝑗

∣𝑎𝑗𝑘∣.

Let Ω(𝑏, 𝑟) be the closed disc centered at 𝑏 ∈ ℂ with a radius 𝑟.

Theorem 2.4.7 (Gerschgorin). Every eigenvalue of 𝐴 lies within at least one of the
discs Ω(𝑎𝑗𝑗 , 𝑅𝑗).

Proof. Let 𝜆 be an eigenvalue of 𝐴 and let 𝑥 = (𝑥𝑗) be the corresponding eigen-
vector. Let 𝑖 be chosen so that ∣𝑥𝑖∣ = max𝑗 ∣𝑥𝑗 ∣. Then ∣𝑥𝑖∣ > 0, otherwise 𝑥 = 0.
Since 𝑥 is an eigenvector, 𝐴𝑥 = 𝜆𝑥 or equivalent

𝑛∑
𝑘=1

𝑎𝑖𝑘 = 𝜆𝑥𝑖

so, splitting the sum, we get

𝑛∑
𝑘=1,𝑘 ∕=𝑖

𝑎𝑖𝑘𝑥𝑘 = 𝜆𝑥𝑖 − 𝑎𝑖𝑖𝑥𝑖.

We may then divide both sides by 𝑥𝑖 (choosing 𝑖 as we explained we can be sure
that 𝑥𝑖 ∕= 0) and take the absolute value to obtain

∣𝜆− 𝑎𝑖𝑖∣ ≤
𝑛∑

𝑘=1,𝑘 ∕=𝑖

∣𝑎𝑗𝑘∣ ∣𝑥𝑘∣
∣𝑥𝑖∣ ≤ 𝑅𝑖,

where the last inequality is valid because

∣𝑥𝑘∣
∣𝑥𝑙∣ ≤ 1

as claimed. □

Note that for a diagonal matrix the Gerschgorin discs Ω(𝑎𝑗𝑗 , 𝑅𝑗) coincide with
the spectrum. Conversely, if the Gerschgorin discs coincide with the spectrum, the
matrix is diagonal.

The next lemma follows from the Gerschgorin theorem and gives us a simple
bound for the spectral radius.

Lemma 2.4.8. The spectral radius 𝑟𝑠(𝐴) of a matrix 𝐴 = (𝑎𝑗𝑘)
𝑛
𝑗,𝑘=1 satisfies the

inequality

𝑟𝑠(𝐴) ≤ max
𝑗

𝑛∑
𝑘=1

∣𝑎𝑗𝑘∣.

About this and other estimates for the spectral radius see [80, Section 16].
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2.5 Norm estimates for matrix functions

2.5.1 Estimates via the resolvent

The following result directly follows from (2.1).

Lemma 2.5.1. Let let 𝑓(𝜆) be a scalar-valued function which is regular on a neigh-
borhood 𝑀 of an open simply-connected set containing the spectrum of 𝐴 ∈ ℂ𝑛×𝑛,
and 𝐶 ⊂ 𝑀 be a closed smooth contour surrounding 𝜎(𝐴). Then

∥𝑓(𝐴)∥ ≤ 1

2𝜋

∫
𝐶

∣𝑓 (𝑧)∣∥𝑅𝑧(𝐴)∥𝑑𝑧 ≤ 𝑚𝐶(𝐴)𝑙𝐶 sup
𝑧∈𝐶

∣𝑓(𝑧)∣,

where

𝑚𝐶(𝐴) := sup
𝑧∈𝐶

∥𝑅𝑧(𝐴)∥, 𝑙𝐶 :=
1

2𝜋

∫
𝐶

∣𝑑𝑧∣.

Now we can directly apply the estimates for the resolvent from Section 2.3.
In particular, by Corollary 2.3.3 we have

∥𝑅𝑧(𝐴)∥ ≤ 𝑝(𝐴, 1/𝜌(𝐴, 𝑧)), (5.1)

where

𝑝(𝐴, 𝑥) =

𝑛−1∑
𝑘=0

𝑥𝑘+1𝑔𝑘(𝐴)√
𝑘!

(𝑥 > 0). (5.2)

We thus get 𝑚𝐶(𝐴) ≤ 𝑝(𝐴, 1/𝜌(𝐴,𝐶)), where 𝜌(𝐴,𝐶) is the distance between 𝐶
and 𝜎(𝐴), and therefore,

∥𝑓(𝐴)∥ ≤ 𝑙𝐶𝑝(𝐴, 1/𝜌(𝐴,𝐶)) sup
𝑧∈𝐶

∣𝑓 (𝑧)∣. (5.3)

2.5.2 Functions regular on the convex hull of the spectrum

Theorem 2.5.2. Let 𝐴 be an 𝑛× 𝑛-matrix and 𝑓 be a function holomorphic on a
neighborhood of the convex hull co(𝐴) of 𝜎(𝐴). Then

∥𝑓(𝐴)∥ ≤ sup
𝜆∈𝜎(𝐴)

∣𝑓(𝜆)∣+
𝑛−1∑
𝑘=1

sup
𝜆∈co(𝐴)

∣𝑓 (𝑘)(𝜆)∣𝛾𝑛,𝑘𝑔
𝑘(𝐴)

𝑘!
.

This theorem is proved in the next subsection. Taking into account (3.1) we
get our next result.

Corollary 2.5.3. Under the hypothesis of Theorem 2.5.2 we have

∥𝑓(𝐴)∥ ≤ sup
𝜆∈𝜎(𝐴)

∣𝑓(𝜆)∣+
𝑛−1∑
𝑘=1

sup
𝜆∈co(𝐴)

∣𝑓 (𝑘)(𝜆)∣ 𝑔
𝑘(𝐴)

(𝑘!)3/2
.
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Theorem 2.5.2 is sharp: if 𝐴 is normal, then 𝑔(𝐴) = 0 and

∥𝑓(𝐴)∥ = sup
𝜆∈𝜎(𝐴)

∣𝑓(𝜆)∣.

For example,

∥ exp(𝐴𝑡)∥ ≤ 𝑒𝛼(𝐴)𝑡
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘
𝛾𝑛,𝑘

𝑘!
≤ 𝑒𝛼(𝐴)𝑡

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2
(𝑡 ≥ 0)

where 𝛼(𝐴) = max𝑘=1,...,𝑛Re𝜆𝑘(𝐴). In addition,

∥𝐴𝑚∥ ≤
𝑛−1∑
𝑘=0

𝛾𝑛,𝑘𝑚!𝑔
𝑘(𝐴)𝑟𝑚−𝑘

𝑠 (𝐴)

(𝑚− 𝑘)!𝑘!
≤

𝑛−1∑
𝑘=0

𝑚!𝑔𝑘(𝐴)𝑟𝑚−𝑘
𝑠 (𝐴)

(𝑚− 𝑘)!(𝑘!)3/2
(𝑚 = 1, 2, . . . ),

where 𝑟𝑠(𝐴) is the spectral radius. Recall that 1/(𝑚− 𝑘)! = 0 if 𝑚 < 𝑘.

2.5.3 Proof of Theorem 2.5.2

Let ∣𝑉 ∣𝑒 be the operator whose entries in the orthonormal basis of the triangular
representation (the Schur basis) {𝑒𝑘} are the absolute values of the entries of the
nilpotent part 𝑉 of 𝐴 with respect to this basis. That is,

∣𝑉 ∣𝑒 =
𝑛∑

𝑘=1

𝑘−1∑
𝑗=1

∣𝑎𝑗𝑘∣(., 𝑒𝑘)𝑒𝑗 ,

where 𝑎𝑗𝑘 = (𝐴𝑒𝑘, 𝑒𝑗). Put

𝐼𝑗1...𝑗𝑘+1
=
(−1)𝑘+1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)𝑑𝜆

(𝜆𝑗1 − 𝜆) . . . (𝜆𝑗𝑘+1
− 𝜆)

.

We need the following result.

Lemma 2.5.4. Let 𝐴 be an 𝑛 × 𝑛-matrix and 𝑓 be a holomorphic function on a
Jordan domain (that is on a closed simply connected set, whose boundary is a
Jordan contour), containing 𝜎(𝐴). Let 𝐷 be the diagonal part of 𝐴. Then

∥𝑓(𝐴)− 𝑓(𝐷)∥ ≤
𝑛−1∑
𝑘=1

𝐽𝑘∥ ∣𝑉 ∣𝑘𝑒∥,

where

𝐽𝑘 = max{∣𝐼𝑗1...𝑗𝑘+1
∣ : 1 ≤ 𝑗1 < ⋅ ⋅ ⋅ < 𝑗𝑘+1 ≤ 𝑛}.
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Proof. From (2.1) and (3.3) we deduce that

𝑓(𝐴)− 𝑓(𝐷) = − 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)(𝑅𝜆(𝐴)−𝑅𝜆(𝐷))𝑑𝜆 =
𝑛−1∑
𝑘=1

𝐵𝑘, (5.4)

where

𝐵𝑘 = (−1)𝑘+1 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)(𝑅𝜆(𝐷)𝑉 )
𝑘𝑅𝜆(𝐷)𝑑𝜆.

Since 𝐷 is a diagonal matrix with respect to the Schur basis {𝑒𝑘} and its diagonal
entries are the eigenvalues of 𝐴, then

𝑅𝜆(𝐷) =

𝑛∑
𝑗=1

Δ𝑃𝑗

𝜆𝑗(𝐴) − 𝜆
,

where Δ𝑃𝑘 = (., 𝑒𝑘)𝑒𝑘. In addition, Δ𝑃𝑗𝑉Δ𝑃𝑘 = 0 for 𝑗 ≥ 𝑘. Consequently,

𝐵𝑘 =

𝑗2−1∑
𝑗1=1

Δ𝑃𝑗1𝑉

𝑗3−1∑
𝑗2=1

Δ𝑃𝑗2𝑉 ⋅ ⋅ ⋅
𝑗𝑘+1−1∑
𝑗𝑘=1

𝑉

𝑛∑
𝑗𝑘+1=1

Δ𝑃𝑗𝑘+1
𝐼𝑗1𝑗2...𝑗𝑘+1

.

Lemma 2.8.1 from [31] gives us the estimate

∥𝐵𝑘∥ ≤ 𝐽𝑘∥
𝑗2−1∑
𝑗1=1

Δ𝑃𝑗1 ∣𝑉 ∣𝑒
𝑗3−1∑
𝑗2=1

Δ𝑃𝑗2 ∣𝑉 ∣𝑒 ⋅ ⋅ ⋅
𝑗𝑘+1−1∑
𝑗𝑘=1

∣𝑉 ∣𝑒
𝑛∑

𝑗𝑘+1=1

Δ𝑃𝑗𝑘+1
∥

= 𝐽𝑘∥𝑃𝑛−𝑘∣𝑉 ∣𝑒𝑃𝑛−𝑘+1∣𝑉 ∣𝑒𝑃𝑛−𝑘+2 . . . 𝑃𝑛−1∣𝑉 ∣𝑒∥.

But

𝑃𝑛−𝑘∣𝑉 ∣𝑒𝑃𝑛−𝑘+1∣𝑉 ∣𝑒𝑃𝑛−𝑘+2 . . . 𝑃𝑛−1∣𝑉 ∣𝑒 = ∣𝑉 ∣𝑒𝑃𝑛−𝑘+1∣𝑉 ∣𝑒𝑃𝑛−𝑘+2 . . . 𝑃𝑛−1∣𝑉 ∣𝑒
= ∣𝑉 ∣2𝑒 . . . 𝑃𝑛−1∣𝑉 ∣𝑒 = ∣𝑉 ∣𝑘𝑒 .

Thus

∥𝐵𝑘∥ ≤ 𝐽𝑘∥ ∣𝑉 ∣𝑘𝑒 ∥.
This inequality and (5.4) imply the required inequality. □

Since 𝑁2(∣𝑉 ∣𝑒) = 𝑁2(𝑉 ) = 𝑔(𝐴), by (3.4) and the previous lemma we get
the following result.

Lemma 2.5.5. Under the hypothesis of Lemma 5.4 we have

∥𝑓(𝐴)− 𝑓(𝐷)∥ ≤
𝑛−1∑
𝑘=1

𝐽𝑘𝛾𝑛,𝑘𝑔
𝑘(𝐴).
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Let 𝑓 be holomorphic on a neighborhood of co(𝐴). Thanks to Lemma 1.5.1
from [31],

𝐽𝑘 ≤ 1

𝑘!
sup

𝜆∈co(𝐴)

∣𝑓 (𝑘)(𝜆)∣.

Now the previous lemma implies

Corollary 2.5.6. Under the hypothesis of Theorem 2.5.2 we have the inequalities

∥𝑓(𝐴)− 𝑓(𝐷)∥ ≤
𝑛−1∑
𝑘=1

sup
𝜆∈co(𝐴)

∣𝑓 (𝑘)(𝜆)∣𝛾𝑛,𝑘
𝑔𝑘(𝐴)

𝑘!
.

The assertion of Theorem 2.5.2 directly follows from the previous corollary.

Note that the latter corollary is a slight improvement of Theorem 2.7.1
from [31].

Denote by 𝑓 [𝑎1, 𝑎2, . . . , 𝑎𝑘+1] the 𝑘th divided difference of 𝑓 at points 𝑎1, 𝑎2,
. . . , 𝑎𝑘+1. By the Hadamard representation [20, formula (54)], we have

𝐼𝑗1...𝑗𝑘+1
= 𝑓 [𝜆1, . . . , 𝜆𝑗𝑘+1

],

provided 𝜆𝑗 are distinct. Now Lemma 5.5 implies

Corollary 2.5.7. Let all the eigenvalues of an 𝑛×𝑛-matrix 𝐴 be algebraically simple,
and 𝑓 be a holomorphic function in a Jordan domain containing 𝜎(𝐴). Then

∥𝑓(𝐴)− 𝑓(𝐷)∥ ≤
𝑛−1∑
𝑘=1

𝑓𝑘𝛾𝑛,𝑘𝑔
𝑘(𝐴) ≤

𝑛−1∑
𝑘=1

𝑓𝑘
𝑔𝑘(𝐴)√

𝑘!
,

where

𝑓𝑘 = max{∣𝑓 [𝜆1(𝐴), . . . , 𝜆𝑗𝑘+1
(𝐴)]∣ : 1 < 𝑗1 < ⋅ ⋅ ⋅ < 𝑗𝑘+1 ≤ 𝑛}.

2.6 Absolute values of entries of matrix functions

Everywhere in the present section, 𝐴 = (𝑎𝑗𝑘)
𝑛
𝑗,𝑘=1, 𝑆 = diag[𝑎11, . . . , 𝑎𝑛𝑛] and the

off diagonal of 𝐴 is 𝑊 = 𝐴 − 𝑆. That is, the entries 𝑣𝑗𝑘 of 𝑊 are 𝑣𝑗𝑘 = 𝑎𝑗𝑘

(𝑗 ∕= 𝑘) and 𝑣𝑗𝑗 = 0 (𝑗, 𝑘 = 1, 2, . . . ). Denote by co(𝑆) the closed convex hull of
the diagonal entries 𝑎11, . . . , 𝑎𝑛𝑛. We put ∣𝐴∣ = (∣𝑎𝑗𝑘∣)𝑛𝑗,𝑙=1, i.e., ∣𝐴∣ is the matrix
whose entries are the absolute values of the entries 𝐴 in the standard basis. We
also write 𝑇 ≥ 0 if all the entries of a matrix 𝑇 are non-negative. If 𝑇 and 𝐵 are
two matrices, then we write 𝑇 ≥ 𝐵 if 𝑇 −𝐵 ≥ 0.

Thanks to Lemma 2.4.8 we obtain 𝑟𝑠(∣𝑊 ∣) ≤ 𝜏𝑊 , where

𝜏𝑊 := max
𝑗

𝑛∑
𝑘=1,𝑘 ∕=𝑗

∣𝑎𝑗𝑘∣.
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Theorem 2.6.1. Let 𝑓(𝜆) be holomorphic on a neighborhood of a Jordan set, whose
boundary 𝐶 has the property

∣𝑧 − 𝑎𝑗𝑗 ∣ >
𝑛∑

𝑘=1,𝑘 ∕=𝑗

∣𝑎𝑗𝑘∣ (6.1)

for all 𝑧 ∈ 𝐶 and 𝑗 = 1, . . . , 𝑛. Then, with the notation

𝜉𝑘(𝐴) := sup
𝑧∈co (𝑆)

∣𝑓 (𝑘)(𝑧)∣
𝑘!

(𝑘 = 1, 2, . . . ),

the inequality

∣𝑓(𝐴)− 𝑓(𝑆)∣ ≤
∞∑

𝑘=1

𝜉𝑘(𝐴)∣𝑊 ∣𝑘

is valid, provided
𝑟𝑠(∣𝑊 ∣) lim

𝑘→∞
𝑘
√

𝜉𝑘(𝐴) < 1.

Proof. By the equality 𝐴 = 𝑆 +𝑊 we get

𝑅𝜆(𝐴) = (𝑆+𝑊−𝜆𝐼)−1 = (𝐼+𝑅𝜆(𝑆)𝑊 )
−1𝑅𝜆(𝑆) =

∞∑
𝑘=0

(𝑅𝜆(𝑆)𝑊 )
𝑘(−1)𝑘𝑅𝜆(𝑆),

provided the spectral radius 𝑟0(𝜆) of 𝑅𝜆(𝑆)𝑊 is less than one. The entries of this
matrix are

𝑎𝑗𝑘

𝑎𝑗𝑗 − 𝜆
(𝜆 ∕= 𝑎𝑗𝑗 , 𝑗 ∕= 𝑘)

and the diagonal entries are zero. Thanks to Lemma 2.4.8 we have

𝑟0(𝜆) ≤ max
𝑗

𝑛∑
𝑘=1,𝑘 ∕=𝑗

∣𝑎𝑗𝑘∣
∣𝑎𝑗𝑗 − 𝜆∣ < 1 (𝜆 ∈ 𝐶)

and the series

𝑅𝜆(𝐴)−𝑅𝜆(𝑆) =

∞∑
𝑘=1

(𝑅𝜆(𝑆)𝑊 )
𝑘(−1)𝑘𝑅𝜆(𝑆)

converges. Thus

𝑓(𝐴)− 𝑓(𝑆) = − 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)(𝑅𝜆(𝐴)−𝑅𝜆(𝑆))𝑑𝜆 =

∞∑
𝑘=1

𝑀𝑘, (6.2)

where

𝑀𝑘 = (−1)𝑘+1 1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)(𝑅𝜆(𝑆)𝑊 )
𝑘𝑅𝜆(𝑆)𝑑𝜆.
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Since 𝑆 is a diagonal matrix with respect to the standard basis {𝑑𝑘}, we can write

𝑅𝜆(𝑆) =

𝑛∑
𝑗=1

𝑄̂𝑗

𝑏𝑗 − 𝜆
(𝑏𝑗 = 𝑎𝑗𝑗),

where 𝑄̂𝑘 = (., 𝑑𝑘)𝑑𝑘. We thus have

𝑀𝑘 =

𝑛∑
𝑗1=1

𝑄̂𝑗1𝑊

𝑛∑
𝑗2=1

𝑄̂𝑗2𝑊 . . .𝑊

𝑛∑
𝑗𝑘+1=1

𝑄̂𝑗𝑘+1
𝐽𝑗1𝑗2...𝑗𝑘+1

. (6.3)

Here

𝐽𝑗1...𝑗𝑘+1
=
(−1)𝑘+1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)𝑑𝜆

(𝑏𝑗1 − 𝜆) . . . (𝑏𝑗𝑘+1
− 𝜆)

.

Lemma 1.5.1 from [31] gives us the inequalities

∣𝐽𝑗1...𝑗𝑘+1
∣ ≤ 𝜉𝑘(𝐴) (𝑗1, 𝑗2, . . . , 𝑗𝑘+1 = 1, . . . , 𝑛).

Hence, by (6.3)

∣𝑀𝑘∣ ≤ 𝜉𝑘(𝐴)

𝑛∑
𝑗1=1

𝑄̂𝑗1 ∣𝑊 ∣
𝑛∑

𝑗2=1

𝑄̂𝑗2 ∣𝑊 ∣ . . . ∣𝑊 ∣
𝑛∑

𝑗𝑘+1=1

𝑄̂𝑗𝑘+1
.

But
𝑛∑

𝑗1=1

𝑄̂𝑗1 ∣𝑊 ∣
𝑛∑

𝑗2=1

𝑄̂𝑗2 ∣𝑊 ∣ . . . ∣𝑊 ∣
𝑛∑

𝑗𝑘+1=1

𝑄̂𝑗𝑘+1
= ∣𝑊 ∣𝑘.

Thus ∣𝑀𝑘∣ ≤ 𝜉𝑘(𝐴)∣𝑊 ∣𝑘. Now (6.2) implies the required result. □

Additional estimates for the entries of matrix functions can be found in [43,
38]. Under the hypothesis of the previous theorem with the notation

𝜉0(𝐴) := max
𝑘

∣𝑓(𝑎𝑘𝑘)∣,
we have the inequality

∣𝑓(𝐴)∣ ≤ 𝜉0(𝐴)𝐼 +

∞∑
𝑘=1

𝜉𝑘(𝐴)∣𝑊 ∣𝑘 =
∞∑

𝑘=0

𝜉𝑘(𝐴)∣𝑊 ∣𝑘. (6.4)

Here ∣𝑊 ∣0 = 𝐼.

Let ∥𝐴∥𝑙 denote a lattice norm of 𝐴. That is, ∥𝐴∥𝑙 ≤ ∥∣𝐴∣∥𝑙, and ∥𝐴∥𝑙 ≤ ∥𝐴∥𝑙

whenever 0 ≤ 𝐴 ≤ 𝐴. Now the previous theorem implies the inequality

∥𝑓(𝐴)− 𝑓(𝑆)∥𝑙 ≤
∞∑

𝑘=1

𝜉𝑘(𝐴)∥∣𝑊 ∣𝑘∥𝑙 (6.5)

and therefore,

∥𝑓(𝐴)∥𝑙 ≤
∞∑

𝑘=0

𝜉𝑘(𝐴)∥∣𝑊 ∣𝑘∥𝑙.
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2.7 Diagonalizable matrices

The results of this section are useful for investigation of the forced oscillations of
equations close to ordinary ordinary differential equations (see Section 12.3).

2.7.1 A bound for similarity constants of matrices

Everywhere in this section it is assumed that the eigenvalues 𝜆𝑘 = 𝜆𝑘(𝐴) (𝑘 =
1, . . . , 𝑛) of 𝐴, taken with their algebraic multiplicities, are geometrically simple.
That is, the geometric multiplicity of each eigenvalue is equal to one. As it is well
known, in this case 𝐴 is diagonalizable: there are biorthogonal sequences {𝑢𝑘} and
{𝑣𝑘}: (𝑣𝑗 , 𝑢𝑘) = 0 (𝑗 ∕= 𝑘), (𝑣𝑗 , 𝑢𝑗) = 1 (𝑗, 𝑘 = 1, . . . , 𝑛), such that

𝐴 =
𝑛∑

𝑘=1

𝜆𝑘𝑄𝑘, (7.1)

where 𝑄𝑘 = (., 𝑢𝑘)𝑣𝑘 (𝑘 = 1, . . . , 𝑛) are one-dimensional eigenprojections. Besides,
there is an invertible operator 𝑇 and a normal operator 𝑆, such that

𝑇𝐴 = 𝑆𝑇. (7.2)

The constant (the conditional number)

𝜅𝑇 := ∥𝑇 ∥ ∥𝑇−1∥

is very important for various applications, cf. [103]. That constant is mainly nu-
merically calculated. In the present subsection we suggest a sharp bound for 𝜅𝑇 .
Applications of the obtained bound are also discussed.

Denote by 𝜇𝑗 , 𝑗 = 1, . . . ,𝑚 ≤ 𝑛 the distinct eigenvalues of 𝐴, and by 𝑝𝑗 the
algebraic multiplicity of 𝜇𝑗 . In particular, one can write

𝜇1 = 𝜆1 = ⋅ ⋅ ⋅ = 𝜆𝑝1 , 𝜇2 = 𝜆𝑝1+1 = ⋅ ⋅ ⋅ = 𝜆𝑝1+𝑝2 ,

etc.

Let 𝛿𝑗 be the half-distance from 𝜇𝑗 to the other eigenvalues of 𝐴:

𝛿𝑗 := min
𝑘=1,...,𝑚; 𝑘 ∕=𝑗

∣𝜇𝑗 − 𝜇𝑘∣/2

and
𝛿(𝐴) := min

𝑗=1,...,𝑚
𝛿𝑗 = min

𝑗,𝑘=1,...,𝑚; 𝑘 ∕=𝑗
∣𝜇𝑗 − 𝜇𝑘∣/2.

Put

𝜂 (𝐴) :=

𝑛−1∑
𝑘=1

𝑔𝑘(𝐴)

𝛿𝑘(𝐴)
√
𝑘!

.
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According to (1.1),

𝜂 (𝐴) ≤
𝑛−1∑
𝑘=1

(
√
2𝑁2(𝐴𝐼))

𝑘

𝛿𝑘(𝐴)
√
𝑘!

.

In [51, Corollary 3.6], the inequality

𝜅𝑇 ≤
𝑚∑

𝑗=1

𝑝𝑗

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)

𝛿𝑘
𝑗

√
𝑘!

≤ 𝑛(1 + 𝜂 (𝐴)) (7.3)

has been derived. This inequality is not sharp: if 𝐴 is a normal matrix, then it
gives 𝜅𝑇 ≤ 𝑛 but 𝜅𝑇 = 1 in this case. In this section we improve inequality (7.3).
To this end put

𝛾(𝐴) =

{
𝑛(1 + 𝜂 (𝐴)) if 𝜂 (𝐴) ≥ 1,
(𝜂 (𝐴) + 1)[ 2

√
𝑛𝜂 (𝐴)

1−𝜂 (𝐴) + 1] if 𝜂 (𝐴) < 1.

Now we are in a position to formulate the main result of the present section.

Theorem 2.7.1. Let 𝐴 be a diagonalizable 𝑛× 𝑛-matrix. Then 𝜅𝑇 ≤ 𝛾(𝐴).

The proof of this theorem is presented in the next subsection. Theorem 2.7.1
is sharp: if 𝐴 is normal, then 𝑔(𝐴) = 0. Therefore 𝜂 (𝐴) = 0 and 𝛾(𝐴) = 1. Thus
we obtain the equality 𝜅𝑇 = 1.

2.7.2 Proof of Theorem 2.7.1

We need the following lemma [51, Lemma 3.4].

Lemma 2.7.2. Let 𝐴 be a diagonalizable 𝑛× 𝑛-matrix and

𝑆 =

𝑛∑
𝑘=1

𝜆𝑘(., 𝑑𝑘)𝑑𝑘, (7.4)

where {𝑑𝑘} is an orthonormal basis. Then the operator

𝑇 =

𝑛∑
𝑘=1

(., 𝑑𝑘)𝑣𝑘 (7.5)

has the inverse one defined by

𝑇−1 =
𝑛∑

𝑘=1

(., 𝑢𝑘)𝑑𝑘,

and (7.2) holds.
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Note that one can take ∥𝑢𝑘∥ = ∥𝑣𝑘∥. This leads to the equality
∥𝑇−1∥ = ∥𝑇 ∥. (7.6)

We need also the following technical lemma.

Lemma 2.7.3. Let 𝐿1 and 𝐿2 be projections satisfying the condition 𝑟 := ∥𝐿1 −
𝐿2∥ < 1. Then for any eigenvector 𝑓1 of 𝐿1 with ∥𝑓1∥ = 1 and 𝐿1𝑓1 = 𝑓1, there
exists an eigenvector 𝑓2 of 𝐿2 with ∥𝑓2∥ = 1 and 𝐿2𝑓2 = 𝑓2, such that

∥𝑓1 − 𝑓2∥ ≤ 2𝑟

1− 𝑟
.

Proof. We have ∥𝐿2𝑓1 − 𝐿1𝑓1∥ ≤ 𝑟 < 1 and

𝑏0 := ∥𝐿2𝑓1∥ ≥ ∥𝐿1𝑓1∥ − ∥(𝐿1 − 𝐿2)𝑓1∥ ≥ 1− 𝑟 > 0.

Thanks to the relation 𝐿2(𝐿2𝑓1) = 𝐿2𝑓1, we can assert that 𝐿2𝑓1 is an eigenvector
of 𝐿2. Then

𝑓2 :=
1

𝑏0
𝐿2𝑓1

is a normed eigenvector of 𝐿2. So

𝑓1 − 𝑓2 = 𝐿1𝑓1 − 1

𝑏0
𝐿2𝑓1 = 𝑓1 − 1

𝑏0
𝑓1 +

1

𝑏0
(𝐿1 − 𝐿2)𝑓1.

But
1

𝑏0
≤ 1

1− 𝑟

and

∥𝑓1 − 𝑓2∥ ≤
(
1

𝑏0
− 1

)
∥𝑓1∥+ 1

𝑏0
∥(𝐿1 − 𝐿2)𝑓1∥ ≤ 1

1− 𝑟
− 1 + 𝑟

1− 𝑟
=

2𝑟

1− 𝑟
,

as claimed. □

In the rest of this subsection 𝑑𝑘 = 𝑒𝑘 (𝑘 = 1, . . . 𝑛), where {𝑒𝑘}𝑛
𝑘=1 is the

Schur orthonormal basis of 𝐴. Then 𝑆 = 𝐷, where 𝐷 is the diagonal part of 𝐴
(see Section 2.2). For a fixed index 𝑗 ≤ 𝑚, let 𝑃𝑗 be the eigenprojection of 𝐷,

and 𝑄̂𝑗 the eigenprojection of 𝐴 corresponding to the same (geometrically simple)
eigenvalue 𝜇𝑗 . So

𝐴 =

𝑚∑
𝑗=1

𝜇𝑗𝑄̂𝑗 .

The following inequality is proved in [51, inequality (3.3)]:

∥𝑄̂𝑗 − 𝑃𝑗∥ ≤ 𝜂 𝑗 , where 𝜂 𝑗 :=
𝑛−1∑
𝑘=1

𝑔𝑘(𝐴)

𝛿𝑘
𝑗

√
𝑘!

. (7.7)

Let 𝑣𝑗𝑠 and 𝑒𝑗𝑠 (𝑠 = 1, . . . , 𝑝𝑗) be the eigenvectors of 𝑄̂𝑗 and 𝑃𝑗 , respectively, and
∥𝑒𝑗𝑠∥ = 1. Inequality (7.7) and the previous lemma yield
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Corollary 2.7.4. Assume that

𝜂 (𝐴) < 1. (7.8)

Then ∥∥∥∥ 𝑣𝑗𝑠

∥𝑣𝑗𝑠∥ − 𝑒𝑗𝑠

∥∥∥∥ ≤ 𝜓(𝐴) (𝑠 = 1, . . . , 𝑝𝑗), where 𝜓(𝐴) =
2𝜂 (𝐴)

1− 𝜂 (𝐴)
.

Hence it follows that∥∥∥∥ 𝑣𝑘

∥𝑣𝑘∥ − 𝑒𝑘

∥∥∥∥ ≤ 𝜓(𝐴) (𝑘 = 1, . . . , 𝑛).

Taking in the previous corollary𝑄∗
𝑗 instead of𝑄𝑗 we arrive at the similar inequality∥∥∥∥ 𝑢𝑘

∥𝑢𝑘∥ − 𝑒𝑘

∥∥∥∥ ≤ 𝜓(𝐴) (𝑘 = 1, . . . , 𝑛). (7.9)

Proof of Theorem 2.7.1. By (7.5) we have

∥𝑇𝑥∥ =
[

𝑛∑
𝑘=1

∣(𝑥, 𝑢𝑘)∣2
]1/2

=

[
𝑛∑

𝑘=1

∣(𝑥, ∥𝑢𝑘∥𝑒𝑘) + (𝑥, 𝑢𝑘 − ∥𝑢𝑘∥𝑒𝑘)∣2
]1/2

≤
[

𝑛∑
𝑘=1

∥𝑢𝑘∥2∣(𝑥, 𝑢𝑘

∥𝑢𝑘∥ − 𝑒𝑘)∣2
]1/2

+

[
𝑛∑

𝑘=1

∣∥𝑢𝑘∥(𝑥, 𝑒𝑘)∣2
]1/2

(𝑥 ∈ ℂ
𝑛).

Hence, under condition (7.8), inequality (7.9) implies

∥𝑇𝑥∥ ≤ max
𝑘

∥𝑢𝑘∥∥𝑥∥( 𝜓(𝐴)
√
𝑛+ 1) (𝑥 ∈ ℂ

𝑛).

Thanks to Corollary 3.3 from [51], max𝑘 ∥𝑢𝑘∥2 ≤ 1 + 𝜂 (𝐴). Thus,

∥𝑇 ∥2 ≤ 𝛾(𝐴) := (𝜂 (𝐴) + 1)

[
2
√
𝑛𝜂 (𝐴)

1− 𝜂 (𝐴)
+ 1

]
.

According to (7.6), ∥𝑇−1∥2 ≤ 𝛾(𝐴). So under condition (7.8), the inequality 𝜅𝑇 ≤
𝛾(𝐴) is true. Combining this inequality with (7.3), we get the required result. □

2.7.3 Applications of Theorem 2.7.1

Theorem 2.7.1 immediately implies

Corollary 2.7.5. Let 𝐴 be a diagonalizable 𝑛×𝑛-matrix and 𝑓(𝑧) be a scalar func-
tion defined on the spectrum of 𝐴. Then ∥𝑓(𝐴)∥ ≤ 𝛾(𝐴)max𝑘 ∣𝑓(𝜆𝑘)∣.
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In particular, we have

∥𝑅𝑧(𝐴)∥ ≤ 𝛾(𝐴)

𝜌(𝐴, 𝜆)
and ∥𝑒𝐴𝑡∥ ≤ 𝛾(𝐴)𝑒𝛼(𝐴)𝑡 (𝑡 ≥ 0).

Let 𝐴 and 𝐴 be complex 𝑛 × 𝑛-matrices whose eigenvalues 𝜆𝑘 and 𝜆̃𝑘, re-
spectively, are taken with their algebraic multiplicities. Recall that

𝑠𝑣𝐴(𝐴) := max
𝑘
min

𝑗
∣𝜆̃𝑘 − 𝜆𝑗 ∣.

Corollary 2.7.6. Let 𝐴 be diagonalizable. Then 𝑠𝑣𝐴(𝐴) ≤ 𝛾(𝐴)∥𝐴−𝐴∥.

Indeed, the operator 𝑆 = 𝑇𝐴𝑇−1 is normal. Put 𝐵 = 𝑇𝐴𝑇−1. Thanks to
the well-known Corollary 3.4 [103], 𝑠𝑣𝑆(𝐵) ≤ ∥𝑆−𝐵∥. Now the required result is
due to Theorem 2.7.1.

Furthermore let 𝐷̃, 𝑉+ and 𝑉− be the diagonal, upper nilpotent part and
lower nilpotent part of matrix 𝐴 = (𝑎𝑘𝑘), respectively. Using the preceding corol-
lary with 𝐴+ = 𝐷̃ + 𝑉+, we arrive at the relations

𝜎(𝐴+) = 𝜎(𝐷̃), and ∥𝐴−𝐴+∥ = ∥𝑉−∥.

Due to the previous corollary we get

Corollary 2.7.7. Let 𝐴 = (𝑎𝑗𝑘)
𝑛
𝑗,𝑘=1 be an 𝑛 × 𝑛-matrix, whose diagonal has the

property

𝑎𝑗𝑗 ∕= 𝑎𝑘𝑘 (𝑗 ∕= 𝑘; 𝑘 = 1, . . . , 𝑛).

Then for any eigenvalue 𝜇 of 𝐴, there is a 𝑘 = 1, . . . , 𝑛, such that

∣𝜇− 𝑎𝑘𝑘∣ ≤ 𝛾(𝐴+)∥𝑉−∥,

and therefore the (upper) spectral radius satisfies the inequality

𝑟𝑠(𝐴) ≤ max
𝑘=1,...,𝑛

∣𝑎𝑘𝑘∣+ 𝛾(𝐴+)∥𝑉−∥,

and the lower spectral radius satisfies the inequality

𝑟𝑠(𝐴) ≥ min
𝑘=1,...,𝑛

∣𝑎𝑘𝑘∣ − 𝛾(𝐴+)∥𝑉−∥,

provided ∣𝑎𝑘𝑘∣ > 𝛿𝐴 (𝑘 = 1, . . . , 𝑛).

Clearly, one can exchange the places 𝑉+ and 𝑉−.
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2.7.4 Additional norm estimates for functions
of diagonalizable matrices

Again 𝐴 is a diagonalizable 𝑛 × 𝑛-matrix, and 𝜇𝑗 (𝑗 = 1, . . . ,𝑚 ≤ 𝑛) are the
distinct eigenvalues of 𝐴: 𝜇𝑗 ∕= 𝜇𝑘 for 𝑘 ∕= 𝑗 and enumerated in an arbitrary order.
Thus, (7.1) can be written as

𝐴 =

𝑚∑
𝑘=1

𝜇𝑘𝑄̂𝑘,

where 𝑄̂𝑘, 𝑘 ≤ 𝑚, is the eigenprojection whose dimension is equal to the algebraic
multiplicity of 𝜇𝑘.

Besides, for any function 𝑓 defined on 𝜎(𝐴), 𝑓(𝐴) can be represented as

𝑓(𝐴) =

𝑚∑
𝑘=1

𝑓(𝜇𝑘)𝑄̂𝑘.

Put

𝑄̃𝑗 =

𝑗∑
𝑘=1

𝑄̂𝑘 (𝑗 = 1, . . . ,𝑚).

Note that according to (7.2) 𝑄̃𝑗 = 𝑇−1𝑃𝑗𝑇 , where 𝑃𝑗 is an orthogonal pro-
jection. Thus by Theorem 2.7.1,

max
1≤𝑘≤𝑚

∥𝑄̃𝑘∥ ≤ 𝜅𝑇 ≤ 𝛾(𝐴).

Theorem 2.7.8. Let 𝐴 be diagonalizable. Then

∥𝑓(𝐴)− 𝑓(𝜇𝑚)𝐼∥ ≤ max
1≤𝑘≤𝑚

∥𝑄̃𝑘∥
𝑚−1∑
𝑘=1

∣𝑓(𝜇𝑘)− 𝑓(𝜇𝑘+1)∣.

To prove this theorem, we need the following analog of the Abel transform.

Lemma 2.7.9. Let 𝑎𝑘 be numbers and 𝑊𝑘 (𝑘 = 1, . . . ,𝑚) be bounded linear opera-
tors in a Banach space. Let

Ψ :=

𝑚∑
𝑘=1

𝑎𝑘𝑊𝑘 and 𝐵𝑗 =

𝑗∑
𝑘=1

𝑊𝑘.

Then

Ψ =
𝑚−1∑
𝑘=1

(𝑎𝑘 − 𝑎𝑘+1)𝐵𝑘 + 𝑎𝑚𝐵𝑚.
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Proof. Obviously,

Ψ = 𝑎1𝐵1+

𝑚∑
𝑘=2

𝑎𝑘(𝐵𝑘−𝐵𝑘−1) =

𝑚∑
𝑘=1

𝑎𝑘𝐵𝑘−
𝑚∑

𝑘=2

𝑎𝑘𝐵𝑘−1 =

𝑚∑
𝑘=1

𝑎𝑘𝐵𝑘−
𝑚−1∑
𝑘=1

𝑎𝑘+1𝐵𝑘,

as claimed. □

Proof of Theorem 2.7.8. According to Lemma 2.7.9,

𝑓(𝐴) =

𝑚−1∑
𝑘=1

(𝑓(𝜇𝑘)− 𝑓(𝜇𝑘+1))𝑄̃𝑘 + 𝑓(𝜇𝑚)𝑄̃𝑚. (7.10)

But 𝑄̃𝑚 = 𝐼. Hence, the assertion of the theorem at once follows. □

According to the previous theorem we have

Corollary 2.7.10. Assume that 𝑓(𝜆) is real for all 𝜆 ∈ 𝜎(𝐴), and that the condition

𝑓(𝜇𝑘+1) ≤ 𝑓(𝜇𝑘) (𝑘 = 1, . . . ,𝑚− 1) (7.11)

holds. Then

∥𝑓(𝐴)− 𝑓(𝜇𝑚)𝐼∥ ≤ max
1≤𝑘≤𝑚

∥𝑄̃𝑘∥[𝑓(𝜇1)− 𝑓(𝜇𝑚)].

From this corollary it follows that

∥𝑓(𝐴)∥ ≤ max
1≤𝑘≤𝑚

∥𝑄̃𝑘∥[𝑓(𝜇1) + ∣𝑓(𝜇𝑚)∣ − 𝑓(𝜇𝑚)],

provided (7.11) holds.

2.8 Matrix exponential

2.8.1 Lower bounds

As it was shown in Section 2.5,

∥ exp(𝐴𝑡)∥ ≤ 𝑒𝛼(𝐴)𝑡
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘
𝛾𝑛,𝑘

𝑘!
(𝑡 ≥ 0)

where 𝛼(𝐴) = max𝑘=1,...,𝑛Re𝜆𝑘(𝐴). Moreover, by (3.1),

∥ exp(𝐴𝑡)∥ ≤ 𝑒𝛼(𝐴)𝑡
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2
(𝑡 ≥ 0). (8.1)
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Taking into account that the operator exp(−𝐴𝑡) is the inverse one to exp(𝐴𝑡) it
is not hard to show that

∥ exp(𝐴𝑡)ℎ∥ ≥ 𝑒𝛽(𝐴)𝑡∥ℎ∥∑𝑛−1
𝑘=0 𝑔𝑘(𝐴)𝑡𝑘(𝑘!)−1𝛾𝑛,𝑘

(𝑡 ≥ 0, ℎ ∈ ℂ
𝑛),

where 𝛽(𝐴) = min𝑘=1,...,𝑛Re𝜆𝑘(𝐴). Therefore by (3.1),

∥ exp(𝐴𝑡)ℎ∥ ≥ 𝑒𝛽(𝐴)𝑡∥ℎ∥∑𝑛−1
𝑘=0 𝑔𝑘(𝐴)(𝑘!)−3/2 𝑡𝑘

(𝑡 ≥ 0). (8.2)

Moreover, if 𝐴 is a diagonalizable 𝑛 × 𝑛-matrix, then due to Theorem 2.7.1 we
conclude that

∥𝑒−𝐴𝑡∥ ≤ 𝛾(𝐴)𝑒−𝛽(𝐴)𝑡 (𝑡 ≥ 0).
Hence,

∥𝑒𝐴𝑡ℎ∥ ≥ ∥ℎ∥𝑒𝛽(𝐴)𝑡

𝛾(𝐴)
(𝑡 ≥ 0, ℎ ∈ ℂ

𝑛).

2.8.2 Perturbations of matrix exponentials

Let 𝐴,𝐴 ∈ ℂ𝑛×𝑛 and 𝐸 = 𝐴 − 𝐴. To investigate perturbations of matrix expo-
nentials one can use the equation

𝑒𝐴𝑡 − 𝑒𝐴𝑡 =

∫ 𝑡

0

𝑒𝐴(𝑡−𝑠)𝐸𝑒𝐴𝑠𝑑𝑠 (8.3)

and estimate (8.1). Here we investigate perturbations in the case when ∥𝐴𝐸−𝐸𝐴∥
is small enough. We will say that 𝐴 is stable (Hurwitzian), if 𝛼(𝐴) < 0. Assume
that 𝐴 is stable and put

𝑢(𝐴) =

∫ ∞

0

∥𝑒𝐴𝑡∥𝑑𝑡 and 𝑣𝐴 =

∫ ∞

0

𝑡∥𝑒𝐴𝑡∥𝑑𝑡.

Theorem 2.8.1. Let 𝐴 be stable, and

∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴 < 1. (8.4)

Then 𝐴 is also stable. Moreover,

𝑢(𝐴) ≤ 𝑢(𝐴) + 𝑣𝐴∥𝐸∥
1− 𝑣𝐴∥𝐴𝐸 − 𝐸𝐴∥ (8.5)

and ∫ ∞

0

∥𝑒𝐴̃𝑡 − 𝑒𝐴𝑡∥𝑑𝑡 ≤ ∥𝐸∥𝑣𝐴 +
∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴(𝑢(𝐴) + 𝑣𝐴∥𝐸∥)

1− 𝑣𝐴∥𝐴𝐸 − 𝐸𝐴∥ . (8.6)
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This theorem is proved in the next subsection.

Furthermore, by (8.1) we obtain 𝑢(𝐴) ≤ 𝑢0(𝐴) and 𝑣𝐴 ≤ 𝑣𝐴, where

𝑢0(𝐴) :=

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)

∣𝛼(𝐴)∣𝑘+1(𝑘!)1/2
and 𝑣𝐴 :=

𝑛−1∑
𝑘=0

(𝑘 + 1)𝑔𝑘(𝐴)

∣𝛼(𝐴)∣𝑘+2(𝑘!)1/2
.

Thus, Theorem 2.8.1 implies

Corollary 2.8.2. Let 𝐴 be stable and ∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴 < 1. Then 𝐴 is also stable.
Moreover,

𝑢(𝐴) ≤ 𝑢0(𝐴) + 𝑣𝐴∥𝐸∥
1− 𝑣𝐴∥𝐴𝐸 − 𝐸𝐴∥

and ∫ ∞

0

∥𝑒𝐴̃𝑡 − 𝑒𝐴𝑡∥𝑑𝑡 ≤ ∥𝐸∥𝑣𝐴 +
∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴(𝑢0(𝐴) + 𝑣𝐴∥𝐸∥)

1− 𝑣𝐴∥𝐴𝐸 − 𝐸𝐴∥ .

2.8.3 Proof of Theorem 2.8.1

We use the following result, let 𝑓(𝑡), 𝑐(𝑡) and ℎ(𝑡) be matrix functions defined on
[0, 𝑏] (0 < 𝑏 < ∞). Besides, 𝑓 and ℎ are differentiable and 𝑐 integrable. Then

∫ 𝑏

0

𝑓(𝑡)𝑐(𝑡)ℎ(𝑡)𝑑𝑡 = 𝑓(𝑏)𝑗(𝑏)ℎ(𝑏)−
∫ 𝑏

0

(𝑓 ′(𝑡)𝑗(𝑡)ℎ(𝑡) + 𝑓(𝑡)𝑗(𝑡)ℎ′(𝑡))𝑑𝑡

with

𝑗(𝑡) =

∫ 𝑡

0

𝑐(𝑠)𝑑𝑠.

For the proof see Lemma 8.2.1 below. By that result

𝑒𝐴𝑡 − 𝑒𝐴𝑡 =

∫ 𝑡

0

𝑒𝐴(𝑡−𝑠)𝐸𝑒𝐴𝑠𝑑𝑠 = 𝐸𝑡𝑒𝐴𝑡 +

∫ 𝑡

0

𝑒𝐴(𝑡−𝑠)[𝐴𝐸 − 𝐸𝐴]𝑠𝑒𝐴𝑠𝑑𝑠.

Hence,

∫ ∞

0

∥𝑒𝐴𝑡 − 𝑒𝐴𝑡∥𝑑𝑡 ≤
∫ ∞

0

∥𝐸𝑡𝑒𝐴𝑡∥𝑑𝑡+
∫ ∞

0

∫ 𝑡

0

∥𝑒𝐴(𝑡−𝑠)∥∥𝐴𝐸 − 𝐸𝐴∥∥𝑠𝑒𝐴𝑠∥𝑑𝑠 𝑑𝑡.

But ∫ ∞

0

∫ 𝑡

0

∥𝑒𝐴̃(𝑡−𝑠)∥𝑠∥𝑒𝐴𝑠∥𝑑𝑠 𝑑𝑡 =

∫ ∞

0

∫ ∞

𝑠

∥𝑒𝐴(𝑡−𝑠)∥𝑠∥𝑒𝐴𝑠∥𝑑𝑡 𝑑𝑠

=

∫ ∞

0

𝑠∥𝑒𝐴𝑠∥𝑑𝑠
∫ ∞

0

∥𝑒𝐴𝑡∥𝑑𝑡 = 𝑣𝐴𝑢(𝐴).
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Thus ∫ ∞

0

∥𝑒𝐴̃𝑡 − 𝑒𝐴𝑡∥𝑑𝑡 ≤ ∥𝐸∥𝑣𝐴 + ∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴𝑢(𝐴). (8.7)

Hence,
𝑢(𝐴) ≤ 𝑢(𝐴) + ∥𝐸∥𝑣𝐴 + ∥𝐴𝐸 − 𝐸𝐴∥𝑣𝐴𝑢(𝐴).

So according to (8.4), we get (8.5). Furthermore, due to (8.7) and (8.5) we get
(8.6) as claimed. □

2.9 Matrices with non-negative off-diagonals

In this section it is assumed that 𝐴 = (𝑎𝑖𝑗)
𝑛
𝑗,𝑘=1 is a real matrix with

𝑎𝑖𝑗 ≥ 0 for 𝑖 ∕= 𝑗. (9.1)

Put
𝑎 = min

𝑗=1,...,𝑛
𝑎𝑗𝑗 and 𝑏 = max

𝑗=1,...,𝑛
𝑎𝑗𝑗 .

For a scalar function 𝑓(𝜆) write

𝛼𝑘(𝑓,𝐴) := inf
𝑎≤𝑥≤𝑏

𝑓 (𝑘)(𝑥)

𝑘!
and 𝛽𝑘(𝑓,𝐴) := sup

𝑎≤𝑥≤𝑏

𝑓 (𝑘)(𝑥)

𝑘!
(𝑘 = 0, 1, 2, . . . ),

assuming that the derivatives exist.

Let 𝑊 = 𝐴− diag(𝑎𝑗𝑗) be the off diagonal part of 𝐴.

Theorem 2.9.1. Let condition (9.1) hold and 𝑓(𝜆) be holomorphic on a neighbor-
hood of a Jordan set, whose boundary 𝐶 has the property

∣𝑧 − 𝑎𝑗𝑗 ∣ >
𝑛∑

𝑘=1,𝑘 ∕=𝑗

𝑎𝑗𝑘

for all 𝑧 ∈ 𝐶 and 𝑗 = 1, . . . , 𝑛. In addition, let 𝑓 be real on [𝑎, 𝑏]. Then the following
inequalities are valid:

𝑓(𝐴) ≥
∞∑

𝑘=0

𝛼𝑘(𝑓,𝐴)𝑊
𝑘, (9.2)

provided
𝑟𝑠(𝑊 ) lim

𝑘→∞
𝑘
√
∣𝛼𝑘(𝑓,𝐴)∣ < 1,

and

𝑓(𝐴) ≤
∞∑

𝑘=0

𝛽𝑘(𝑓,𝐴)𝑊
𝑘, (9.3)

provided,
𝑟𝑠(𝑊 ) lim

𝑘→∞
𝑘
√
∣𝛽𝑘(𝑓,𝐴)∣ < 1.

In particular, if 𝛼𝑘(𝑓,𝐴) ≥ 0 (𝑘 = 0, 1, . . . ), then matrix 𝑓(𝐴) has non-negative
entries.
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Proof. By (6.2) and (6.3),

𝑓(𝐴) = 𝑓(𝑆) +

∞∑
𝑘=1

𝑀𝑘,

where

𝑀𝑘 =
𝑛∑

𝑗1=1

𝑄̂𝑗1𝑊
𝑛∑

𝑗2=1

𝑄̂𝑗2𝑊 . . .𝑊
𝑛∑

𝑗𝑘+1=1

𝑄̂𝑗𝑘+1
𝐽𝑗1𝑗2...𝑗𝑘+1

.

Here

𝐽𝑗1...𝑗𝑘+1
=
(−1)𝑘+1

2𝜋𝑖

∫
𝐶

𝑓(𝜆)𝑑𝜆

(𝑏𝑗1 − 𝜆) . . . (𝑏𝑗𝑘+1
− 𝜆)

(𝑏𝑗 = 𝑎𝑗𝑗).

Since 𝑆 is real, Lemma 1.5.2 from [31] gives us the inequalities

𝛼𝑘(𝑓,𝐴) ≤ 𝐽𝑗1...𝑗𝑘+1
≤ 𝛽𝑘(𝑓,𝐴).

Hence,

𝑀𝑘 ≥ 𝛼𝑘(𝑓,𝐴)

𝑛∑
𝑗1=1

𝑄̂𝑗1𝑊

𝑛∑
𝑗2=1

𝑄̂𝑗2𝑊 . . .𝑊

𝑛∑
𝑗𝑘+1=1

𝑄̂𝑗𝑘+1
= 𝛼𝑘(𝑓,𝐴)𝑊

𝑘.

Similarly, 𝑀𝑘 ≤ 𝛽𝑘(𝑓,𝐴)𝑊
𝑘. This implies the required result. □

2.10 Comments

One of the first estimates for the norm of a regular matrix-valued function was
established by I.M. Gel’fand and G.E. Shilov [19] in connection with their inves-
tigations of partial differential equations, but that estimate is not sharp; it is not
attained for any matrix. The problem of obtaining a sharp estimate for the norm
of a matrix-valued function has been repeatedly discussed in the literature, cf.
[14]. In the late 1970s, the author obtained a sharp estimate for a matrix-valued
function regular on the convex hull of the spectrum, cf. [21] and references therein.
It is attained in the case of normal matrices. Later, that estimate was extended
to various classes of non-selfadjoint operators, such as Hilbert–Schmidt operators,
quasi-Hermitian operators (i.e., linear operators with completely continuous imag-
inary components), quasiunitary operators (i.e., operators represented as a sum
of a unitary operator and a compact one), etc. For more details see [31, 56] and
references given therein.

The material of this chapter is taken from the papers [51, 53, 56] and the
monograph [31].

About the relevant results on matrix-valued functions and perturbations of
matrices see the well-known books [9, 74] and [90].



Chapter 3

General Linear Systems

This chapter is devoted to general linear systems including the Bohl–Perron prin-
ciple.

3.1 Description of the problem

Let 𝜂 < ∞ be a positive constant, and𝑅(𝑡, 𝜏) be a real 𝑛×𝑛-matrix-valued function
defined on [0,∞) × [0, 𝜂 ], which is piece-wise continuous in 𝑡 for each 𝜏 , whose
entries are left-continuous and have bounded variations in 𝜏 . From the theory of
functions of a bounded variation (see for instance [73]), it is well known that for a
fixed 𝑡, 𝑅(𝑡, 𝜏) can be represented as 𝑅(𝑡, 𝜏) = 𝑅1(𝑡, 𝜏)+𝑅2(𝑡, 𝜏)+𝑅3(𝑡, 𝜏), where
𝑅1(𝑡, 𝜏) is a saltus function of bounded variation with at most countably many
jumps on [0, 𝜂 ], 𝑅2(𝑡, 𝜏) is an absolutely continuous function and 𝑅3(𝑡, 𝜏) is either
zero or a singular function of bounded variation, i.e., 𝑅3(𝑡, 𝜏) is non-constant,
continuous and has the derivative in 𝜏 which is equal to zero almost everywhere
on [0, 𝜂 ]. If 𝑅3(𝑡, .) is not zero identically, then the expression∫ 𝜂

0

𝑑𝜏𝑅3(𝑡, 𝜏)𝑓(𝑡− 𝜏)

for a continuous function 𝑓 , cannot be transformed to a Lebesgue integral or to a
series. For a concrete example see [73, p. 457]. So in the sequel it is assumed that
𝑅3(𝑡, 𝜏) is zero identically.

Consider 𝑅1(𝑡, 𝜏) and let for a given 𝑡 > 0, ℎ1(𝑡) < ℎ2(𝑡) < ⋅ ⋅ ⋅ be those
points in [0, 𝜂 ), where at least one entry of 𝑅1(𝑡, .) has a jump. Define

𝐴𝑘(𝑡) = 𝑅1(𝑡, ℎ𝑘(𝑡) + 0)−𝑅1(𝑡, ℎ𝑘(𝑡)).

Then ∫ 𝜂

0

𝑑𝑅1(𝑡, 𝜏)𝑓(𝑡− 𝜏) =
∞∑

𝑘=1

𝐴𝑘(𝑡)𝑓(𝑡− ℎ𝑘(𝑡))

for any continuous function 𝑓 .
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Define 𝐴(𝑡, 𝑠) by

𝑅2(𝑡, 𝜏) =

∫ 𝜏

0

𝐴(𝑡, 𝑠)𝑑𝑠, 0 ≤ 𝜏 ≤ 𝜂 .

Then ∫ 𝜂

0

𝑑𝑅2(𝑡, 𝜏)𝑓(𝑡 − 𝜏) =

∫ 𝜂

0

𝐴(𝑡, 𝑠)𝑓(𝑡− 𝑠)𝑑𝑠.

Our main object in this chapter is the following problem in ℂ𝑛:

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡− 𝜏) (𝑡 ≥ 0), (1.1)

𝑦(𝑡) = 𝜙(𝑡) (−𝜂 ≤ 𝑡 ≤ 0) (1.2)

for a given vector function 𝜙(𝑡) ∈ 𝐶(−𝜂 , 0). Here and below 𝑦̇(𝑡) is the right
derivative of 𝑦(𝑡). The integral in (1.1) is understood as the Lebesgue–Stieltjes
integral.

We need the corresponding non-homogeneous equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (𝑡 > 0) (1.3)

with a given locally integrable vector function 𝑓(𝑡) and the zero initial condition

𝑥(𝑡) = 0 (−𝜂 ≤ 𝑡 ≤ 0). (1.4)

A solution of problem (1.1), (1.2) is a continuous vector function 𝑦(𝑡) defined on
[−𝜂 ,∞) and satisfying

𝑦(𝑡) = 𝜙(0) +

∫ 𝑡

0

∫ 𝜂

0

𝑑𝜏𝑅(𝑠, 𝜏)𝑦(𝑠− 𝜏)𝑑𝑠 (𝑡 ≥ 0),
𝑦(𝑡) = 𝜙(𝑡) (−𝜂 ≤ 𝑡 ≤ 0).

(1.5)

A solution of problem (1.3), (1.4) is a continuous vector function 𝑥(𝑡) defined on
[0,∞) and satisfying

𝑥(𝑡) =

∫ 𝑡

0

[𝑓(𝑠) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑠, 𝜏)𝑥(𝑠 − 𝜏)]𝑑𝑠 (𝑡 ≥ 0) (1.6)

with condition (1.4). Below we prove that problems (1.1), (1.2) and (1.3), (1.4)
have unique solutions. See also the well-known Theorem 6.1.1 from [71].

It is assumed that the variation of 𝑅(𝑡, 𝜏) = (𝑟𝑖𝑗(𝑡, 𝜏))
𝑛
𝑖,𝑗=1 in 𝜏 is bounded

on [0,∞):
𝑣𝑗𝑘 := sup

𝑡≥0
var(𝑟𝑗𝑘(𝑡, .)) < ∞. (1.7)
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For instance, consider the equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝐴(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+
𝑚∑

𝑘=0

𝐴𝑘(𝑡)𝑦(𝑡− 𝜏𝑘) (𝑡 ≥ 0; 𝑚 < ∞), (1.8)

where
0 = 𝜏0 < 𝜏1 < ⋅ ⋅ ⋅ < 𝜏𝑚 ≤ 𝜂

are constants, 𝐴𝑘(𝑡) are piece-wise continuous matrices and 𝐴(𝑡, 𝜏) is integrable
in 𝜏 on [0, 𝜂 ]. Then (1.8) can be written as (1.1). Besides, (1.7) holds, provided

sup
𝑡≥0

(∫ 𝜂

0

∥𝐴(𝑡, 𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

∥𝐴𝑘(𝑡)∥𝑛

)
< ∞. (1.9)

In this chapter ∥𝑧∥𝑛 is the Euclidean norm of 𝑧 ∈ ℂ𝑛 and ∥𝐴∥𝑛 is the spectral norm
of a matrix 𝐴. In addition, 𝐶(𝜒) = 𝐶(𝜒,ℂ𝑛) is the space of continuous functions
defined on a set 𝜒 ∈ ℝ with values in ℂ𝑛 and the norm ∥𝑤∥𝐶(𝜒) = sup𝑡∈𝜒 ∥𝑤(𝑡)∥𝑛.

Recall that in a finite-dimensional space all the norms are equivalent.

Let 𝑦(𝑡) be a solution of problem (1.1), (1.2). Then (1.1) is said to be stable,
if there is a constant 𝑐0 ≥ 1, independent of 𝜙, such that

∥𝑦(𝑡)∥𝑛 ≤ 𝑐0∥𝜙∥𝐶(−𝜂 ,0) (𝑡 ≥ 0).

Equation (1.1) is said to be asymptotically stable if it is stable and 𝑦(𝑡)→ 0
as 𝑡 → ∞. Equation (1.1) is exponentially stable if there are constants 𝑐0 ≥ 1 and
𝜈 > 0, independent of 𝜙, such that

∥𝑦(𝑡)∥𝑛 ≤ 𝑐0𝑒
−𝜈𝑡∥𝜙∥𝐶(−𝜂 ,0) (𝑡 ≥ 0).

3.2 Existence of solutions

Introduce the operator 𝐸 : 𝐶(−𝜂 ,∞)→ 𝐶(0,∞) by

𝐸𝑢(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑢(𝑡− 𝜏) (𝑡 ≥ 0; 𝑢 ∈ 𝐶(−𝜂 ,∞)).

Lemma 3.2.1. Let condition (1.7) hold. Then for any 𝑇 > 0, there is a constant
𝑉 (𝑅) independent of 𝑇 , such that

∥𝐸𝑢∥𝐶(0,𝑇 ) ≤ 𝑉 (𝑅)∥𝑢∥𝐶(−𝜂 ,𝑇 ). (2.1)

Proof. This result is due to Lemma 1.12.3. □
Lemma 3.2.2. If condition (1.7) holds and a vector-valued function 𝑓 is integrable
on each finite segment, then problem (1.3), (1.4) has on [0,∞) a unique solution.
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Proof. By (1.6)

𝑥 = 𝑓1 +𝑊𝑥,

where

𝑓1(𝑡) =

∫ 𝑡

0

𝑓(𝑠)𝑑𝑠+

∫ 𝑡

0

𝐸𝑥(𝑠)𝑑𝑠

and

𝑊𝑥(𝑡) =

∫ 𝑡

0

𝐸𝑥(𝑠)𝑑𝑠. (2.2)

For a fixed 𝑇 < ∞, by the previous lemma

∥𝑊𝑥∥𝐶(0,𝑇 ) ≤ 𝑉 (𝑅)

∫ 𝑇

0

∥𝑥∥𝐶(0,𝑠1)𝑑𝑠1.

Hence,

∥𝑊 2𝑥∥𝐶(0,𝑇 ) ≤ 𝑉 2(𝑅)

∫ 𝑇

0

∫ 𝑠1

0

∥𝑥∥𝐶(0,𝑠2)𝑑𝑠2𝑑𝑠1.

Similarly,

∥𝑊 𝑘𝑥∥𝐶(0,𝑇 ) ≤ 𝑉 𝑘(𝑅)

∫ 𝑇

0

∫ 𝑠1

0

. . .

∫ 𝑠𝑘

0

∥𝑥∥𝐶(0,𝑠𝑘)𝑑𝑠𝑘 . . . 𝑑𝑠2𝑑𝑠1

≤ 𝑉 𝑘(𝑅)∥𝑥∥𝐶(0,𝑇 )
𝑇 𝑘

𝑘!
.

Thus the spectral radius of 𝑊 equals zero and, consequently,

(𝐼 −𝑊 )−1 =

∞∑
𝑘=0

𝑊 𝑘.

Therefore,

𝑥 = (𝐼 −𝑊 )−1𝑓1 =

∞∑
𝑘=0

𝑊 𝑘𝑓1. (2.3)

This proves the lemma. □

Lemma 3.2.3. If condition (1.7) holds, then problem (1.1), (1.2) has on [0,∞) a
unique solution for an arbitrary 𝜙 ∈ 𝐶(−𝜂 , 0).

Proof. Put 𝜙(𝑡) = 𝜙(𝑡) (𝑡 ≤ 0), 𝜙(𝑡) = 𝜙(0) (𝑡 ≥ 0), and 𝑥(𝑡) = 𝑦(𝑡)−𝜙(𝑡) (𝑡 ≥ 0).
Then problem (1.1), (1.2) takes the form (1.3), (1.4) with 𝑓 = 𝐸𝜙. Now the
previous lemma proves the result. □
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3.3 Fundamental solutions

Let 𝐺(𝑡, 𝜏) (𝜏 ≥ 0; 𝑡 ≥ 𝜏 − 𝜂 ) be a matrix-valued function satisfying the equation

𝐺(𝑡, 𝜏) = 𝐼 +

∫ 𝑡

𝜏

∫ 𝜂

0

𝑑𝑠1𝑅(𝑠, 𝑠1)𝐺(𝑠− 𝑠1, 𝜏)𝑑𝑠 (𝑡 ≥ 𝜏), (3.1)

with the condition
𝐺(𝑡, 𝜏) = 0 (𝜏 − 𝜂 ≤ 𝑡 < 𝜏). (3.2)

Then 𝐺(𝑡, 𝜏) is called the fundamental solution of equation (1.1).

Repeating the arguments of Lemma 3.2.2, we prove the existence and unique-
ness of the fundamental solution.

Clearly, 𝐺(𝜏, 𝜏) is an absolutely continuous in 𝑡 matrix-valued function, sat-
isfying (1.1) and the conditions

𝐺(𝜏, 𝜏) = 𝐼, 𝐺(𝑡, 𝜏) = 0 (𝑡 < 𝜏). (3.3)

Any solution 𝑥(𝑡) of problem (1.3), (1.4) can be represented as

𝑥(𝑡) =

∫ 𝑡

0

𝐺(𝑡, 𝜏)𝑓(𝜏)𝑑𝜏. (3.4)

This formula can be obtained by direct differentiation. About other proofs see [71,
Section 6.2], [78]. In these books the solution representations for the homogeneous
problem also can be found.

Formula (3.4) is called the Variation of Constants formula.

Now we are going to derive a representation for solutions of the homogeneous
equation (1.1).

To this end put

𝑧(𝑡) =

{
𝑦(𝑡)−𝐺(𝑡, 0)𝜙(0) if 𝑡 ≥ 0,
0 if −𝜂 ≤ 𝑡 < 0,

where 𝑦(𝑡) is a solution of problem (1.1), (1.2). Then

𝑦(𝑡) =

{
𝑧(𝑡) +𝐺(𝑡, 0)𝜙(0) if 𝑡 ≥ 0,
𝜙(𝑡) if −𝜂 ≤ 𝑡 < 0.

If we choose

𝜙(𝑡) =

{
0 if 𝑡 ≥ 0,
𝜙(𝑡) if −𝜂 ≤ 𝑡 < 0,

(3.5)

then we can write

𝑦(𝑡) = 𝑧(𝑡) +𝐺(𝑡, 0)𝜙(0) + 𝜙(𝑡) (𝑡 ≥ −𝜂 ). (3.6)
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Substituting this equality into (1.1), we have

𝑧̇(𝑡)+
∂

∂𝑡
𝐺(𝑡, 0)𝜙(0) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑧(𝑡− 𝜏)+𝜙(𝑡− 𝜏)+𝐺(𝑡− 𝜏, 0)𝜙(0)) (𝑡 ≥ 0).

But
∂

∂𝑡
𝐺(𝑡, 0)𝜙(0) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝐺(𝑡− 𝜏, 0)𝜙(0)

so

𝑧̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑧(𝑡 − 𝜏) + 𝜙(𝑡− 𝜏)) (𝑡 ≥ 0).

By the Variation of Constants formula

𝑧(𝑡) =

∫ 𝑡

0

𝐺(𝑡, 𝑠)

∫ 𝜂

0

𝑑𝜏𝑅(𝑠, 𝜏)𝜙(𝑠− 𝜏)𝑑𝑠.

Taking into account (3.6), we get the following result.

Corollary 3.3.1. For a solution 𝑦(𝑡) of the homogeneous problem (1.1), (1.2) the
representation

𝑦(𝑡) = 𝐺(𝑡, 0)𝜙(0) +

∫ 𝜂

0

∫ 𝜏

0

𝐺(𝑡, 𝑠)𝑑𝜏𝑅(𝑠, 𝜏)𝜙(𝑠 − 𝜏)𝑑𝑠 (𝑡 ≥ 0) (3.7)

is valid.

3.4 The generalized Bohl–Perron principle

Theorem 3.4.1. If for any 𝑓 ∈ 𝐶(0,∞), problem (1.3), (1.4) has a bounded on
[0,∞) solution, and condition (1.7) holds, then equation (1.1) is exponentially
stable.

To prove this theorem we need the following lemma.

Lemma 3.4.2. If for any 𝑓 ∈ 𝐶(0,∞) a solution of problem (1.3), (1.4) is bounded,
then any solution of problem (1.1), (1.2) is also bounded.

Proof. Let 𝑦(𝑡) be a solution of problem (1.1), (1.2). Put

𝜙(𝑡) =

{
𝜙(0) if 𝑡 ≥ 0,
𝜙(𝑡) if −𝜂 ≤ 𝑡 < 0,

and 𝑥0(𝑡) = 𝑦(𝑡)− 𝜙(𝑡). We can write 𝑑𝜙(𝑡)/𝑑𝑡 = 0 (𝑡 ≥ 0) and

𝑥̇0(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥0(𝑡− 𝜏) + 𝜓(𝑡) (𝑡 > 0),
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where

𝜓(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝜙(𝑡− 𝜏).

Besides, (1.4) holds with 𝑥(𝑡) = 𝑥0(𝑡). Since 𝑉 (𝑅) < ∞, we have 𝜓 ∈ 𝐶(−𝜂 ,∞).
Due to the hypothesis of this lemma, 𝑥0 ∈ 𝐶(0,∞). Thus 𝑦 ∈ 𝐶(−𝜂 ,∞), as
claimed. □

Lemma 3.4.3. Let 𝑎(𝑠) be a continuous function defined on [0, 𝜂 ] and condition
(1.7) hold. Then for any 𝑇 > 0, one has∥∥∥∥

∫ 𝜂

0

𝑎(𝑠)𝑑𝑠𝑅(𝑡, 𝑠)𝑓(𝑡− 𝑠)

∥∥∥∥
𝐶(0,𝑇 )

≤ 𝑉 (𝑅) max
0≤𝑠≤𝜂

∣𝑎(𝑠)∣ ∥𝑓∥𝐶(−𝜂 ,𝑇 ),

where 𝑉 (𝑅) is defined by (2.1) and independent of 𝑇 .

Proof. Let 𝑓𝑘(𝑡) be the coordinate of 𝑓(𝑡). Then∣∣∣∣
∫ 𝜂

0

𝑎(𝑠)𝑓𝑘(𝑡− 𝑠)𝑑𝑠𝑟𝑗𝑘(𝑡, 𝑠)

∣∣∣∣ ≤ max
0≤𝑠≤𝜂

∣𝑎(𝑠)𝑓𝑘(𝑡− 𝑠)∣
∫ 𝜂

0

∣𝑑𝑠𝑟𝑗𝑘(𝑡, 𝑠)∣

≤ 𝑣𝑗𝑘 max
0≤𝑠≤𝜂

∣𝑎(𝑠)∣ max
−𝜂 ≤𝑡≤𝑇

∣𝑓𝑘(𝑡)∣.

Now repeating the arguments of the proof of Lemma 1.12.3, we obtain the required
result. □

Proof of Theorem 3.4.1. Substituting

𝑦(𝑡) = 𝑦𝜖(𝑡)𝑒
−𝜖𝑡 (𝜖 > 0) (4.1)

with an 𝜖 > 0 into (1.1), we obtain the equation

𝑦̇𝜖(𝑡) = 𝜖𝑦𝜖(𝑡) +

∫ 𝜂

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑦𝜖(𝑡− 𝜏) (𝑡 > 0). (4.2)

Introduce in 𝐶(0,∞) the operator

𝐺̂𝑓(𝑡) :=

∫ 𝑡

0

𝐺(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 (𝑡 ≥ 0) (4.3)

(𝑓 ∈ 𝐶(0,∞)). By the hypothesis of the theorem, we have

𝑥 = 𝐺̂𝑓 ∈ 𝐶(0,∞) for any 𝑓 ∈ 𝐶(0,∞). (4.4)

So 𝐺̂ is defined on the whole space 𝐶(0,∞). It is closed, since problem (1.3), (1.4)
has a unique solution. Therefore 𝐺̂ is bounded according to the Closed Graph
theorem (see Section 1.3).
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Consider now the equation

𝑥̇𝜖(𝑡) = 𝜖𝑥𝜖(𝑡) +

∫ 𝜂

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏) + 𝑓(𝑡) (4.5)

with the zero initial condition. For solutions 𝑥 and 𝑥𝜖 of (1.3) and (4.5), respec-
tively, we have

𝑑

𝑑𝑡
(𝑥− 𝑥𝜖)(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏)− 𝜖𝑥𝜖(𝑡)−
∫ 𝜂

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏)

=

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑥(𝑡 − 𝜏)− 𝑥𝜖(𝑡− 𝜏)) + 𝑓𝜖(𝑡),

where

𝑓𝜖(𝑡) = −𝜖𝑥𝜖(𝑡) +

∫ 𝜂

0

(1− 𝑒𝜖𝜏 )𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏). (4.6)

Consequently,
𝑥− 𝑥𝜖 = 𝐺̂𝑓𝜖. (4.7)

For brevity in this proof we put ∥.∥𝐶(0,𝑇 ) = ∣.∣𝑇 for a finite 𝑇 > 0. Then

∣𝐺̂∣𝑇 ≤ ∥𝐺̂∥𝐶(0,∞)

and due to Lemma 3.4.3,

∣𝑓𝜖∣𝑇 ≤ ∣𝑥𝜖∣𝑇 (𝜖 + 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)).
So

∣𝑥𝜖∣𝑇 ≤ ∣𝑥∣𝑇 + ∣𝑥𝜖∣𝑇 ∥𝐺̂∥𝐶(0,∞)(𝜖+ 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)).
Thus for a sufficiently small 𝜖,

∣𝑥𝜖∣𝑇 ≤ ∣𝑥∣𝑇
1− ∥𝐺̂∥𝐶(0,∞)(𝜖+ 𝑉 (𝑅)(𝑒𝜖𝜂 − 1))

≤ ∥𝑥∥𝐶(0,∞)

1− ∥𝐺̂∥𝐶(0,∞)(𝜖+ 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)) < ∞.

Now letting 𝑇 → ∞, we get 𝑥𝜖 ∈ 𝐶(0,∞). Hence, by the previous lemma, a
solution 𝑦𝜖 of (4.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. □

3.5 𝑳𝒑-version of the Bohl–Perron principle

In this chapter 𝐿𝑝(𝜒) = 𝐿𝑝(𝜒,ℂ𝑛) (𝑝 ≥ 1) is the space of functions defined on a
set 𝜒 ⊂ ℝ with values in ℂ𝑛 and the finite norm

∥𝑤∥𝐿𝑝(𝜒) =

[∫
𝜒

∥𝑤(𝑡)∥2𝑛𝑑𝑡
]1/2

(𝑤 ∈ 𝐿𝑝(𝜒); 1 ≤ 𝑝 < ∞),
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and ∥𝑤∥𝐿∞(𝜒) = vrai sup𝑡∈𝜒 ∥𝑢(𝑡)∥𝑛. Besides, 𝑅(𝑡, 𝜏) is the same as in Section 3.1.
In particular, condition (1.7) holds.

Theorem 3.5.1. If for a 𝑝 ≥ 1 and any 𝑓 ∈ 𝐿𝑝(0,∞), the non-homogeneous problem
(1.3), (1.4) has a solution 𝑥 ∈ 𝐿𝑝(0,∞), and condition (1.7) holds, then equation
(1.1) is exponentially stable.

The proof of this theorem is divided into a series of lemmas presented in this
section.

Note that the existence and uniqueness of solutions of (1.3) in the considered
case is due to the above proved Lemma 3.2.1, since 𝑓 is locally integrable.

Again put

𝐸𝑢(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑢(𝑡− 𝜏) (𝑡 ≥ 0) (5.1)

considering that operator as the one acting from 𝐿𝑝(−𝜂 , 𝑇 ) into 𝐿𝑝(0, 𝑇 ) for all
𝑇 > 0.

Lemma 3.5.2. For any 𝑝 ≥ 1 and all 𝑇 > 0, there is a constant 𝑉 (𝑅) independent
of 𝑇 , such that

∥𝐸𝑢∥𝐿𝑝(0,𝑇 ) ≤ 𝑉 (𝑅)∥𝑢∥𝐿𝑝(−𝜂 ,𝑇 ). (5.2)

Proof. This result is due to Corollary 1.12.4. □
Lemma 3.5.3. For any 𝑓 ∈ 𝐿𝑝(0,∞) (𝑝 ≥ 1), let a solution of the nonhomoge-
neous problem (1.3), (1.4) be in 𝐿𝑝(0,∞) and (1.7) hold. Then any solution of the
homogeneous problem (1.1), (1.2) is in 𝐿𝑝(−𝜂 ,∞).
Proof. With a 𝜇 > 0, put

𝑣(𝑡) =

{
𝑒−𝜇𝑡𝜙(0) if 𝑡 ≥ 0,
𝜙(𝑡) if −𝜂 ≤ 𝑡 < 0.

Then 𝑣 ∈ 𝐿𝑝(−𝜂 ,∞) and therefore 𝐸𝑣 ∈ 𝐿𝑝(0,∞) for all 𝑝 ≥ 1. Furthermore,
substitute 𝑦(𝑡) = 𝑥(𝑡) + 𝑣(𝑡) into (1.1). Then we have problem (1.3), (1.4) with

𝑓(𝑡) = 𝜇𝑒−𝜇𝑡𝜙(0) + (𝐸𝑣)(𝑡).

Clearly, 𝑓 ∈ 𝐿𝑝(0,∞). According to the assumption of this lemma, the solution
𝑥(𝑡) of problem (1.3), (1.4) is in 𝐿𝑝(0,∞). Thus, 𝑦 = 𝑥+𝑣 ∈ 𝐿𝑝(0,∞), as claimed.

□
Lemma 3.5.4. If condition (1.7) holds and a solution 𝑦(𝑡) of problem (1.1), (1.2)
is in 𝐿𝑝(0,∞) for a 𝑝 ≥ 1, then the solution is bounded on [0,∞). Moreover, if
𝑝 < ∞, then

∥𝑦∥𝑝
𝐶(0,∞) ≤ 𝑝𝑉 (𝑅)∥𝑦∥𝑝

𝐿𝑝(−𝜂 ,∞)

where 𝑉 (𝑅) is defined by (5.2).
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Proof. By (1.1) and Lemma 3.5.2,

∥𝑦̇∥𝐿𝑝(0,∞) ≤ 𝑉 (𝑅)∥𝑦∥𝐿𝑝(−𝜂 ,∞).

For simplicity, in this proof put ∥𝑦(𝑡)∥𝑛 = ∣𝑦(𝑡)∣. The case 𝑝 = 1 is obvious, since,

∣𝑦(𝑡)∣ = −
∫ ∞

𝑡

𝑑∣𝑦(𝑡1)∣
𝑑𝑡1

𝑑𝑡1 ≤
∫ ∞

𝑡

∣𝑦̇(𝑡1)∣𝑑𝑡1 ≤ ∥𝑦̇∥𝐿1 ≤ 𝑉 (𝑅)∥𝑦∥𝐿1 (𝑡 ≥ 0).

Assume that 1 < 𝑝 < ∞. Then by the Gólder inequality

∣𝑦(𝑡)∣𝑝 = −
∫ ∞

𝑡

𝑑∣𝑦(𝑡1)∣𝑝
𝑑𝑡1

𝑑𝑡1 = −𝑝

∫ ∞

𝑡

∣𝑦(𝑡1)∣𝑝−1 𝑑∣𝑦(𝑡1)∣
𝑑𝑡1

𝑑𝑡1

≤ 𝑝

∫ ∞

𝑡

∣𝑦(𝑡)∣𝑝−1∣𝑦̇(𝑡)∣𝑑𝑡 ≤ 𝑝

[∫ ∞

𝑡

∣𝑦(𝑡)∣𝑞(𝑝−1)𝑑𝑡

]1/𝑞 [∫ ∞

𝑡

∣𝑦̇(𝑡)∣𝑑𝑡
]1/𝑝

where 𝑞 = 𝑝/(𝑝− 1). Since 𝑞(𝑝− 1) = 𝑝, we get the inequalities

∣𝑦(𝑡)∣𝑝 ≤ 𝑝∥𝑦∥𝑝−1
𝐿𝑝(0,∞)∥𝑦̇∥𝐿𝑝(0,∞) ≤ 𝑝∥𝑦∥𝑝

𝐿𝑝(−𝜂 ,∞)𝑉 (𝑅) (𝑡 ≥ 0),

as claimed. □
Lemma 3.5.5. Let 𝑎(𝑠) be a continuous function defined on [0, 𝜂 ] and condition
(1.7) hold. Then for any 𝑇 > 0 and 𝑝 ≥ 1, one has∥∥∥∥

∫ 𝜂

0

𝑎(𝑠)𝑑𝑠𝑅(𝑡, 𝑠)𝑓(𝑡− 𝑠)

∥∥∥∥
𝐿𝑝(−𝜂 ,𝑇 )

≤ 𝑉 (𝑅) max
0≤𝑠≤𝜂

∣𝑎(𝑠)∣ ∥𝑓∥𝐿𝑝(−𝜂 ,𝑇 ),

where 𝑉 (𝑅) is defined by (5.2) and independent of 𝑇 .

The proof of this lemma is similar to the proof of Lemma 3.4.3.

Proof of Theorem 3.5.1. Substituting (4.1) into (1.1), we obtain equation (4.2).
Define the operator 𝐺̂ on 𝐿𝑝(0,∞) by expression (4.3). By the hypothesis of the
theorem, 𝑥 = 𝐺̂𝑓 ∈ 𝐿𝑝(0,∞) for all 𝑓 ∈ 𝐿𝑝(0,∞). So 𝐺̂ is defined on the whole
space 𝐿𝑝(0,∞). It is closed, since problem (1.3), (1.4) has a unique solution. There-
fore 𝐺̂ is bounded according to the above-mentioned Closed Graph theorem.

Consider now equation (4.5) with the zero initial condition. According to
(1.3), we have equation (4.7), with 𝑓𝜖 defined by (4.6), where 𝑥 and 𝑥𝜖 are solutions
of (1.3) and (4.5), respectively. For brevity, in this proof put ∥.∥𝐿𝑝(0,𝑇 ) = ∣.∣𝑝,𝑇 for
a finite 𝑇 > 0. Then ∣𝐺̂∣𝑝,𝑇 ≤ ∥𝐺̂∥𝐿𝑝(0,∞). In addition, by (4.6) and Lemma 3.5.5,
we can write

∣𝑓𝜖∣𝑝,𝑇 ≤ ∣𝑥𝜖∣𝑝,𝑇 (𝜖+ 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)).
Hence (4.7) implies the inequality

∣𝑥𝜖∣𝑝,𝑇 ≤ ∣𝑥∣𝑝,𝑇 + ∥𝐺̂∥𝐿𝑝(0,∞)∣𝑥𝜖∣𝑝,𝑇 (𝜖+ 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)).
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Consequently, for all sufficiently small 𝜖,

∣𝑥𝜖∣𝑝,𝑇 ≤ ∣𝑥∣𝑝,𝑇
1− ∥𝐺̂∥𝐿𝑝(0,∞)(𝜖 + 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)) ≤ ∣𝑥𝜖∣𝑝,𝑇

≤ ∥𝑥∥𝐿𝑝(0,∞)

1− ∥𝐺̂∥𝐿𝑝(0,∞)(𝜖 + 𝑉 (𝑅)(𝑒𝜖𝜂 − 1)) < ∞.

Letting 𝑇 → ∞, we get 𝑥𝜖 ∈ 𝐿𝑝(0,∞). Consequently, by Lemmas 3.5.3 and 3.5.4,
the solution 𝑦𝜖 of (4.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. □

3.6 Equations with infinite delays

Consider in ℂ𝑛 the equation

𝑦̇(𝑡) =

∫ ∞

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡 − 𝜏) (𝑡 ≥ 0), (6.1)

where 𝑅(𝑡, 𝜏) is an 𝑛 × 𝑛-matrix-valued function defined on [0,∞)2, which is
continuous in 𝑡 for each 𝜏 ≥ 0 and has bounded variation in 𝜏 for each 𝑡 ≥ 0. The
integral in (6.1) is understood as the improper vector Lebesgue–Stieltjes integral.
Take the initial condition

𝑦(𝑡) = 𝜙(𝑡) (−∞ < 𝑡 ≤ 0) (6.2)

for a given 𝜙 ∈ 𝐶(−∞, 0)∩𝐿1(−∞, 0). Consider also the nonhomogeneous equation

𝑥̇(𝑡) =

∫ ∞

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (𝑡 ≥ 0) (6.3)

with a given vector function 𝑓(𝑡) and the zero initial condition

𝑥(𝑡) = 0 (−∞ ≤ 𝑡 ≤ 0). (6.4)

In space 𝐿𝑝(−∞,∞) with a 𝑝 ≥ 1 introduce the operator

𝐸∞𝑢(𝑡) =

∫ ∞

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑢(𝑡− 𝜏) (𝑡 ≥ 0; 𝑢 ∈ 𝐿𝑝(−∞,∞)).

It is assumed that the inequality

∥𝐸∞𝑢∥𝐿𝑝(0,∞) ≤ 𝑉 (𝑅)∥𝑢∥𝐿𝑝(−∞,∞) (6.5)

holds for a constant 𝑉 (𝑅) and all 𝑢 ∈ 𝐿𝑝(−∞,∞).
A solution of problem (6.1), (6.2) is defined as the one of problem (1.1), (1.2)

wit 𝜂 = ∞; a solution of problem (6.3), (6.4) is defined as the one of problem
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(1.3), (1.4). If 𝑓 ∈ 𝐿𝑝(0,∞), 𝑝 ≥ 1, the existence and uniqueness of solutions can
be proved as in Lemma 3.2.2, since 𝑓 is locally integrable.

For instance, consider the equation

𝑦̇(𝑡) =

∫ ∞

0

𝐴(𝑡, 𝜏)𝑦(𝑡 − 𝜏)𝑑𝜏 +
∞∑

𝑘=0

𝐴𝑘(𝑡)𝑦(𝑡− 𝜏𝑘) (𝑡 ≥ 0), (6.6)

where 0 = 𝜏0 < 𝜏1, . . . are constants, 𝐴𝑘(𝑡) are piece-wise continuous matrices and
𝐴(𝑡, 𝜏) is integrable in 𝜏 on [0,∞). Then it is not hard to check that (6.5) holds, if

sup
𝑡≥0

(∫ ∞

0

∥𝐴(𝑡, 𝑠)∥𝑛𝑑𝑠+

∞∑
𝑘=0

∥𝐴𝑘(𝑡)∥𝑛

)
< ∞. (6.7)

According to (6.4) equation (6.3) can be written as

𝑥̇(𝑡) =

∫ 𝑡

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (𝑡 ≥ 0). (6.8)

We will say that equation (6.1) has the 𝜖-property in 𝐿𝑝, if the relation∥∥∥∥
∫ 𝑡

0

(𝑒𝜖𝜏 − 1)𝑑𝜏𝑅(𝑡, 𝜏)𝑓(𝑡 − 𝜏)

∥∥∥∥
𝐿𝑝(0,∞)

→ 0 as 𝜖 → 0 (𝜖 > 0) (6.9)

holds for any 𝑓 ∈ 𝐿𝑝(−∞,∞).
The exponential stability of equation (6.1) is defined as in Section 3.1 with

𝜂 =∞.
Theorem 3.6.1. For a 𝑝 ≥ 1 and any 𝑓 ∈ 𝐿𝑝(0,∞), let the nonhomogeneous
problem (6.3), (6.4) have a solution 𝑥 ∈ 𝐿𝑝(0,∞). If, in addition, equation (6.1)
has the 𝜖-property and condition (6.5) holds, then that equation is exponentially
stable.

The proof of this theorem is divided into a series of lemmas presented in the
next section.

3.7 Proof of Theorem 3.6.1

Lemma 3.7.1. Under the hypothesis of Theorem 3.6.1, any solution of the homo-
geneous problem (6.1), (6.2) is in 𝐿𝑝(0,∞).
Proof. With a 𝜇 > 0, put

𝑣(𝑡) =

{
𝑒−𝜇𝑡𝜙(0) if 𝑡 ≥ 0,
𝜙(𝑡) if −∞ ≤ 𝑡 < 0.
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Clearly,

∥𝜙∥𝑝
𝐿𝑝(−∞,0) ≤ ∥𝜙∥𝐿1(−∞,0)∥𝜙∥𝑝−1

𝐶(−∞,0).

So 𝑣 ∈ 𝐿𝑝(−∞,∞). By (6.5) we have 𝐸∞𝑣 ∈ 𝐿𝑝(0,∞). Substitute 𝑦 = 𝑣 + 𝑥 into
(6.1). Then we have problem (6.3), (6.4) with

𝑓(𝑡) = 𝜇𝑒−𝜇𝑡𝜙(0) + 𝐸∞𝑣(𝑡).

By the condition of the lemma 𝑥 ∈ 𝐿𝑝(0,∞). We thus get the required result. □

Lemma 3.7.2. If a solution 𝑦(𝑡) of problem (6.1), (6.2) is in 𝐿𝑝(0,∞) (𝑝 ≥ 1), and
condition (6.5) holds, then it is bounded on [0,∞). Moreover, if 𝑝 < ∞, then the
inequalities

∥𝑦∥𝑝
𝐶(0,∞) ≤ 𝑝𝑉 (𝑅)∥𝑦∥𝑝−1

𝐿𝑝(0,∞)∥𝑦∥𝐿𝑝(−∞,∞) ≤ 𝑝𝑉 (𝑅)∥𝑦∥𝑝
𝐿𝑝(−∞,∞)

are valid.

The proof of this lemma is similar to the proof of Lemma 3.5.4.

Proof of Theorem 3.6.1. Substituting

𝑦𝜖(𝑡) = 𝑒𝑡𝜖𝑦(𝑡) (𝑡 ≥ 0) and 𝑦𝜖(𝑡) = 𝜙(𝑡) (𝑡 ≤ 0)

with an 𝜖 > 0 into (6.1), we obtain the equation

𝑦̇𝜖(𝑡) = 𝜖𝑦𝜖(𝑡) +

∫ ∞

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑦𝜖(𝑡− 𝜏) (𝑡 > 0). (7.1)

Again use the operator 𝐺̂ : 𝑓 → 𝑥, where 𝑥 is a solution of problem (6.3), (6.4).
In other words,

𝐺̂𝑓(𝑡) =

∫ 𝑡

0

𝐺(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 (𝑡 ≥ 0; 𝑓 ∈ 𝐿𝑝(0,∞)),

where 𝐺 is the fundamental solution to (6.1). By the hypothesis of the theorem,
we have

𝑥 = 𝐺̂𝑓 ∈ 𝐿𝑝(0,∞) for any 𝑓 ∈ 𝐿𝑝(0,∞).
So 𝐺̂ is defined on the whole space 𝐿𝑝(0,∞). It is closed, since problem (6.3), (6.4)
has a unique solution. Therefore 𝐺̂ is bounded according to the Closed Graph
theorem (see Section 1.3).

Consider now the equation

𝑥̇𝜖(𝑡) = 𝜖𝑥𝜖(𝑡) +

∫ ∞

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏) + 𝑓(𝑡) (7.2)
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with the zero initial condition. For solutions 𝑥 and 𝑥𝜖 of (6.3) and (7.2), respec-
tively, we have

𝑑

𝑑𝑡
(𝑥− 𝑥𝜖)(𝑡) =

∫ ∞

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏)− 𝜖𝑥𝜖(𝑡)−
∫ ∞

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏)

=

∫ ∞

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑥(𝑡 − 𝜏)− 𝑥𝜖(𝑡− 𝜏)) + 𝑓𝜖(𝑡),

where

𝑓𝜖(𝑡) = −𝜖𝑥𝜖(𝑡) +

∫ ∞

0

(1− 𝑒𝜖𝜏 )𝑑𝜏𝑅(𝑡, 𝜏)𝑥𝜖(𝑡− 𝜏). (7.3)

Consequently,
𝑥− 𝑥𝜖 = 𝐺̂𝑓𝜖. (7.4)

For brevity in this proof, for a fixed 𝑝 we put ∥.∥𝐿𝑝(0,𝑇 ) = ∣.∣𝑇 for a finite 𝑇 > 0.

Then ∣𝐺̂∣𝑇 ≤ ∥𝐺̂∥𝐿𝑝(0,∞). In addition, by the 𝜖-property

∣𝑓𝜖(𝑡)∣𝑇 ≤ 𝑣(𝜖)∣𝑥𝜖∣𝑇
where 𝑣(𝜖)→ 0 as 𝜖 → 0. So

∣𝑥− 𝑥𝜖∣𝑇 ≤ 𝑣(𝜖)∥𝐺̂∥𝐿𝑝(0,∞)∣𝑥𝜖∣𝑇 .
Thus for a sufficiently small 𝜖,

∣𝑥𝜖∣𝑇 ≤ ∣𝑥∣𝑇
1− 𝑣(𝜖)∥𝐺̂∥𝐿𝑝(0,∞)

≤ ∥𝑥∥𝐿𝑝(0,∞)

1− 𝑣(𝜖)∥𝐺̂∥𝐿𝑝(0,∞)

< ∞.

Now letting 𝑇 → ∞, we get 𝑥𝜖 ∈ 𝐿𝑝(0,∞). Hence, by the previous lemma, a
solution 𝑦𝜖 of (7.2) is bounded. Now (4.1) proves the exponential stability, as
claimed. □

3.8 Equations with continuous infinite delay

In this section we illustrate Theorem 3.6.1 in the case 𝑝 = 2. To this end consider
in ℂ𝑛 the equation

𝑦̇(𝑡) =

∫ ∞

0

𝐴(𝜏)𝑦(𝑡− 𝜏)𝑑𝜏 +

∫ ∞

0

𝐾(𝑡, 𝜏)𝑦(𝑡− 𝜏)𝑑𝜏 (𝑡 ≥ 0), (8.1)

where 𝐴(𝜏) is a piece-wise continuous matrix-valued function defined on [0,∞)
and 𝐾(𝑡, 𝜏) is a piece-wise continuous matrix-valued function defined on [0,∞)2.
Besides,

∥𝐴(𝑠)∥𝑛 ≤ 𝐶𝑒−𝜇𝑠 and ∥𝐾(𝑡, 𝑠)∥𝑛 ≤ 𝐶𝑒−𝜇(𝑡+𝑠) (𝐶, 𝜇 = const > 0; 𝑡, 𝑠 ≥ 0).
(8.2)
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Then, it is not hard to check that (8.1) has in 𝐿2 the 𝜖-property, and the operator
𝐾̃ : 𝐿2(−∞,∞)→ 𝐿2(0,∞), defined by

𝐾̃𝑤(𝑡) =

∫ ∞

0

𝐾(𝑡, 𝜏)𝑤(𝑡 − 𝜏)𝑑𝜏

is bounded. To apply Theorem 3.6.1, consider the equation

𝑥̇(𝑡) =

∫ 𝑡

0

𝐴(𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏 +

∫ 𝑡

0

𝐾(𝑡, 𝜏)𝑥(𝑡 − 𝜏)𝑑𝜏 + 𝑓(𝑡) (𝑡 ≥ 0) (8.3)

with 𝑓 ∈ 𝐿2(0,∞). To estimate the solutions of the latter equation, we need the
equation

𝑢̇(𝑡) =

∫ 𝑡

0

𝐴(𝜏)𝑢(𝑡 − 𝜏)𝑑𝜏 + ℎ(𝑡) (𝑡 ≥ 0) (8.4)

with ℎ ∈ 𝐿2(0,∞). Applying to (8.4) the Laplace transform, we have

𝑧𝑢̂(𝑧) = 𝐴(𝑧)𝑢̂(𝑧) + ℎ̂(𝑧)

where 𝐴(𝑧), 𝑢̂(𝑧) and ℎ̂(𝑧) are the Laplace transforms of 𝐴(𝑡), 𝑢(𝑡) and ℎ(𝑡), re-
spectively, and 𝑧 is the dual variable. Then

𝑢̂(𝑧) = (𝑧𝐼 −𝐴(𝑧))−1ℎ̂(𝑧).

It is assumed that det (𝑧𝐼 − 𝐴(𝑧)) is a stable function, that is all its zeros are in
the open left half-plane, and

𝜃0 := sup
𝜔∈ℝ

∥(𝑖𝜔𝐼 −𝐴(𝑖𝜔))−1∥𝑛

<
1

∥𝐾̃∥𝐿2(0,∞)

.
(8.5)

Note that various estimates for 𝜃0 can be found in Section 2.3. By the Parseval
equality we have ∥𝑢∥𝐿2(0,∞) ≤ 𝜃0∥ℎ∥𝐿2(0,∞). By this inequality, from (8.3) we get

∥𝑥∥𝐿2(0,∞) ≤ 𝜃0∥𝑓 + 𝐾̃𝑥∥𝐿2(0,∞)

≤ 𝜃0∥𝑓∥𝐿2(0,∞) + 𝜃0∥𝐾̃∥𝐿2(0,∞)∥𝑥∥𝐿2(0,∞).

Hence (8.5) implies that 𝑥 ∈ 𝐿2(0,∞). Now by Theorem 3.6.1 we get the following
result.

Corollary 3.8.1. Let conditions (8.2) and (8.5) hold. Then (8.1) is exponentially
stable.
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3.9 Comments

The classical theory of differential delay equations is presented in many excellent
books, for instance see [67, 72, 77, 96].

Recall that the Bohl–Perron principle means that the homogeneous ordinary
differential equation (ODE) 𝑦̇ = 𝐴(𝑡)𝑦 (𝑡 ≥ 0) with a variable 𝑛× 𝑛-matrix 𝐴(𝑡),
bounded on [0,∞) is exponentially stable, provided the nonhomogeneous ODE
𝑥̇ = 𝐴(𝑡)𝑥 + 𝑓(𝑡) with the zero initial condition has a bounded solution for any
bounded vector-valued function 𝑓 , cf. [14]. In [70, Theorem 4.15] the Bohl–Perron
principle was generalized to a class of retarded systems with 𝑅(𝑡, 𝜏) = 𝑟(𝑡, 𝜏)𝐼,
where 𝑟(𝑡, 𝜏) is a scalar function; besides the asymptotic (not exponential) stability
was proved (see also the book [4]).

Theorems 3.4.1 and 3.5.1 is proved in [58], Theorem 3.6.1 appears in the
paper [59] (see also [61]).



Chapter 4

Time-invariant Linear Systems
with Delay

This chapter is devoted to time-invariant (autonomous) linear systems with delay.
In the terms of the characteristic matrix-valued function we derive estimates for
the 𝐿𝑝- and 𝐶-norms of fundamental solutions. By these estimates below we ob-
tain stability conditions for linear time-variant and nonlinear systems. Moreover,
these estimates enable us to establish bounds for the region of attraction of the
stationary solutions of nonlinear systems.

4.1 Statement of the problem

Everywhere in this chapter 𝑅0(𝜏) = (𝑟𝑗𝑘(𝜏))
𝑛
𝑗,𝑘=1 is a real left-continuous 𝑛 ×

𝑛-matrix-valued function defined on a finite segment [0, 𝜂 ], whose entries have
bounded variations.

Recall that 𝑅0 can be represented as 𝑅0 = 𝑅1+𝑅2+𝑅3, where 𝑅1 is a saltus
function of bounded variation with at most countably many jumps on [0, 𝜂 ], 𝑅2 is
an absolutely continuous function and 𝑅3 is either zero or a singular function of
bounded variation, i.e., 𝑅3 is non-constant, continuous and has a derivative which
is equal to zero almost everywhere on [0, 𝜂 ] [73]. As it was mentioned in Section
3.1, if 𝑅3 is not zero identically, then the expression∫ 𝜂

0

𝑑𝑅3(𝜏)𝑓(𝑡 − 𝜏)

for a continuous function 𝑓 , cannot be transformed to a Lebesgue integral or to a
series.

Consider 𝑅1(𝑡) and let ℎ1 < ℎ2, . . . be those points in [0, 𝜂 ), where at least
one entry of 𝑅1 has a jump. Then for any continuous function 𝑓 ,∫ 𝜂

0

𝑑𝑅1(𝜏)𝑓(𝑡 − 𝜏) =

∞∑
𝑘=1

𝐴𝑘𝑓(𝑡− ℎ𝑘)

DOI 10.1007/978-3-0348-0 -3_4, © Springer Basel 2013 577
69, Frontiers in Mathematics,M.I. Gil  Stability of Vector Differential Delay Equations’,
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where 𝐴𝑘 are constant matrices. 𝑅1 being a function of bounded variation is
equivalent to the condition

∞∑
𝑘=1

∥𝐴𝑘∥𝑛 < ∞.

Here and below in this chapter, ∥𝐴∥𝑛 is the spectral norm of a matrix 𝐴.

For 𝑅2 we define 𝐴(𝑠) by

𝑅2(𝜏) =

∫ 𝜏

0

𝐴(𝑠)𝑑𝑠 (0 ≤ 𝜏 ≤ 𝜂 ).

Then ∫ 𝜂

0

𝑑𝑅2(𝜏)𝑓(𝑡 − 𝜏) =

∫ 𝜂

0

𝐴(𝑠)𝑓(𝑡− 𝑠)𝑑𝑠.

Since the function 𝑅2(𝜏) is of bounded variation, we have∫ 𝜂

0

∥𝐴(𝑠)∥𝑛𝑑𝑠 < ∞.

Our main object in this chapter is the problem

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑡− 𝜏) (𝑡 ≥ 0), (1.1)

𝑦(𝑡) = 𝜙(𝑡) for − 𝜂 ≤ 𝑡 ≤ 0, (1.2)

where 𝜙(𝑡) is a given continuous vector-valued function defined on [−𝜂 , 0]. Recall
that 𝑦̇(𝑡) = 𝑑𝑦(𝑡)/𝑑𝑡, 𝑡 > 0, and 𝑦̇(0) means the right derivative of 𝑦 at zero.

As it was explained above in this section, equation (1.1) can be written as

𝑦̇(𝑡) =

∫ 𝜂

0

𝐴(𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+

𝑚∑
𝑘=1

𝐴𝑘𝑦(𝑡− ℎ𝑘) (𝑡 ≥ 0; 𝑚 ≤ ∞) (1.3)

where 0 ≤ ℎ1 < ℎ2 < ⋅ ⋅ ⋅ < ℎ𝑚 < 𝜂 are constants, 𝐴𝑘 are constant matrices
and 𝐴(𝑠) is integrable on [0, 𝜂 ]. For most situations it is sufficient to consider the
special case, where 𝑅0 has only a finite number of jumps: 𝑚 < ∞. So in the sequel
it is assumed that 𝑅0 has a finite number of jumps.

A solution 𝑦(𝑡) of problem (1.1), (1.2) is a continuous function

𝑦 := [−𝜂 ,∞)→ ℂ
𝑛,

such that

𝑦(𝑡) = 𝜙(0) +

∫ 𝑡

0

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑠− 𝜏)𝑑𝑠, 𝑡 ≥ 0, (1.4a)

and
𝑦(𝑡) = 𝜙(𝑡) (−𝜂 ≤ 𝑡 ≤ 0). (1.4b)
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Recall that

Var(𝑅0) = (var(𝑟𝑖𝑗))
𝑛
𝑖,𝑗=1

and

var(𝑅0) = ∥Var(𝑅0)∥𝑛. (1.5)

In particular, for equation (1.3), if ℎ1 = 0 we put 𝑅1(0) = 0 and

𝑅1(𝜏) = 𝐴1 (0 < 𝜏 ≤ ℎ2), 𝑅1(𝜏) =

𝑗∑
𝑘=1

𝐴𝑘 for ℎ𝑗 < 𝜏 ≤ ℎ𝑗+1

(𝑗 = 2, . . . ,𝑚; ℎ𝑚+1 = 𝜂 ). If ℎ1 > 0 we put 𝑅1(𝜏) = 0 (0 ≤ 𝜏 ≤ ℎ1) and

𝑅1(𝜏) =

𝑗∑
𝑘=1

𝐴𝑘 for ℎ𝑗 < 𝜏 ≤ ℎ𝑗+1 (𝑗 = 1, . . . ,𝑚).

In addition,

𝑅0(𝜏) =

∫ 𝜏

0

𝐴(𝑠)𝑑𝑠 +𝑅1(𝜏).

Let 𝑎̃𝑖𝑗(𝑠) and 𝑎
(𝑘)
𝑖𝑗 be the entries of 𝐴(𝑠) and 𝐴𝑘, respectively. Then for equation

(1.3), each entry of 𝑅0, satisfies the inequality

var(𝑟𝑖𝑗) ≤
∫ 𝜂

0

∣𝑎̃𝑖𝑗(𝑠)∣𝑑𝑠+
𝑚∑

𝑘=0

∣𝑎(𝑘)𝑖𝑗 ∣. (1.6)

In this chapter again 𝐶(𝑎, 𝑏) = 𝐶([𝑎, 𝑏];ℂ𝑛), 𝐿𝑝(𝑎, 𝑏) = 𝐿𝑝([𝑎, 𝑏];ℂ𝑛).

Furthermore, Lemma 1.12.1 implies

sup
0≤𝑠≤𝑡

∥∥∥∥
∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑠 − 𝜏)

∥∥∥∥
𝑛

≤ √
𝑛 var(𝑅0) sup

−𝜂 ≤𝑠≤𝑡
∥𝑦(𝑠)∥𝑛. (1.7)

Put

𝑦(𝑡) := sup
0≤𝑠≤𝑡

∥𝑦(𝑠)∥𝑛.

Then from (1.4) we deduce that

𝑦(𝑡) ≤ ∥𝜙∥𝐶(−𝜂 ,0) +
√
𝑛 var(𝑅0)

∫ 𝑡

0

𝑦(𝑠)𝑑𝑠.

Since ∥𝑦(𝑠)∥𝑛 ≤ 𝑦(𝑠), by the Gronwall lemma we arrive at the inequality

∥𝑦(𝑡)∥𝑛 ≤ ∥𝜙∥𝐶(−𝜂 ,0)𝑒
𝑡
√

𝑛 var(𝑅0) (𝑡 ≥ 0). (1.8)
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4.2 Application of the Laplace transform

We need the non-homogeneous problem

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (𝑡 ≥ 0), (2.1)

with a locally integrable 𝑓 and the zero initial condition

𝑥(𝑡) = 0 for − 𝜂 ≤ 𝑡 ≤ 0. (2.2)

A solution of problem (2.1), (2.2) is a continuous vector function 𝑥(𝑡) defined on
[0,∞) and satisfying the equation

𝑥(𝑡) =

∫ 𝑡

0

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑥(𝑠 − 𝜏)𝑑𝑠+

∫ 𝑡

0

𝑓(𝑠)𝑑𝑠 (𝑡 ≥ 0) (2.3)

and condition (2.2). Hence,

∥𝑥∥𝐶(0,𝑡) ≤
∫ 𝑡

0

∥𝑓(𝑠)∥𝑛𝑑𝑠+
√
𝑛 var(𝑅0)

∫ 𝑡

0

∥𝑥∥𝐶(0,𝑠)𝑑𝑠.

Now the Gronwall lemma implies the inequality

∥𝑥(𝑡)∥𝑛 ≤ ∥𝑥∥𝐶(0,𝑡) ≤
∫ 𝑡

0

∥𝑓(𝑠)∥𝑛𝑑𝑠 exp[(𝑡
√
𝑛 var(𝑅0)].

Assume also that 𝑓 satisfies the inequality

∥𝑓(𝑡)∥𝑛 ≤ 𝑐0 (𝑐0 = const) (2.4)

almost everywhere on [0,∞).
Taking into account (1.8) we can assert that the Laplace transforms

𝑦(𝑧) =

∫ ∞

0

𝑒−𝑧𝑡𝑦(𝑡)𝑑𝑡 and 𝑥(𝑧) =

∫ ∞

0

𝑒−𝑧𝑡𝑥(𝑡)𝑑𝑡

of solutions of problems (1.1), (1.2) and (2.1), (2.2), respectively, exist at least for
Re 𝑧 >

√
𝑛 var(𝑅0) and the integrals converge absolutely in this half-plane. In

addition, inequality (1.7) together with equation (1.1) show that also 𝑦̇(𝑡) has a
Laplace transform at least in Re 𝑧 >

√
𝑛 var(𝑅0) given by 𝑧𝑦(𝑧) − 𝜙(0). Taking

the Laplace transforms of both sides of equation (1.1), we get

𝑧𝑦(𝑧)− 𝜙(0) =

∫ ∞

0

𝑒−𝑧𝑡

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑡 − 𝜏)𝑑𝑡

=

∫ 𝜂

0

𝑒−𝜏𝑧𝑑𝑅0(𝜏)

[∫ 0

−𝜏

𝑒−𝑧𝑡𝑦(𝑡)𝑑𝑡+ 𝑦(𝑧)

]
.
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Interchanging the Stieltjes integration with the improper Riemann integration is
justified by the Fubini theorem; we thus get

𝐾(𝑧)𝑦(𝑧) = 𝜙(0) +

∫ 𝜂

0

𝑒−𝜏𝑧𝑑𝑅0(𝜏)

∫ 0

−𝜏

𝑒−𝑧𝑡𝜙(𝑡)𝑑𝑡,

where

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝜏𝑧𝑑𝑅0(𝜏). (2.5)

The matrix-valued function𝐾(𝑧) is called the characteristic matrix-valued function
to equation (1.1) and det 𝐾(𝑧) is called the characteristic determinant of equation
(1.1). A zero of the characteristic determinant det𝐾(𝑧) is called a characteristic
value of 𝐾(.) and 𝜆 ∈ ℂ is a regular value of 𝐾(.) if det 𝐾(𝜆) ∕= 0.

In the sequel it is assumed that all the characteristic values of 𝐾(.) are in
the open left half-plane 𝐶−.

Applying the inverse Laplace transform, we obtain

𝑦(𝑡) =
1

2𝜋

∫ ∞

−∞
𝑒𝑖𝜔𝑡𝐾−1(𝑖𝜔)

[
𝜙(0) +

∫ 𝜂

0

𝑑𝑅0(𝜏)

∫ 0

−𝜏

𝑒−𝑖𝜔(𝑠+𝜏)𝜙(𝑠)𝑑𝑠

]
𝑑𝜔 (2.6)

for 𝑡 ≥ 0. Furthermore, apply the Laplace transform to problem (2.1), (2.2). Then
we easily obtain

𝑥(𝑧) = 𝐾−1(𝑧)𝑓(𝑧) (2.7)

for all regular 𝑧. Here 𝑓(𝑧) is the Laplace transform to 𝑓 . Applying the inverse
Laplace transform, we get the following equality:

𝑥(𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑠)𝑓(𝑠)𝑑𝑠 (𝑡 ≥ 0), (2.8)

where

𝐺(𝑡) =
1

2𝜋

∫ ∞

−∞
𝑒𝑖𝜔𝑡𝐾−1(𝑖𝜔)𝑑𝜔. (2.9)

Clearly, a matrix-valued function 𝐺(𝑡) satisfies (1.1). Moreover,

𝐺(0+) = 𝐼, 𝐺(𝑡) = 0 (𝑡 < 0). (2.10)

So𝐺(𝑡) is the fundamental solution of equation (1.1). Formula (2.8) is the Variation
of Constants formula to problem (2.1), (2.2). Note that for equation (1.3) we have

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝑠𝑧𝐴(𝑠)𝑑𝑠 −
𝑚∑

𝑘=0

𝑒−ℎ𝑘𝑧𝐴𝑘. (2.11)
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4.3 Norms of characteristic matrix functions

Let 𝐴 be an 𝑛× 𝑛-matrix. Recall that the quantity

𝑔(𝐴) =

[
𝑁2

2 (𝐴) −
𝑛∑

𝑘=1

∣𝜆𝑘(𝐴)∣2
]1/2

,

is introduced in Section 2.3. Here 𝜆𝑘(𝐴), 𝑘 = 1, . . . , 𝑛 are the eigenvalues of
𝐴, counted with their multiplicities; 𝑁2(𝐴) = (Trace𝐴𝐴∗)1/2 is the Frobenius
(Hilbert–Schmidt norm) of 𝐴, 𝐴∗ is adjoint to 𝐴. As it is shown in Section 2.3,
the following relations are valid:

𝑔2(𝐴) ≤ 𝑁2
2 (𝐴)− ∣Trace𝐴2∣ and 𝑔2(𝐴) ≤ 𝑁2

2 (𝐴−𝐴∗)
2

= 2𝑁2
2 (𝐴𝐼), (3.1)

where 𝐴𝐼 = (𝐴−𝐴∗)/2𝑖. Moreover,

𝑔(𝑒𝑖𝑡𝐴+ 𝑧𝐼) = 𝑔(𝐴) (𝑡 ∈ ℝ; 𝑧 ∈ ℂ). (3.2)

If 𝐴 is a normal matrix: 𝐴𝐴∗ = 𝐴∗𝐴, then 𝑔(𝐴) = 0. Put

𝐵(𝑧) =

∫ 𝜂

0

𝑒−𝑧𝜏𝑑𝑅0(𝜏) (𝑧 ∈ ℂ).

In particular, for equation (1.3) we have

𝐵(𝑧) =

∫ 𝜂

0

𝑒−𝑠𝑧𝐴(𝑠)𝑑𝑠+

𝑚∑
𝑘=0

𝑒−ℎ𝑘𝑧𝐴𝑘 (3.3)

and

𝑔(𝐵(𝑖𝜔)) ≤ 𝑁2(𝐵(𝑖𝜔)) ≤
∫ 𝜂

0

𝑁2(𝐴(𝑠))𝑑𝑠+

𝑚∑
𝑘=0

𝑁2(𝐴𝑘) (𝜔 ∈ ℝ). (3.4)

Below, under various assumptions, we suggest sharper estimates for 𝑔(𝐵(𝑖𝜔)).

According to Theorem 2.3.1, the inequality

∥𝐴−1∥𝑛 ≤
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)√
𝑘!𝑑𝑘+1(𝐴)

is valid for any invertible matrix 𝐴, where 𝑑(𝐴) is the smallest modulus of eigen-
values of 𝐴.

Hence we arrive at the inequality

∥[𝐾(𝑧)]−1∥𝑛 ≤ Γ(𝐾(𝑧)) (𝑧 ∈ ℂ), (3.5)



4.3. Norms of characteristic matrix functions 75

where

Γ(𝐾(𝑧)) =
𝑛−1∑
𝑘=0

𝑔𝑘(𝐵(𝑧))√
𝑘!𝑑𝑘+1(𝐾(𝑧))

and 𝑑(𝐾(𝑧)) is the smallest modulus of eigenvalues of matrix 𝐾(𝑧) for a fixed 𝑧:

𝑑(𝐾(𝑧)) = min
𝑘=1,...,𝑛

∣𝜆𝑘(𝐾(𝑧))∣.

If 𝐵(𝑧) is a normal matrix, then 𝑔(𝐵(𝑧)) = 0, and

∥[𝐾(𝑧)]−1∥𝑛 ≤ 1

𝑑(𝐾(𝑧))
.

For example that inequality holds, if𝐾(𝑧) = 𝑧𝐼−𝐴0𝑒
−𝑧𝜂 , where 𝐴0 is a Hermitian

matrix.

Let
𝜃(𝐾) := sup

−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

∥𝐾−1(𝑖𝜔)∥𝑛.

Lemma 4.3.1. The equality

sup
−∞≤𝜔≤∞

∥𝐾−1(𝑖𝜔)∥𝑛 = 𝜃(𝐾)

is valid.

Proof. We have

𝐾(0) =

∫ 𝜂

0

𝑑𝑅0(𝑠) =

∫ 𝜂

0

𝑑𝑅0(𝑠) = 𝑅0(𝜂 )−𝑅0(0).

So
∥𝐾(0)∥𝑛 = ∥𝑅0(𝜂 )−𝑅0(0)∥𝑛 ≤ var(𝑅0),

and therefore,

∥𝐾−1(0)∥𝑛 ≥ 1

var(𝑅0)
.

Here and below in this chapter, ∥𝑣∥𝑛 is the Euclidean norm of 𝑣 ∈ ℂ𝑛. Simple
calculations show that∥∥∥∥

∫ 𝜂

0

𝑒−𝑖𝜔𝑑𝑅0(𝜏)

∥∥∥∥
𝑛

≤ var(𝑅0) (𝜔 ∈ ℝ)

and
∥𝐾(𝑖𝜔)𝑣∥𝑛 ≥ (∣𝜔∣ − var(𝑅0))∥𝑣∥𝑛 ≥ var(𝑅0)∥𝑣∥𝑛

(𝜔 ∈ ℝ; ∣𝜔∣ ≥ 2 var(𝑅0); 𝑣 ∈ ℂ
𝑛).

So

∥𝐾−1(𝑖𝜔)∥𝑛 ≤ 1

var(𝑅0)
≤ ∥𝐾−1(0)∥𝑛 (∣𝜔∣ ≥ 2 var(𝑅0)).
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Thus the maximum of ∥𝐾−1(𝑖𝜔)∥𝑛 is attained inside the segment

[−2 var(𝑅0), 2 var(𝑅0)],

as claimed. □

By (3.4) and the previous lemma we have the inequality 𝜃(𝐾) ≤ 𝜃(𝐾), where

𝜃(𝐾) := sup
∣𝜔∣≤2 var(𝑅0)

Γ(𝐾(𝑖𝜔)).

Let
𝑔𝐵 := sup

𝜔∈[−2 var(𝑅0),2 var(𝑅0)]

𝑔(𝐵(𝑖𝜔))

and
𝑑𝐾 := inf

𝜔∈[−2 var(𝑅0),2 var(𝑅0)]
𝑑(𝐾(𝑖𝜔)).

Then we obtain the following result.

Corollary 4.3.2. The inequalities

𝜃(𝐾) ≤ 𝜃(𝐾) ≤ Γ0(𝐾), (3.6)

are true, where

Γ0(𝐾) :=

𝑛−1∑
𝑘=0

𝑔𝑘
𝐵√

𝑘!𝑑𝑘+1
𝐾

.

4.4 Norms of fundamental solutions of
time-invariant systems

Recall that all the characteristic values of 𝐾(.) are in the open left half-plane
𝐶−. The following result directly follows from (2.6): let 𝑦(𝑡) be a solution of the
time-invariant homogeneous problem (1.1), (1.2). Then due to (2.6)

𝑦(𝑡) = 𝐺(𝑡)𝜙(0) +

∫ 𝜂

0

∫ 0

−𝜏

𝐺(𝑡− 𝜏 − 𝑠)𝑑𝑅0(𝜏)𝜙(𝑠)𝑑𝑠 (𝑡 ≥ 0). (4.1)

Lemma 4.4.1. Let 𝑥(𝑡) be a solution of problem (2.1), (2.2) with 𝑓 ∈ 𝐿2(0,∞).
Then

∥𝑥∥𝐿2(0,∞) ≤ 𝜃(𝐾)∥𝑓∥𝐿2(0,∞).

Proof. The result is due to (2.8), Lemma 4.3.1 and the Parseval equality. □

The previous lemma and Theorem 3.5.1 yield the following result.

Corollary 4.4.2. Let all the characteristic values of 𝐾(.) be in 𝐶−. Then equation
(1.1) is exponentially stable.



4.4. Norms of fundamental solutions of time-invariant systems 77

Lemma 4.4.3. The inequalities∥∥∥∥
∫ 𝜂

0

𝑑𝑅0(𝑠)𝑓(𝑡− 𝑠)

∥∥∥∥
𝐿2(0,∞)

≤ var(𝑅0)∥𝑓∥𝐿2(−𝜂 ,∞) (𝑓 ∈ 𝐿2(−𝜂 ,∞)) (4.2)

and∥∥∥∥
∫ 𝜂

0

𝑑𝑅0(𝑠)𝑓(𝑡− 𝑠)

∥∥∥∥
𝐶(0,∞)

≤ √
𝑛 var(𝑅0)∥𝑓∥𝐶(−𝜂 ,∞) (𝑓 ∈ 𝐶(−𝜂 ,∞)) (4.3)

are true for all 𝑡 ≥ 0.
This result is due to Lemma 1.12.1.

Thanks to the Parseval equality,

∥𝐺∥2𝐿2(0,∞) =
1

2𝜋
∥𝐾−1(𝑖𝜔)∥2𝐿2(−∞,∞) :=

1

2𝜋

∫ ∞

−∞
∥𝐾−1(𝑖𝜔)∥2𝑛𝑑𝜔.

Calculations of such integrals is often a difficult task. Because of this, in the next
lemma we suggest an estimate for ∥𝐺∥𝐿2(0,∞). Let

𝑊 (𝐾) :=
√
2𝜃(𝐾)[var(𝑅0)𝜃(𝐾) + 1]. (4.4)

Lemma 4.4.4. The inequality ∥𝐺∥𝐿2(0,∞) ≤ 𝑊 (𝐾) is valid.

Proof. Set 𝑤(𝑡) = 𝐺(𝑡)− 𝜓(𝑡), where

𝜓(𝑡) =

{
𝐼𝑒−𝑏𝑡 if 𝑡 ≥ 0,
0 if −𝜂 ≤ 𝑡 < 0,

with a positive constant 𝑏, which should be deduced. Then

𝑤̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝐺(𝑡− 𝑠) + 𝑏𝑒−𝑏𝑡𝐼 =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑤(𝑡 − 𝑠) + 𝑓(𝑡) (𝑡 ≥ 0),

where

𝑓(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝑠) 𝜓(𝑡− 𝑠) + 𝑏𝑒−𝑏𝑡𝐼.

By Lemma 4.4.3, we have

∥𝑓∥𝐿2(0,∞) ≤ (var(𝑅0)∥ 𝜓∥𝐿2(0,∞) + 𝑏)∥𝑒−𝑏𝑡∥𝐿2(0,∞)

≤ (var(𝑅0) + 𝑏)∥𝑒−𝑏𝑡∥𝐿2(0,∞).

Take into account that

∥𝑒−𝑡𝑏∥𝐿2(0,∞) =
1√
2𝑏

.
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Then due to Lemma 4.4.1, we get

∥𝑤∥𝐿2(0,∞) ≤ 𝜃(𝐾)(var(𝑅0) + 𝑏)√
2𝑏

.

Hence,

∥𝐺∥𝐿2(0,∞) ≤ ∥𝑤∥𝐿2(0,∞) +
1√
2𝑏
=

1√
2𝑏
(1 + 𝜃(𝐾)(var(𝑅0) + 𝑏)).

The minimum of the right-hand part is attained for

𝑏 =
1 + 𝜃(𝐾) var(𝑅0)

𝜃(𝐾)
.

Thus, we arrive at the inequality

∥𝐺∥𝐿2(0,∞) ≤
√
2𝜃(𝐾)(𝜃(𝐾) var(𝑅0) + 1),

as claimed. □

By Corollary 4.3.2 we have the inequality

𝑊 (𝐾) ≤ 𝑊̂ (𝐾), where 𝑊̂ (𝐾) :=

√
2𝜃(𝐾)[var(𝑅0)𝜃(𝐾) + 1]. (4.5)

In addition, Lemma 4.4.3 and (1.1) imply the following lemma.

Lemma 4.4.5. The inequality ∥𝐺̇∥𝐿2(0,∞) ≤ ∥𝐺∥𝐿2(0,∞) var(𝑅0) is valid.

Now (4.5) yields the inequalities

∥𝐺̇∥𝐿2(0,∞) ≤ 𝑊 (𝐾) var(𝑅0) ≤ 𝑊̂ (𝐾) var(𝑅0). (4.6)

We need also the following simple result.

Lemma 4.4.6. Let 𝑓 ∈ 𝐿2(0,∞) and 𝑓 ∈ 𝐿2(0,∞). Then
∥𝑓∥2𝐶(0,∞) ≤ 2∥𝑓∥𝐿2(0,∞)∥𝑓∥𝐿2(0,∞).

Proof. Obviously,

∥𝑓(𝑡)∥2𝑛 = −
∫ ∞

𝑡

𝑑∥𝑓(𝑠)∥2𝑛
𝑑𝑠

𝑑𝑠 = −2
∫ ∞

𝑡

∥𝑓(𝑠)∥𝑛
𝑑∥𝑓(𝑠)∥𝑛

𝑑𝑠
𝑑𝑠.

Taking into account that

∣ 𝑑
𝑑𝑠

∥𝑓(𝑠)∥𝑛∣ ≤ ∥𝑓(𝑠)∥𝑛,

we get the required result due to Schwarz’s inequality. □
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By the previous lemma and (4.6) at once we obtain the following result.

Theorem 4.4.7. The inequality

∥𝐺∥2𝐶(0,∞) ≤ 2∥𝐺∥2𝐿2(0,∞) var(𝑅0)

is valid, and therefore,

∥𝐺∥𝐶(0,∞) ≤ 𝑎0(𝐾), (4.7)

where

𝑎0(𝐾) :=
√
2 var(𝑅0)𝑊 (𝐾) = 2

√
var(𝑅0)𝜃(𝐾)[var(𝑅0)𝜃(𝐾) + 1].

Clearly,

𝑎0(𝐾) ≤ 2(1 + var(𝑅0)𝜃(𝐾)), (4.8)

and by (4.5) and (3.6),

𝑎0(𝐾) ≤
√
2 var(𝑅0)𝑊̂ (𝐾) = 2

√
var(𝑅0)𝜃(𝐾)[var(𝑅0)𝜃(𝐾) + 1]. (4.9)

Now we are going to estimate the 𝐿1-norm of the fundamental solution. To this
end consider a function 𝑟(𝑠) of bounded variation. Then

𝑟(𝑠) = 𝑟+(𝑠)− 𝑟−(𝑠),

where 𝑟+(𝑠), 𝑟−(𝑠) are nondecreasing functions. For a continuous function 𝑞 defined
on [0, 𝜂 ], let ∫ 𝜂

0

𝑞(𝑠)∣𝑑𝑟(𝑠)∣ :=
∫ 𝜂

0

𝑞(𝑠)𝑑𝑟+(𝑠) +

∫ 𝜂

0

𝑞(𝑠)𝑑𝑟−(𝑠).

In particular, let

vd (𝑟) :=

∫ 𝜂

0

𝑠∣𝑑𝑟(𝑠)∣.

Furthermore, put

vd (𝑅0) = ∥(vd (𝑟𝑗𝑘))𝑛𝑗,𝑘=1∥𝑛.

Recall that 𝑟𝑗𝑘 are the entries of 𝑅0. That is, vd (𝑅0) is the spectral norm of the
matrix whose entries are vd (𝑟𝑗𝑘).

Lemma 4.4.8. The inequality∥∥∥∥
∫ 𝜂

0

𝜏𝑑𝑅0(𝜏)𝑓(𝑡 − 𝜏)

∥∥∥∥
𝐿2(0,𝑇 )

≤ vd (𝑅0)∥𝑓∥𝐿2(−𝜂 ,𝑇 ) (𝑇 > 0; 𝑓 ∈ 𝐿2(−𝜂 , 𝑇 ))

is true.
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Proof. Put

𝐸1𝑓(𝑡) =

∫ 𝜂

0

𝜏𝑑𝑅0(𝜏)𝑓(𝑡− 𝜏) (𝑓(𝑡) = (𝑓𝑘(𝑡))).

Then we obtain

∥𝐸1𝑓(𝑡)∥2𝐿2(0,𝑇 ) =

𝑛∑
𝑗=1

∫ 𝑇

0

∣(𝐸1𝑓)𝑗(𝑡)∣2𝑑𝑡,

where (𝐸1𝑓)𝑗(𝑡) denotes the coordinate of (𝐸1𝑓)(𝑡). But

∣(𝐸1𝑓)𝑗(𝑡)∣2 =
∣∣∣∣∣

𝑛∑
𝑘=1

∫ 𝜂

0

𝑠𝑓𝑘(𝑡− 𝑠)𝑑𝑟𝑗𝑘(𝑠)

∣∣∣∣∣
2

≤
𝑛∑

𝑘=1

(∫ 𝜂

0

𝑠∣𝑓𝑘(𝑡− 𝑠)∣∣𝑑𝑟𝑗𝑘(𝑠)∣
)2

=

𝑛∑
𝑘=1

∫ 𝜂

0

𝑠∣𝑓𝑘(𝑡− 𝑠)∣∣𝑑𝑟𝑗𝑘(𝑠)∣
𝑛∑

𝑖=1

∫ 𝜂

0

𝑠1∣𝑓𝑖(𝑡− 𝑠1)∣∣𝑑𝑟𝑖𝑘(𝑠1)∣.

Hence∫ 𝑇

0

∣(𝐸1𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
∫ 𝜂

0

∫ 𝜂

0

𝑛∑
𝑖=1

𝑛∑
𝑘=1

𝑠∣𝑑𝑟𝑗𝑘(𝑠)∣𝑠1∣𝑑𝑟𝑗𝑖(𝑠1)∣
∫ 𝑇

0

∣𝑓𝑘(𝑡−𝑠)𝑓𝑖(𝑡−𝑠1)∣𝑑𝑡.

By the Schwarz inequality(∫ 𝑇

0

∣𝑓𝑘(𝑡− 𝑠)𝑓𝑖(𝑡− 𝑠1)∣𝑑𝑡
)2

≤
∫ 𝑇

0

∣𝑓𝑘(𝑡− 𝑠)∣2𝑑𝑡
∫ 𝑇

0

∣𝑓𝑖(𝑡− 𝑠1)∣2𝑑𝑡

≤
∫ 𝑇

−𝜂

∣𝑓𝑘(𝑡)∣2𝑑𝑡
∫ 𝑇

−𝜂

∣𝑓𝑖(𝑡)∣2𝑑𝑡.

Thus ∫ 𝑇

0

∣(𝐸1𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
𝑛∑

𝑖=1

𝑛∑
𝑘=1

vd(𝑟𝑗𝑘) vd(𝑟𝑖𝑘)∥𝑓𝑘∥𝐿2(−𝜂 ,𝑇 )∥𝑓𝑖∥𝐿2(−𝜂 ,𝑇 )

=

(
𝑛∑

𝑘=1

vd(𝑟𝑗𝑘)∥𝑓𝑘∥𝐿2(−𝜂 ,𝑇 )

)2

.

Hence

𝑛∑
𝑗=1

∫ 𝑇

0

∣(𝐸1𝑓)𝑗(𝑡)∣2𝑑𝑡 ≤
𝑛∑

𝑗=1

(
𝑛∑

𝑘=1

vd(𝑟𝑗𝑘)∥𝑓𝑘∥𝐿2(−𝜂 ,𝑇 )

)2

=
∥∥∥(vd (𝑟𝑗𝑘))𝑛𝑗,𝑘=1 𝜈2

∥∥∥
𝑛
≤ vd (𝑅0)∥𝜈2∥𝑛,

where
𝜈2 =

(∥𝑓𝑘∥𝐿2(−𝜂 ,𝑇 )

)𝑛
𝑘=1

.

But ∥𝜈2∥𝑛 = ∥𝑓∥𝐿2(−𝜂 ,𝑇 ). This proves the lemma. □
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Clearly
vd(𝑅0) ≤ 𝜂 var(𝑅0).

For equation (1.3) we easily obtain

vd(𝑅0) ≤
∫ 𝜂

0

𝑠∥𝐴(𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

ℎ𝑘∥𝐴𝑘∥𝑛. (4.10)

We need the following technical lemma.

Lemma 4.4.9. Let equation (1.1) be asymptotically stable. Then the function
𝑌 (𝑡) := 𝑡𝐺(𝑡) satisfies the inequality

∥𝑌 ∥𝐿2(0,∞) ≤ 𝜃(𝐾)(1 + vd(𝑅0))∥𝐺∥𝐿2(0,∞).

Proof. By (1.1)

𝑌̇ (𝑡) = 𝑡𝐺̇(𝑡) +𝐺(𝑡) = 𝑡

∫ 𝜂

0

𝑑𝑅0(𝜏)𝐺(𝑡 − 𝜏) +𝐺(𝑡)

=

∫ 𝜂

0

𝑑𝑅0(𝜏)(𝑡 − 𝜏)𝐺(𝑡 − 𝜏) +

∫ 𝜂

0

𝜏𝑑𝑅0(𝜏)𝐺(𝑡 − 𝜏) +𝐺(𝑡).

Thus,

𝑌̇ (𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑌 (𝑡− 𝜏) + 𝐹 (𝑡)

where

𝐹 (𝑡) =

∫ 𝜂

0

𝜏𝑅(𝑑𝜏)𝐺(𝑡 − 𝜏) +𝐺(𝑡).

Hence,

𝑌 (𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑡1)𝐹 (𝑡1)𝑑𝑡1.

By Lemma 4.4.1, ∥𝑌 ∥𝐿2(0,∞) ≤ 𝜃(𝐾)∥𝐹∥𝐿2(0,∞). But due to the previous lemma

∥𝐹∥𝐿2(0,∞) ≤ ∥𝐺∥𝐿2(0,∞)(1 + vd(𝑅0)).

We thus have established the required result. □

Now we are in a position to formulate and prove the main result of the
section.

Theorem 4.4.10. The fundamental solution 𝐺 to equation (1.1) satisfies the in-
equality

∥𝐺∥𝐿1(0,∞) ≤ ∥𝐺∥𝐿2(0∞)

√
𝜋𝜃(𝐾)(1 + vd(𝑅0)) (4.11)

and therefore,
∥𝐺∥𝐿1(0,∞) ≤ 𝑊 (𝐾)

√
𝜋𝜃(𝐾)(1 + vd(𝑅0)). (4.12)
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Proof. Let us apply the Karlson inequality(∫ ∞

0

∣𝑓(𝑡)∣𝑑𝑡
)4

≤ 𝜋2

∫ ∞

0

𝑓2(𝑡)𝑑𝑡

∫ ∞

0

𝑡2𝑓2(𝑡)𝑑𝑡

for a real scalar-valued 𝑓 ∈ 𝐿2[0,∞) with the property 𝑡𝑓(𝑡) ∈ 𝐿2[0,∞), cf. [93,
Chapter VIII]. By this inequality

∥𝐺∥4𝐿1(0,∞) ≤ 𝜋2∥𝑌 ∥2𝐿2(0,∞)∥𝐺∥2𝐿2(0,∞).

Now the previous lemma yields the required result. □

Recall that 𝜃(𝐾) and 𝑊 (𝐾) can be estimated by (3.6).

4.5 Systems with scalar delay-distributions

The aim of this section is to evaluate 𝑔(𝐵(𝑧)) for the system

𝑦̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝜇𝑘(𝑠), (5.1)

where 𝐴𝑘 are constant matrices and 𝜇𝑘(𝑠) are scalar nondecreasing functions de-
fined on [0, 𝜂 ].

In this case the characteristic matrix function is

𝐾(𝑧) = 𝑧𝐼 −
𝑚∑

𝑘=1

𝐴𝑘

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝜇𝑘(𝑠).

Simple calculations show that

var(𝑅0) ≤
𝑚∑

𝑘=1

∥𝐴𝑘∥𝑛 var(𝜇𝑘) and vd(𝑅0) ≤
𝑚∑

𝑘=1

∥𝐴𝑘∥𝑛

∫ 𝜂

0

𝑠 𝑑𝜇𝑘(𝑠).

In addition,

𝑔(𝐾(𝑖𝜔)) = 𝑔(𝐵(𝑖𝜔)) ≤
𝑚∑

𝑘=1

𝑁2(𝐴𝑘) var(𝜇𝑘) (𝜔 ∈ ℝ).

For instance, the equation

𝑦̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘𝑦(𝑡− ℎ𝑘) (5.2)

can take the form (5.1). In the considered case

𝐾(𝑧) = 𝑧𝐼 −
𝑚∑

𝑘=1

𝐴𝑘𝑒
−ℎ𝑘𝑧, var(𝑅0) ≤

𝑚∑
𝑘=1

∥𝐴𝑘∥𝑛
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and

vd(𝑅0) ≤
𝑚∑

𝑘=1

ℎ𝑘∥𝐴𝑘∥𝑛, and 𝑔(𝐵(𝑖𝜔)) ≤
𝑚∑

𝑘=1

𝑁2(𝐴𝑘) (𝜔 ∈ ℝ).

Under additional conditions, the latter estimate can be improved. For example, if

𝐾(𝑧) = 𝑧𝐼 −𝐴1𝑒
−ℎ𝑘𝑧 −𝐴2𝑒

−ℎ2𝑧, (5.3)

then due to (3.1) and (3.2), for all 𝜔 ∈ ℝ, we obtain

𝑔(𝐵(𝑖𝜔)) = 𝑔(𝑒𝑖𝜔ℎ1𝐵(𝑖𝜔)) = 𝑔(𝐴1 +𝐴2𝑒
(ℎ1−ℎ2)𝑖𝜔)

≤ 1√
2
𝑁2(𝐴1 −𝐴∗

1 +𝐴2𝑒
(ℎ1−ℎ2)𝑖𝜔 −𝐴∗

2𝑒
−(ℎ1−ℎ2)𝑖𝜔)

and, consequently,

𝑔(𝐵((𝑖𝜔)) ≤ 1√
2
𝑁2(𝐴1 −𝐴∗

1) +
√
2𝑁2(𝐴2). (5.4)

Similarly, we get

𝑔(𝐵((𝑖𝜔)) ≤
√
2𝑁2(𝐴1) +

1√
2
𝑁2(𝐴2 −𝐴∗

2) (𝜔 ∈ ℝ). (5.5)

4.6 Scalar first-order autonomous equations

In this section we are going to estimate the fundamental solutions of some scalar
equations. These estimates give us lower bounds for the quantity 𝑑𝐾 . Recall that
this quantity is introduced in Section 4.3. The obtained estimates will be applied
in the next sections.

Consider a nondecreasing scalar function 𝜇(𝑠) (𝑠 ∈ [0, 𝜂 ]), and put

𝑘(𝑧) = 𝑧 +

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇(𝑠) (𝑧 ∈ ℂ). (6.1)

Obviously, 𝑘(𝑧) is the characteristic function of the scalar equation

𝑦̇ +

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝜇(𝑠) = 0. (6.2)

Lemma 4.6.1. The equality

inf
−2 var(𝜇)≤𝜔≤2 var(𝜇)

∣𝑘(𝑖𝜔)∣ = inf
𝜔∈ℝ

∣𝑘(𝑖𝜔)∣

is valid.
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Proof. Clearly, 𝑘(0) = var(𝜇) and

∣𝑘(𝑖𝜔)∣ ≥ ∣𝜔∣ − var(𝜇) ≥ var(𝜇) (∣𝜔∣ ≥ 2 var(𝜇)).
This proves the lemma. □
Lemma 4.6.2. Let

𝜂 var(𝜇) < 𝜋/4. (6.3)

Then all the zeros of 𝑘(𝑧) are in 𝐶− and

inf
𝜔∈ℝ

∣𝑘(𝑖𝜔)∣ ≥ 𝑑 > 0,

where

𝑑 :=

∫ 𝜂

0

cos(2 var(𝜇)𝜏)𝑑𝜇(𝜏). (6.4)

Proof. For brevity put 𝑣 = 2var(𝜇). Clearly,

∣𝑘(𝑖𝜔)∣2 =
∣∣∣∣𝑖𝜔 +

∫ 𝜂

0

𝑒−𝑖𝜔𝜏𝑑𝜇(𝜏)

∣∣∣∣
2

=

(
𝜔 −

∫ 𝜂

0

sin(𝜏𝜔)𝑑𝜇(𝜏)

)2

+

(∫ 𝜂

0

cos(𝜏𝜔)𝑑𝜇(𝜏)

)2

.

Hence, by the previous lemma we obtain

∣𝑘(𝑖𝜔)∣ ≥ inf
∣𝜔∣≤𝑣

∣𝑘(𝑖𝜔)∣ ≥ 𝑑 (𝜔 ∈ ℝ).

Furthermore, put

𝑘(𝑚, 𝑧) = 𝑚 var(𝜇)(1 + 𝑧) + (1 −𝑚)𝑘(𝑧), 0 ≤ 𝑚 ≤ 1.
We have

𝑘(0, 𝑧) = 𝑘(𝑧), 𝑘(1, 𝑧) = var(𝜇)(1 + 𝑧) and 𝑘(𝑚, 0) = var(𝜇).

Repeating the proof of the previous lemma we derive the equality

inf
𝜔∈ℝ

∣𝑘(𝑚, 𝑖𝜔)∣ = inf
−𝑣≤𝜔≤𝑣

∣𝑘(𝑚, 𝑖𝜔)∣.

In addition,

Re 𝑘(𝑚, 𝑖𝜔) = var(𝜇)𝑚+ (1−𝑚)

∫ 𝜂

0

cos(𝜔𝜏)𝑑𝜇.

Consequently,

∣𝑘(𝑚, 𝑖𝜔)∣ ≥ var(𝜇)𝑚+ (1−𝑚)

∫ 𝜂

0

cos(𝑣𝜏)𝑑𝜇.
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Therefore,
∣𝑘(𝑚, 𝑖𝜔)∣ ≥ var(𝜇)𝑚+ (1−𝑚)𝑑 > 0 (𝜔 ∈ ℝ). (6.5)

Furthermore, assume that 𝑘(𝑧) has a zero in the closed right-hand plane 𝐶+. Take
into account that 𝑘(1, 𝑧) = 1+ 𝑧 does not have zeros in 𝐶+. So 𝑘(𝑚0, 𝑖𝜔) (𝜔 ∈ ℝ)
should have a zero for some 𝑚0 ∈ [0, 1], according to continuous dependence of
zeros on coefficients. But due to to (6.5) this is impossible. The proof is complete.

□
Remark 4.6.3. If

𝜇(𝑡)− 𝜇(0) > 0 for some 𝑡 <
𝜋

4
,

then ∫ 𝜂

0

cos(𝜋𝜏)𝑑𝜇(𝜏) > 0

and one can replace condition (6.4) by the following one:

𝜂 var(𝜇) ≤ 𝜋

4
.

Consider the scalar function

𝑘1(𝑧) = 𝑧 +
𝑚∑

𝑘=1

𝑏𝑘𝑒
−𝑖ℎ𝑘𝑧 (ℎ𝑘, 𝑏𝑘 = const ≥ 0).

The following result can be deduced from the previous lemma, but we are going
to present an independent proof.

Lemma 4.6.4. With the notation

𝑐 = 2

𝑚∑
𝑘=1

𝑏𝑘, let ℎ𝑗𝑐 < 𝜋/2 (𝑗 = 1, . . . ,𝑚).

Then all the zeros of 𝑘1(𝑧) are in 𝐶− and

inf
𝜔∈ℝ

∣𝑘1(𝑖𝜔)∣ ≥
𝑚∑

𝑘=1

𝑏𝑘 cos (𝑐ℎ𝑘) > 0.

Proof. We restrict ourselves to the case 𝑚 = 2. In the general case the proof is
similar. Put ℎ1 = 𝑣, ℎ2 = ℎ. Introduce the function

𝑓(𝑦) = ∣𝑖𝑦 + 𝑏2𝑒
−𝑖ℎ𝑦 + 𝑏1𝑒

−𝑖𝑦𝑣∣2.
Clearly,

𝑓(𝑦) = ∣𝑖𝑦 + 𝑏2 cos(ℎ𝑦) + 𝑏1 cos(𝑦𝑣)− 𝑖 (𝑏2 sin(ℎ𝑦) + 𝑏1 sin(𝑦𝑣))∣2
= (𝑏2 cos(ℎ𝑦) + 𝑏1 cos(𝑦𝑣))

2 + (𝑦 − 𝑏2 sin(ℎ𝑦)− 𝑏1 sin(𝑦𝑣))
2

= 𝑦2 + 𝑏22 + 𝑏21 − 2𝑏2𝑦 sin(ℎ𝑦)− 2𝑏1𝑦 sin(𝑦𝑣)
+ 2𝑏2𝑏1 sin(ℎ𝑦) sin(𝑦𝑣) + 2𝑏2𝑏1 cos(𝑦𝑣) cos(ℎ𝑦).
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So

𝑓(𝑦) = 𝑦2 + 𝑏22 + 𝑏21 − 2𝑏2𝑦 sin(ℎ𝑦)− 2𝑏1𝑦 sin(𝑦𝑣) + 2𝑏2𝑏1 cos 𝑦(𝑣 − ℎ). (6.6)

But 𝑓(0) = (𝑏2 + 𝑏1)
2 and

𝑓(𝑦) ≥ (𝑦 − 𝑏2 − 𝑏1)
2 ≥ (𝑏2 + 𝑏1)

2 (∣𝑦∣ > 2(𝑏2 + 𝑏1) ).

Thus, the minimum of 𝑓 is attained on [−𝑐, 𝑐] with 𝑐 = 2(𝑏2 + 𝑏1). Then thanks
to (6.6) 𝑓(𝑦) ≥ 𝑤(𝑦) (0 ≤ 𝑦 ≤ 𝑐), where

𝑤(𝑦) = 𝑦2 + 𝑏22 + 𝑏21 − 2𝑏2𝑦 sin(ℎ𝑐)− 2𝑏1𝑦 sin(𝑣𝑐) + 2𝑏2𝑏1 cos 𝑐(ℎ− 𝑣).

and
𝑑𝑤(𝑦)/𝑑𝑦 = 2𝑦 − 2 (𝑏2 sin(ℎ𝑐) + 2𝑏1 sin(𝑣𝑐)).

The root of 𝑑𝑤(𝑦)/𝑑𝑦 = 0 is 𝑠 = 𝑏2 sin(ℎ𝑐) + 𝑏1 sin(𝑣𝑐). Thus

min
𝑦

𝑤(𝑦) = 𝑠2 + 𝑏22 + 𝑏21 − 2𝑠2 + 2𝑏2𝑏1 cos 𝑐(ℎ− 𝑣)

= 𝑏22 + 𝑏21 − (𝑏2 sin(ℎ𝑐) + 𝑏1 sin(𝑣𝑐))
2 + 2𝑏2𝑏1 cos 𝑐(ℎ− 𝑣).

Hence

min
𝑦

𝑤(𝑦) = 𝑏22 + 𝑏21 − 𝑏22 sin
2 (𝑐ℎ)− 𝑏21 sin

2 (𝑐𝑣) + 2𝑏2𝑏1 cos(𝑐ℎ) cos(𝑐𝑣)

= 𝑏22 cos
2 (ℎ𝑐) + 𝑏21 cos

2 (𝑣𝑐) + 2𝑏2𝑏1 cos(𝑐ℎ) cos(𝑐𝑣)

= (𝑏2 cos(𝑐ℎ) + 𝑏1 cos(𝑐𝑣))
2.

This proves the required inequality. To prove stability, consider the function

𝐾(𝑧, 𝑠) = 𝑧 + 𝑏1𝑒
−𝑠𝑧𝑣 + 𝑏2𝑒

−𝑠𝑧ℎ (𝑠 ∈ [0, 1]).

Then all the zeros of 𝐾(𝑧, 0) are in 𝐶− due to the just proved inequality,

inf
𝜔∈ℝ

∣𝐾(𝑖𝜔, 𝑠)∣ ≥ 𝑏1 cos(𝑐𝑠𝑣) + 𝑏2 cos(𝑐𝑠ℎ)

≥ 𝑏1 cos(𝑐𝑣) + 𝑏2 cos(𝑐ℎ) > 0 (𝑠 ∈ [0, 1]).
So 𝐾(𝑧, 𝑠) does not have zeros on the imaginary axis. This proves the lemma. □

Again consider equation (6.2) whose fundamental solution is defined by

𝜁(𝑡) =
1

2𝜋𝑖

∫ 𝑎+𝑖∞

𝑎−𝑖∞
𝑒𝑧𝑡

𝑑𝑧

𝑘(𝑧)
(𝑎 = const). (6.7)

Hence,
1

𝑘(𝑧)
=

∫ ∞

0

𝑒−𝑧𝑡𝜁(𝑡)𝑑𝑡.
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Let
𝑒𝜂 var(𝜇) < 1. (6.8)

Then it is not hard to show that (6.2) is exponentially stable and 𝜁(𝑡) ≥ 0 (𝑡 ≥ 0)
(see Section 11.4). Hence it easily follows that

1

∣𝑘(𝑖𝜔)∣ ≤
∫ ∞

0

𝜁(𝑡)𝑑𝑡 =
1

𝑘(0)
(𝜔 ∈ ℝ).

But 𝑘(0) = var(𝜇). We thus have proved the following lemma.

Lemma 4.6.5. Let 𝜇(𝑠) be a nondecreasing function satisfying condition (6.8). Then

inf
−∞≤𝜔≤∞

∣∣∣∣𝑖𝜔 +
∫ 𝜂

0

exp(−𝑖𝜔𝑠)𝑑𝜇(𝑠)

∣∣∣∣ = 𝑘(0) = var(𝜇)

and ∫ ∞

0

𝜁(𝑡)𝑑𝑡 =
1

𝑘(0)
=

1

var(𝜇)
.

Now let 𝜇0(𝑠) (𝑠 ∈ [0, 𝜂 ]) be another nondecreasing scalar function with the
property

𝑒𝜂 var(𝜇0) ≤ 𝑐0 (1 ≤ 𝑐0 < 2) (6.9)

and

𝑘0(𝑧) = 𝑧 +

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇0(𝑠) (𝑧 ∈ ℂ). (6.10)

Put 𝜇(𝑠) = 𝜇0(𝑠)/𝑐0. Then

∣𝑘0(𝑖𝜔)− 𝑘(𝑖𝜔)∣ ≤
∫ 𝜂

0

𝑑(𝜇0(𝑠)− 𝜇(𝑠)) = (𝑐0 − 1) var(𝜇).

Hence, by the previous lemma,

∣𝑘0(𝑖𝜔)∣ ≥ ∣𝑘(𝑖𝜔)∣ − ∣𝑘0(𝑖𝜔)− 𝑘(𝑖𝜔)∣
≥ var(𝜇)− (𝑐0 − 1) var(𝜇) = (2− 𝑐0) var(𝜇) (𝜔 ∈ ℝ).

We thus have proved

Lemma 4.6.6. Let 𝜇0(𝑠) (𝑠 ∈ [0, 𝜂 ]) be a nondecreasing scalar function satisfying
(6.9). Then

inf
𝜔∈ℝ

∣∣∣∣𝑖𝜔 +
∫ 𝜂

0

exp(−𝑖𝜔𝑠)𝑑𝜇0(𝑠)

∣∣∣∣ ≥ 2− 𝑐0
𝑐0

var(𝜇0).

Furthermore, let 𝜇2(𝑠) be a nondecreasing function defined on [0, 𝜂 ] and

𝑘2(𝑧) = 𝑧 + 𝑎𝑒−ℎ𝑧 +

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇2(𝑠) (𝑧 ∈ ℂ)
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with constants 𝑎 > 0 and ℎ ≥ 0. Put
𝑣2 := 2(𝑎+ var(𝜇2)).

By Lemma 4.6.1,
inf

−𝑣2≤𝜔≤𝑣2

∣𝑘2(𝑖𝜔)∣ = inf
𝜔∈ℝ

∣𝑘2(𝑖𝜔)∣.
But

∣𝑘2(𝑖𝜔)∣2 =
(
𝜔 − 𝑎 sin(ℎ𝜔)−

∫ 𝜂

0

sin(𝜏𝜔)𝑑𝜇2(𝜏)

)2

+

(
𝑎 cos(ℎ𝜔) +

∫ 𝜂

0

cos(𝜏𝜔)𝑑𝜇2(𝜏)

)2

.

Let
𝑣2ℎ < 𝜋/2 (6.11)

and

𝑑2 := inf
∣𝜔∣≤𝑣2

𝑎 cos(ℎ𝜔) +

∫ 𝜂

0

cos(𝜏𝜔)𝑑𝜇2(𝜏) > 0. (6.12)

Then we obtain
inf
𝜔∈ℝ

∣𝑘2(𝑖𝜔)∣ ≥ 𝑑2. (6.13)

Repeating the arguments of the proof of Lemma 4.6.2 we arrive at the following
result.

Lemma 4.6.7. Let conditions (6.11) and (6.12) hold. Then all the zeros of 𝑘2(𝑧)
are in 𝐶− and inequality (6.13) is fulfilled.

Let us point out one corollary of this lemma.

Corollary 4.6.8. Let the conditions (6.11) and

𝑎 cos(ℎ𝑣2) > var(𝜇2)

hold. Then all the zeros of 𝑘2(𝑧) are in 𝐶− and the inequality

inf
𝜔∈ℝ

∣𝑘2(𝑖𝜔)∣ ≥ 𝑎 cos(ℎ𝑣2)− var(𝜇2) > 0 (6.14)

is valid.

In particular, if

𝑘2(𝑧) = 𝑧 + 𝑎+

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇2(𝑠) (𝑧 ∈ ℂ)

and
𝑎 > var(𝜇2), (6.15)

then condition (6.11) automatically holds and

inf
𝜔∈ℝ

∣𝑘2(𝑖𝜔)∣ ≥ 𝑎− var(𝜇2) > 0. (6.16)
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4.7 Systems with one distributed delay

In this section we illustrate our preceding results in the case of the equation

𝑦̇(𝑡) +𝐴

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝜇 = 0 (𝑡 ≥ 0), (7.1)

where 𝐴 = (𝑎𝑗𝑘) is a constant Hurwitzian 𝑛 × 𝑛-matrix and 𝜇 is again a scalar
nondecreasing function. So in the considered case we have 𝑅0(𝑠) = 𝜇(𝑠)𝐴,

𝐾(𝑧) = 𝑧𝐼 +

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝜇(𝑠)𝐴, (7.2)

and the eigenvalues of matrix 𝐾(𝑧) with a fixed 𝑧 are

𝜆𝑗(𝐾(𝑧)) = 𝑧 +

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝜇(𝑠)𝜆𝑗(𝐴).

In addition,

𝑔(𝐵(𝑖𝜔)) = 𝑔

(
𝐴

∫ 𝜂

0

𝑒−𝑖𝜔𝑠𝑑𝜇(𝑠)

)
≤ 𝑔(𝐴) var(𝜇) (𝜔 ∈ ℝ),

var(𝑅0) = ∥𝐴∥𝑛 var(𝜇), and vd (𝑅0) = ∥𝐴∥𝑛 vd (𝜇), where

vd(𝜇) =

∫ 𝜂

0

𝜏𝑑𝜇(𝜏).

According to Corollary 4.3.2, we have the inequality 𝜃(𝐾) ≤ 𝜃𝐴, where

𝜃𝐴 :=

𝑛−1∑
𝑘=0

(𝑔(𝐴) var(𝜇))𝑘√
𝑘!𝑑𝑘+1

𝐾

with

𝑑𝐾 = min
𝑗=1,...,𝑛

inf
−2 var(𝜇)∥𝐴∥𝑛≤𝜔≤2 var(𝜇)∥𝐴∥𝑛

∣∣∣∣𝜔𝑖+ 𝜆𝑗(𝐴)

∫ 𝜂

0

𝑒−𝑖𝜔𝑠𝑑𝜇(𝑠)

∣∣∣∣ .
In particular, if 𝐴 is a normal matrix, then 𝑔(𝐴) = 0 and 𝜃𝐴 = 1/𝑑(𝐾).

Now Lemma 4.4.4, (4.6), (4.7) and (4.12) imply our next result.

Theorem 4.7.1. Let 𝐺 be the fundamental solution of equation (7.1) and all the
characteristic values of its characteristic function be in 𝐶−. Then

∥𝐺∥𝐿2(0,∞) ≤ 𝑊 (𝐴, 𝜇), (7.3)

where
𝑊 (𝐴, 𝜇) :=

√
2𝜃𝐴 [∥𝐴∥𝑛 var(𝜇)𝜃𝐴 + 1].
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In addition,

∥𝐺̇∥𝐿2(0,∞) ≤ ∥𝐴∥𝑛 var(𝜇)𝑊 (𝐴, 𝜇), (7.4)

∥𝐺∥𝐶(0,∞) ≤ 𝑊 (𝐴, 𝜇)
√
2∥𝐴∥𝑛 var(𝜇) (7.5)

and

∥𝐺∥𝐿1(0,∞) ≤ 𝑊 (𝐴, 𝜇)
√

𝜋𝜃𝐴(1 + ∥𝐴∥𝑛 vd(𝜇)). (7.6)

Clearly, 𝑑𝐾 can be directly calculated. Moreover, by Lemma 4.6.3 we get the
following result.

Lemma 4.7.2. Let all the eigenvalues of 𝐴 be real and positive:

0 < 𝜆1(𝐴) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛(𝐴) (7.7)

and let
𝜂 var(𝜇)𝜆𝑛(𝐴) <

𝜋

4
. (7.8)

Then all the characteristic values of equation (7.1) are in 𝐶− and

𝑑𝐾 ≥ 𝑑(𝐴, 𝜇), (7.9)

where

𝑑(𝐴, 𝜇) :=

∫ 𝜂

0

cos (2𝜏𝜆𝑛(𝐴) var(𝜇)) 𝑑𝜇(𝜏) > 0.

Thus

𝜃𝐴 ≤ 𝜃(𝐴, 𝜇), where 𝜃(𝐴, 𝜇) :=

𝑛−1∑
𝑘=0

(𝑔(𝐴) var(𝜇))𝑘√
𝑘!𝑑𝑘+1(𝐴, 𝜇)

.

So we have proved the following result.

Corollary 4.7.3. Let conditions (7.7) and (7.8) hold. Then all the characteristic
values of equation (7.1) are in 𝐶− and inequalities (7.3)–(7.6) are true with 𝜃(𝐴, 𝜇)
instead of 𝜃𝐴.

In particular, if (7.1) takes the form

𝑦̇(𝑡) +𝐴𝑦(𝑡− ℎ) = 0 (ℎ = const > 0; 𝑡 ≥ 0), (7.10)

then the eigenvalues of 𝐾(𝑧) are 𝜆𝑗(𝐾(𝑧)) = 𝑧+ 𝑒−𝑧ℎ𝜆𝑗(𝐴). In addition, var(𝜇) =
1, vd(𝜇) = ℎ. According to (7.7), condition (7.8) takes the form

ℎ𝜆𝑛(𝐴) < 𝜋/4. (7.11)

So in this case we obtain the inequality

𝑑(𝐴, 𝜇) ≥ cos(2𝜆𝑛(𝐴)ℎ). (7.12)
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Furthermore, under condition (7.7), instead of condition (7.8) assume that

𝑒𝜂 var(𝜇) 𝜆𝑛(𝐴) < 1. (7.13)

Then according to Lemma 4.6.5 we can write

inf
𝜔∈ℝ

∣𝜆𝑗(𝐾(𝑖𝜔))∣ = inf
𝜔∈ℝ

∣∣∣∣𝑖𝜔 + 𝜆𝑗(𝐴)

∫ 𝜂

0

exp(−𝑖𝜔𝑠)𝑑𝜇(𝑠)

∣∣∣∣ = 𝜆𝑗(𝐴) var(𝜇).

Hence,
𝑑𝐾 ≥ var(𝜇)𝜆1(𝐴), (7.14)

and therefore, 𝜃𝐴 ≤ 𝜃𝐴, where

𝜃𝐴 :=
1

var(𝜇)

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)√
𝑘!𝜆𝑘+1

1 (𝐴)
.

Now taking into account Theorem 4.7.1 we arrive at our next result.

Corollary 4.7.4. Let conditions (7.7) and (7.13) hold. Then all the characteris-
tic values of equation (7.1) are in 𝐶− and inequalities (7.3)–(7.6) are true with
𝜃𝐴 = 𝜃𝐴.

Now let 𝐴 be diagonalizable. Then there is an invertible matrix 𝑇 and a
normal matrix 𝑆, such that 𝑇−1𝐴𝑇 = 𝑆. Besides,

𝑇−1𝐾(𝑧)𝑇 = 𝐾𝑆(𝑧) where 𝐾𝑆(𝑧) = 𝑧𝐼 +

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝜇(𝑠)𝑆

and therefore,
∥𝐾−1(𝑧)∥𝑛 ≤ 𝜅𝑇 ∥𝐾−1

𝑆 (𝑧)∥𝑛

where 𝜅𝑇 = ∥𝑇−1∥𝑛∥𝑇 ∥𝑛. Recall that some estimates for 𝜅𝑇 are given in Sec-
tion 2.7.

Since 𝑔(𝑆) = 0, and the eigenvalues of𝐾 and𝐾𝑆 coincide, we have 𝑑𝐾 = 𝑑𝐾𝑆 ,

𝜃𝑆 =
1

𝑑𝐾
and therefore 𝜃𝐴 ≤ 𝜅𝑇

𝑑𝐾
.

Now Theorem 4.7.1 implies the following result.

Corollary 4.7.5. Suppose 𝐴 is diagonalizable and all the characteristic values of
equation (7.1) are in 𝐶−. Then inequalities (7.3)–(7.6) are true with 𝜅𝑇

𝑑(𝐾) instead

of 𝜃𝐴.

If, in addition, conditions (7.7) and (7.8) hold, then according to (7.9) equa-
tion (7.1) is stable and

𝜃𝐴 ≤ 𝜅𝑇

𝑑(𝐴, 𝜇)
. (7.15)
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Moreover, if conditions (7.7) and (7.13) hold, then according to (7.14) equation
(7.1) is also stable and

𝜃𝐴 ≤ 𝜅𝑇

𝜆1(𝐴) var(𝜇)
. (7.16)

Note also that if 𝐴 is Hermitian, and conditions (7.7) and (7.13) hold, then re-
ducing (7.1) to the diagonal form, due to Lemma 4.6.5, we can assert that the
fundamental solution 𝐺 to (7.1) satisfies the inequality

∥𝐺∥𝐿1(0,∞) ≤ 1

var(𝜇)

𝑛∑
𝑘=1

1

𝜆𝑘(𝐴)
. (7.17)

So, if 𝐴 is diagonalizable and conditions (7.7) and (7.13) holds, then

∥𝐺∥𝐿1(0,∞) ≤ 𝜅𝑇

var(𝜇)

𝑛∑
𝑘=1

1

𝜆𝑘(𝐴)
. (7.18)

4.8 Estimates via determinants

Again consider equation (1.1). As it was shown in Section 2.3,

∥𝐴−1∥𝑛 ≤ 𝑁𝑛−1
2 (𝐴)

(𝑛− 1)(𝑛−1)/2∣ det (𝐴)∣ (𝑛 ≥ 2),

for any invertible 𝑛 × 𝑛-matrix 𝐴. The following result directly follows from this
inequality.

Corollary 4.8.1. For any regular point 𝑧 of the characteristic function of equation
(1.1), one has

∥𝐾−1(𝑧)∥𝑛 ≤ 𝑁𝑛−1
2 (𝐾(𝑧))

(𝑛− 1)(𝑛−1)/2∣ det (𝐾(𝑧))∣ (𝑛 ≥ 2), (8.1)

and thus 𝜃(𝐾) ≤ 𝜃det(𝐾) where

𝜃det(𝐾) := sup
−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

𝑁𝑛−1
2 (𝐾(𝑖𝜔))

(𝑛− 1)(𝑛−1)/2∣ det (𝐾(𝑖𝜔))∣ .

This corollary is more convenient for the calculations than (3.6), if 𝑛 is small
enough.

Recall that it is assumed that all the characteristic values of (1.1) are in the
open left half-plane 𝐶−. Let

𝑊det(𝐾) :=
√
2𝜃det(𝐾)[var(𝑅0)𝜃det(𝐾) + 1].

By Lemma 4.4.4 we arrive at the following lemma.
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Lemma 4.8.2. The inequality ∥𝐺∥𝐿2(0,∞) ≤ 𝑊det(𝐾) is valid.

In addition, Lemma 4.4.5 and Theorem 4.4.7 imply our next result.

Lemma 4.8.3. The inequalities

∥𝐺̇∥𝐿2(0,∞) ≤ 𝑊det(𝐾) var(𝑅0)

and

∥𝐺∥𝐶(0,∞) ≤ 𝑎det(𝐾), (8.2)

hold, where

𝑎det(𝐾) :=
√
2 var(𝑅0)𝑊det(𝐾).

Clearly,

𝑎det(𝐾) = 2
√
var(𝑅0)𝜃det(𝐾)[var(𝑅0)𝜃det(𝐾) + 1]

and

𝑎det(𝐾) ≤ 2(1 + var(𝑅0)𝜃det(𝐾)) ≤ 2(1 + var(𝑅0)𝜃det(𝐾)).

To estimate the 𝐿1-norm of the fundamental solution via the determinant, we use
inequality (4.12) and Corollary 4.8.1, by which we get the following result.

Corollary 4.8.4. The fundamental solution 𝐺 to equation (1.1) satisfies the in-
equality

∥𝐺∥𝐿1(0,∞) ≤ 𝑊det(𝐾)
√

𝜋𝜃det(𝐾)(1 + vd (𝑅0)).

Furthermore, if the entries 𝑟𝑗𝑘(𝜏) of 𝑅0(𝜏) have the following properties: 𝑟𝑗𝑗
are non-increasing and 𝑟𝑗𝑘(𝜏) ≡ 0 (𝑗 > 𝑘), that is, 𝑅0 is triangular; then clearly,

det 𝐾(𝑧) =

𝑛∏
𝑘=1

(
𝑧 −

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟𝑘𝑘(𝑠)

)
. (8.3)

If, in addition

𝜂 var 𝑟𝑗𝑗 ≤ 𝜋/4, 𝑗 = 1, . . . , 𝑛, (8.4)

then by Lemma 4.6.2 all the zeros of det 𝐾(𝑧) are in 𝐶− and

∣ det 𝐾(𝑖𝜔)∣ ≥
𝑛∏

𝑘=1

𝑑𝑘𝑘 > 0 (8.5)

where

𝑑𝑗𝑗 =

∫ 𝜂

0

cos(2 var(𝑟𝑗𝑗)𝜏) 𝑑𝑟𝑗𝑗(𝜏).
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4.9 Stability of diagonally dominant systems

Again 𝑟𝑗𝑘(𝑠) (𝑗, 𝑘 = 1, . . . , 𝑛) are the entries of 𝑅0(𝑠). In addition 𝑟𝑗𝑗(𝑠) are non-
increasing. Put

𝜉𝑗 =

𝑛∑
𝑘=1,𝑘 ∕=𝑗

var(𝑟𝑗𝑘).

Lemma 4.9.1. Assume that all the zeros of the functions

𝑘𝑗(𝑧) := 𝑧 −
∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟𝑗𝑗(𝑠), 𝑗 = 1, . . . , 𝑛,

are in 𝐶− and, in addition,

∣𝑘𝑗(𝑖𝜔)∣ > 𝜉𝑗 (𝜔 ∈ ℝ; ∣𝜔∣ ≤ 2 var(𝑟𝑗𝑗); 𝑗 = 1, . . . , 𝑛), (9.1)

then equation (1.1) is exponentially stable. Moreover,

∣ det (𝐾(𝑖𝜔))∣ ≥
𝑛∏

𝑗=1

(∣𝑘𝑗(𝑖𝜔)∣ − 𝜉𝑗) (𝜔 ∈ ℝ).

Proof. Clearly
𝑛∑

𝑘=1,𝑘 ∕=𝑗

∣∣∣∣
∫ 𝜂

0

𝑒−𝑖𝜔𝑠𝑑𝑟𝑗𝑘(𝑠)

∣∣∣∣ ≤ 𝜉𝑗 .

Hence the result is due to the Ostrowski theorem (see Section 1.11). □

If condition (8.4) holds, then by Lemma 4.6.2 we obtain

∣𝑘𝑗(𝑖𝜔)∣ ≥ 𝑑𝑗𝑗 > 0

where 𝑑𝑗𝑗 are defined in the previous section. So due to the previous lemma we
arrive at the following result.

Corollary 4.9.2. If the conditions (8.4) and

𝑑𝑗𝑗 > 𝜉𝑗 (𝑗 = 1, . . . , 𝑛)

hold, then equation (1.1) is exponentially stable. Moreover,

∣ det (𝐾(𝑖𝜔))∣ ≥
𝑛∏

𝑗=1

(𝑑𝑗𝑗 − 𝜉𝑗) (𝜔 ∈ ℝ).

Now we can apply the results of the previous section.

4.10 Comments

The contents of this chapter is based on the paper [26] and on some results from
Chapter 8 of the book [24].



Chapter 5

Properties of Characteristic Values

In this chapter we investigate properties of the characteristic values of autonomous
systems. In particular some identities for characteristic values and perturbations
results are derived.

5.1 Sums of moduli of characteristic values

Recall that

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅0(𝑠)

is the characteristic matrix function of the autonomous equation

𝑦̇ =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑦(𝑡− 𝑠).

Here and below in this chapter 𝑅0(𝜏) is an 𝑛× 𝑛-matrix-valued function defined
on a finite segment [0, 𝜂 ], whose entries have bounded variations and 𝐼 is the unit
matrix.

Enumerate the characteristic values 𝑧𝑘(𝐾) of 𝐾 with their multiplicities
in the nondecreasing order of their absolute values: ∣𝑧𝑘(𝐾)∣ ≤ ∣𝑧𝑘+1(𝐾)∣ (𝑘 =
1, 2, . . . ). If 𝐾 has 𝑙 < ∞ zeros, we put 1/𝑧𝑘(𝐾) = 0 (𝑘 = 𝑙 + 1, 𝑙+ 2, . . . ).

The aim of this section is to estimate the sums

𝑗∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣ (𝑗 = 1, 2, . . . ).

To this end, note that

𝐾(𝑧) = 𝑧𝐼 − (−1)𝑘𝑧𝑘

𝑘!

∫ 𝜂

0

𝑠𝑘𝑑𝑅0(𝑠) =

∞∑
𝑘=0

𝑧𝑘

𝑘!
𝐵𝑘, (1.1)
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where

𝐵0 = −
∫ 𝜂

0

𝑑𝑅0(𝑠) = −𝑅0(𝜂 ), 𝐵1 = 𝐼 +

∫ 𝜂

0

𝑠𝑑𝑅0(𝑠),

𝐵𝑘 = (−1)𝑘+1

∫ 𝜂

0

𝑠𝑘𝑑𝑅0(𝑠) (𝑘 ≥ 2).

In addition, it is supposed that

𝑅0(𝜂 ) is invertible. (1.2)

Put 𝐶𝑘 = −𝑅−1
0 (𝜂 )𝐵𝑘 and

𝐾1(𝑧) := −𝑅−1
0 (𝜂 )𝐾(𝑧) =

∞∑
𝑘=0

𝑧𝑘

𝑘!
𝐶𝑘 (𝐶0 = 𝐼).

Since det 𝐾1(𝑧) = − det 𝑅−1
0 (𝜂 ) det 𝐾(𝑧), all the characteristic values of 𝐾 and

𝐾1 coincide.

For brevity, in this chapter ∥𝐴∥ denotes the spectral norm of a matrix 𝐴:
∥𝐴∥ = ∥𝐴∥𝑛. Without loss of generality assume that

𝜂 < 1. (1.3)

If this condition is not valid, by the substitution 𝑧 = 𝑤𝑎 with some 𝑎 > 𝜂 into
(1.1), we obtain

𝐾(𝑎𝑤) = 𝑎𝑤𝐼 −
∫ 𝜂

0

exp(−𝑠𝑎𝑤)𝑑𝑅0(𝑠)

= 𝑎

(
𝑤𝐼 − 1

𝑎

∫ 𝑎𝜂

0

exp(−𝜏𝑤)𝑑𝑅0(𝜏/𝑎)

)
= 𝑎𝐾1(𝑤),

where

𝐾1(𝑤) = 𝑤𝐼 −
∫ 𝜂 1

0

exp(−𝜏𝑤)𝑑𝑅1(𝜏)

with 𝑅1(𝜏) =
1
𝑎𝑅0(𝜏/𝑎) and 𝜂 1 =

𝜂
𝑎 . Thus, condition (1.3) holds with 𝜂 = 𝜂 1.

Let 𝑟𝑗𝑘(𝑠) be the entries of 𝑅0(𝑠). Recall that var(𝑅0) denotes the spectral
norm of the matrix (var(𝑟𝑗𝑘))

𝑛
𝑗,𝑘=1:

var(𝑅0) = ∥ (var(𝑟𝑗𝑘))𝑛𝑗,𝑘=1 ∥.
Lemma 5.1.1. The inequality

∥𝐵𝑘∥ =
∥∥∥∥
∫ 𝜂

0

𝑠𝑘𝑑𝑅0(𝑠)

∥∥∥∥ ≤ 𝜂 𝑘 var(𝑅0) (𝑘 ≥ 2)

is true.
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The proof of this lemma is similar to the proof of Lemma 4.4.8. It is left to
the reader.

From this lemma it follows that

∥𝐶𝑘∥ ≤ var(𝑅0)∥𝑅−1
0 (𝜂 )∥𝜂 𝑘 (𝑘 ≥ 2).

So under condition (1.3) we have

∞∑
𝑘=1

∥𝐶𝑘∥2 < ∞. (1.4)

Furthermore, let

Ψ𝐾 :=

[ ∞∑
𝑘=1

𝐶𝑘𝐶
∗
𝑘

]1/2

.

So Ψ𝐾 is an 𝑛× 𝑛-matrix. Set

𝜔𝑘(𝐾) =

{
𝜆𝑘(Ψ𝐾) for 𝑘 = 1, . . . , 𝑛,

0 if 𝑘 ≥ 𝑛+ 1,

where 𝜆𝑘(Ψ𝐾) are the eigenvalues of matrix Ψ𝐾 with their multiplicities and
enumerated in the decreasing way: 𝜔𝑘(𝐾) ≥ 𝜔𝑘+1(𝐾) (𝑘 = 1, 2, . . . ).

Theorem 5.1.2. Let conditions (1.2) and (1.3) hold. Then the characteristic values
of 𝐾 satisfy the inequalities

𝑗∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣ <
𝑗∑

𝑘=1

[
𝜔𝑘(𝐾) +

𝑛

𝑘 + 𝑛

]
(𝑗 = 1, 2, . . . ).

This result is a particular case of Theorem 12.2.1 [46].

From the latter theorem it follows that

𝑗

∣𝑧𝑗(𝐾)∣ <
𝑗∑

𝑘=1

[
𝜔𝑘(𝐾) +

𝑛

𝑘 + 𝑛

]

and thus,

∣𝑧𝑗(𝐾)∣ > 𝑗∑𝑗
𝑘=1

[
𝜔𝑘(𝐾) +

𝑛
(𝑘+𝑛)

] (𝑗 = 1, 2, . . . ).

Therefore, in the disc

∣𝑧∣ ≤ 𝑗∑𝑗
𝑘=1

[
𝜔𝑘(𝐾) +

𝑛
(𝑘+𝑛)

] (𝑗 = 2, 3, . . . )

𝐾 has no more than 𝑗−1 characteristic values. Let 𝜈𝐾(𝑟) be the function counting
the characteristic values of 𝐾 in the disc ∣𝑧∣ ≤ 𝑟.
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We consequently get

Corollary 5.1.3. Let conditions (1.2) and (1.3) hold. Then the inequality 𝜈𝐾(𝑟) ≤
𝑗 − 1 is valid, provided

𝑟 ≤ 𝑗∑𝑗
𝑘=1

[
𝜔𝑘(𝐾) +

𝑛
(𝑘+𝑛)

] (𝑗 = 2, 3, . . . ).

Moreover, 𝐾(𝑧) does not have characteristic values in the disc

∣𝑧∣ ≤ 1

𝜆1(Ψ𝐾) +
𝑛

1+𝑛

.

Let us apply the Borel (Laplace) transform. Namely, put

𝐹𝐾(𝑤) =

∫ ∞

0

𝑒−𝑤𝑡𝐾1(𝑡)𝑑𝑡 (𝑤 ∈ ℂ; ∣𝑤∣ = 1).

Then

𝐹𝐾(𝑤) = −𝑅−1
0 (𝜂 )

∫ ∞

0

𝑒−𝑤𝑡

(
𝑡𝐼 −

∫ 𝜂

0

exp(−𝑡𝑠)𝑑𝑅0(𝑠)

)
𝑑𝑡.

We can write down

𝐹𝐾(𝑤) = −𝑅−1
0 (𝜂 )

[
1

𝑤2
𝐼 −

∫ 𝜂

0

1

𝑠+ 𝑤
𝑑𝑅0(𝑠)

]
. (1.5)

On the other hand

𝐹𝐾(𝑤) =

∞∑
𝑘=0

1

𝑤𝑘+1
𝐶𝑘

and therefore
1

2𝜋

∫ 2𝜋

0

𝐹𝐾(𝑒
−𝑖𝑠)𝐹 ∗

𝐾(𝑒
𝑖𝑠)𝑑𝑠 =

∞∑
𝑘=0

𝐶𝑘𝐶
∗
𝑘 .

Thus, we have proved the following result.

Lemma 5.1.4. Let condition (1.3) hold. Then

Ψ2
𝐾 =

1

2𝜋

∫ 2𝜋

0

𝐹𝐾(𝑒
−𝑖𝑠)𝐹 ∗

𝐾(𝑒
𝑖𝑠)𝑑𝑠

and consequently

∥Ψ𝐾∥2 ≤ 1

2𝜋

∫ 2𝜋

0

∥𝐹𝐾(𝑒
𝑖𝑠)∥2𝑑𝑠 ≤ sup

∣𝑤∣=1

∥𝐹𝐾(𝑤)∥2.
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Simple calculations show that∥∥∥∥
∫ 𝜂

0

1

𝑠+ 𝑤
𝑑𝑅0(𝑠)

∥∥∥∥ ≤ var(𝑅0)

1− 𝜂
(∣𝑤∣ = 1).

Taking into account (1.5), we deduce that

∥Ψ𝐾∥ ≤ ∥𝑅−1
0 ∥

(
1 +

var(𝑅0)

1− 𝜂

)

and consequently,
𝜔𝑗(𝐾) ≤ sup

∣𝑤∣=1

∥𝐹𝐾(𝑤)∥ ≤ 𝛼(𝐹𝐾), (1.6)

where

𝛼(𝐹𝐾) := ∥𝑅−1
0 ∥

(
1 +

var(𝑅0)

1− 𝜂

)
(𝑗 ≤ 𝑛).

Note that the norm of 𝑅−1
0 (𝜂 ) can be estimated by the results presented in Section

2.3 above. Inequality (1.6) and Theorem 5.1.2 imply the following result.

Corollary 5.1.5. Let conditions (1.2) and (1.3) hold. Then the characteristic values
of 𝐾 satisfy the inequalities

𝑗∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣ < 𝑗𝛼(𝐹𝐾) + 𝑛

𝑗∑
𝑘=1

1

𝑘 + 𝑛
(𝑗 ≤ 𝑛)

and
𝑗∑

𝑘=1

1

∣𝑧𝑘(𝐾)∣ < 𝑛

(
𝛼(𝐹𝐾 ) +

𝑗∑
𝑘=1

1

𝑘 + 𝑛

)
(𝑗 > 𝑛).

5.2 Identities for characteristic values

This section deals with the following sums containing the characteristic values
𝑧𝑘(𝐾) (𝑘 = 1, 2, . . . ):

𝑠𝑚(𝐾) :=

∞∑
𝑘=1

1

𝑧𝑚
𝑘 (𝐾)

(𝑚 = 2, 3, . . . ),

∞∑
𝑘=1

(
Im

1

𝑧𝑘(𝐾)

)2

and

∞∑
𝑘=1

(
Re

1

𝑧𝑘(𝐾)

)2

.

Again use the expansion

𝐾1(𝑧) := −𝑅−1
0 (𝜂 )𝐾(𝑧) =

∞∑
𝑘=0

𝑧𝑘

𝑘!
𝐶𝑘, (2.1)
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where

𝐶𝑘 = (−1)𝑘𝑅−1
0 (𝜂 )

∫ 𝜂

0

𝑠𝑘𝑑𝑅0(𝑠) (𝑘 ≥ 2),

𝐶0 = 𝐼 and 𝐶1 = −𝑅−1
0 (𝜂 )

(
𝐼 +

∫ 𝜂

0

𝑠𝑑𝑅0(𝑠)

)
.

To formulate our next result, for an integer 𝑚 ≥ 2, introduce the 𝑚 × 𝑚-block
matrix

𝐵̂𝑚 =

⎛
⎜⎜⎜⎜⎝

−𝐶1 −𝐶2/2 . . . −𝐶𝑚−1/(𝑚− 1)! −𝐶𝑚/𝑚!
𝐼 0 . . . 0 0
0 𝐼 . . . 0 0
. . . . . . .
0 0 . . . 𝐼 0

⎞
⎟⎟⎟⎟⎠

whose entries are 𝑛× 𝑛 matrices.

Theorem 5.2.1. For any integer 𝑚 ≥ 2, we have
𝑠𝑚(𝐾) = Trace 𝐵̂

𝑚
𝑚 .

This result is a particular case of Theorem 12.7.1 from [46].

Furthermore, let

𝜏(𝐾) :=

∞∑
𝑘=1

𝑁2
2 (𝐶𝑘) + (𝜁(2) − 1)𝑛

and
𝜓(𝐾, 𝑡) := 𝜏(𝐾) + ReTrace[𝑒2𝑖𝑡 (𝐶2

1 − 𝐶2/2)] (𝑡 ∈ [0, 2𝜋))
where

𝜁(𝑧) :=

∞∑
𝑘=1

1

𝑘𝑧
(Re 𝑧 > 1)

is the Riemann zeta function.

Theorem 5.2.2. Let conditions (1.2) and (1.3) hold. Then for any 𝑡 ∈ [0, 2𝜋) the
relations

𝜏(𝐾) −
∞∑

𝑘=1

1

∣𝑧𝑘(𝐾)∣2 = 𝜓(𝐾, 𝑡)− 2
∞∑

𝑘=1

(
Re

𝑒𝑖𝑡

𝑧𝑘(𝐾)

)2

≥ 0

are valid.

This theorem is a particular case of Theorem 12.4.1 from [46].

Note that

𝜓(𝐾,𝜋/2) = 𝜏(𝐾)− ReTrace
(
𝐶2

1 − 1

2
𝐶2

)
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and

𝜓(𝐾, 0) = 𝜏(𝐾) + ReTrace

(
𝐶2

1 − 1

2
𝐶2

)
.

Now Theorem 5.2.2 yields the following result.

Corollary 5.2.3. Let conditions (1.2) and (1.3) hold. Then

𝜏(𝐾)−
∞∑

𝑘=1

1

∣𝑧𝑘(𝐾)∣2 = 𝜓(𝐾,𝜋/2)− 2
∞∑

𝑘=1

(
Im

1

𝑧𝑘(𝐾)

)2

= 𝜓(𝐾, 0)− 2
∞∑

𝑘=1

(
Re

1

𝑧𝑘(𝐾)

)2

≥ 0.

Consequently,

∞∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣2 ≤ 𝜏(𝐾), 2

∞∑
𝑘=1

(
Im

1

𝑧𝑘(𝐾)

)2

≤ 𝜓(𝑓, 𝜋/2)

and

2

∞∑
𝑘=1

(
Re

1

𝑧𝑘(𝐾)

)2

≤ 𝜓(𝑓, 0).

5.3 Multiplicative representations of
characteristic functions

Let 𝐴 be an 𝑛 × 𝑛-matrix and 𝐸𝑘 (𝑘 = 1, . . . , 𝑛) be the maximal chain of the
invariant orthogonal projections of 𝐴. That is,

0 = 𝐸0 ⊂ 𝐸1 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐸𝑛 = 𝐼

and
𝐴𝐸𝑘 = 𝐸𝑘𝐴𝐸𝑘 (𝑘 = 1, . . . , 𝑛). (3.1)

Besides, Δ𝐸𝑘 = 𝐸𝑘 − 𝐸𝑘−1 (𝑘 = 1, . . . , 𝑛) are one-dimensional. Again set

→∏
1≤𝑘≤𝑚

𝑋𝑘 := 𝑋1𝑋2 . . .𝑋𝑚

for matrices 𝑋1, 𝑋2, . . . , 𝑋𝑚. As it is shown in Subsection 2.2.2,

(𝐼 −𝐴)−1 =

→∏
1≤𝑘≤𝑛

(
𝐼 +

𝐴Δ𝐸𝑘

1− 𝜆𝑘(𝐴)

)
, (3.2)

provided 𝐼 −𝐴 is invertible.
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Furthermore, for each fixed 𝑧 ∈ ℂ, 𝐾(𝑧) possesses the maximal chain of
invariant orthogonal projections, which we denote by 𝐸𝑘(𝐾, 𝑧):

0 = 𝐸0(𝐾, 𝑧) ⊂ 𝐸1(𝐾, 𝑧) ⊂ ⋅ ⋅ ⋅ ⊂ 𝐸𝑛(𝐾, 𝑧) = 𝐼

and
𝐾(𝑧)𝐸𝑘(𝐾, 𝑧) = 𝐸𝑘(𝐾, 𝑧)𝐾(𝑧)𝐸𝑘(𝐾, 𝑧) (𝑘 = 1, . . . , 𝑛).

Moreover,
Δ𝐸𝑘(𝐾, 𝑧) = 𝐸𝑘(𝐾, 𝑧)− 𝐸𝑘−1(𝐾, 𝑧) (𝑘 = 1, . . . , 𝑛)

are one-dimensional orthogonal projections.

Write 𝐾(𝑧) = 𝑧𝐼 −𝐵(𝑧) with

𝐵(𝑧) =

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅0(𝑠).

Then 𝐾(𝑧) = 𝑧(𝐼 − 1
𝑧𝐵(𝑧)). Now by (3.2) with 𝐾(𝑧) instead of 𝐼 −𝐴, we get our

next result.

Theorem 5.3.1. For any regular 𝑧 ∕= 0 of 𝐾, the equality

𝐾−1(𝑧) =
1

𝑧

→∏
1≤𝑘≤𝑛

(
𝐼 +

𝐵(𝑧)Δ𝐸𝑘(𝑧)

𝑧𝜆𝑘(𝐾(𝑧))

)

is true.

Furthermore, let
𝐴 = 𝐷 + 𝑉 (𝜎(𝐴) = 𝜎(𝐷)) (3.3)

be the Schur triangular representation of 𝐴 (see Section 2.2). Namely, 𝑉 is the
nilpotent part of 𝐴 and

𝐷 =

𝑛∑
𝑘=1

𝜆𝑘(𝐴)Δ𝐸𝑘

is its diagonal part. Besides 𝑉 𝐸𝑘 = 𝐸𝑘𝑉 𝐸𝑘 (𝑘 = 1, . . . , 𝑛). Let us use the equality

𝐴−1 = 𝐷−1
→∏

2≤𝑘≤𝑛

[
𝐼 − 𝑉Δ𝐸𝑘

𝜆𝑘(𝐴)

]

for any non-singular matrix 𝐴 (see Section 2.2). Now replace 𝐴 by𝐾(𝑧) and denote
by 𝐷̃𝐾(𝑧) and 𝑉𝐾(𝑧) be the diagonal and nilpotent parts of 𝐾(𝑧), respectively.
Then the previous equality at once yields the following result.

Theorem 5.3.2. For any regular 𝑧 of 𝐾, the equality

𝐾−1(𝑧) = 𝐷̃−1
𝐾 (𝑧)

→∏
2≤𝑘≤𝑛

[
𝐼 − 𝑉𝐾(𝑧)Δ𝐸𝑘(𝑧)

𝜆𝑘(𝐾(𝑧))

]

is true.
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5.4 Perturbations of characteristic values

Let

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅0(𝑠) (4.1a)

and

𝐾̃(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅̃(𝑠), (4.1b)

where 𝑅0 and 𝑅̃ are 𝑛×𝑛-matrix-valued functions defined on [0, 𝜂 ], whose entries
have bounded variations.

Enumerate the characteristic values 𝑧𝑘(𝐾) and 𝑧𝑘(𝐾̃) of 𝐾 and 𝐾̃, respec-
tively with their multiplicities in the nondecreasing order of their moduli.

The aim of this section is to estimate the quantity

𝑟𝑣𝐾(𝐾̃) = max
𝑗=1,2,...

min
𝑘=1,2,...

∣∣∣∣∣ 1

𝑧𝑘(𝐾)
− 1

𝑧𝑗(𝐾̃)

∣∣∣∣∣
which will be called the relative variation of the characteristic values of 𝐾̃ with
respect to the characteristic values of 𝐾.

Assume that
𝑅0(𝜂 ) and 𝑅̃(𝜂 ) are invertible, (4.2)

and
𝜂 < 1. (4.3)

As it was shown in Section 5.1, the latter condition does not affect the generality.
Again put

𝐾1(𝑧) = −𝑅−1(𝜂 )𝐾(𝑧) and, in addition, 𝐾̃1(𝑧) = −𝑅̃−1(𝜂 )𝐾̃(𝑧).

So

𝐾1(𝑧) =

∞∑
𝑘=0

𝑧𝑘

𝑘!
𝐶𝑘 and 𝐾̃1(𝑧) =

∞∑
𝑘=0

𝑧𝑘

𝑘!
𝐶𝑘, (4.4)

where

𝐶𝑘 = (−1)𝑘𝑅−1
0 (𝜂 )

∫ 𝜂

0

𝑠𝑘𝑑𝑅0(𝑠)

and

𝐶𝑘 = (−1)𝑘𝑅̃−1(𝜂 )

∫ 𝜂

0

𝑠𝑘𝑑𝑅̃(𝑠) (𝑘 ≥ 2);

𝐶0 = 𝐶0 = 𝐼;

𝐶1 = −𝑅−1
0 (𝜂 )

(
𝐼 +

∫ 𝜂

0

𝑠𝑑𝑅0(𝑠)

)
and 𝐶1 = −𝑅̃−1(𝜂 )

(
𝐼 +

∫ 𝜂

0

𝑠𝑑𝑅̃(𝑠)

)
.
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As it is shown in Section 5.1, condition (4.3) implies the inequalities

∞∑
𝑘=0

∥𝐶𝑘∥2 < ∞ and

∞∑
𝑘=0

∥𝐶𝑘∥2 < ∞. (4.5)

Recall that

Ψ𝐾 :=

[ ∞∑
𝑘=1

𝐶𝑘𝐶
∗
𝑘

]1/2

and put

𝑤(𝐾) := 2𝑁2(Ψ𝐾) + 2[𝑛(𝜁(2)− 1)]1/2,
where 𝜁(.) is again the Riemann zeta function. Also let

𝜉(𝐾, 𝑠) :=
1

𝑠
exp

[
1

2
+

𝑤2(𝐾)

2𝑠2

]
(𝑠 > 0) (4.6)

and

𝑞 =

[ ∞∑
𝑘=1

∥𝐶𝑘 − 𝐶𝑘∥2
]1/2

.

Theorem 5.4.1. Let conditions (4.2) and (4.3) hold. Then

𝑟𝑣𝐾(𝐾̃) ≤ 𝑟(𝐾, 𝑞),

where 𝑟(𝐾, 𝑞) is the unique positive root of the equation

𝑞𝜉(𝐾, 𝑠) = 1. (4.7)

This result is a particular case of Theorem 12.5.1 from [46]. If we substitute
the equality 𝑦 = 𝑥𝑤(𝐾) into (4.7) and apply Lemma 1.6.4 from [46], we get
𝑟(𝐾, 𝑞) ≤ 𝛿(𝐾, 𝑞), where

𝛿(𝐾, 𝑞) :=

{
𝑒 𝑞 if 𝑤(𝐾) ≤ 𝑒 𝑞,

𝑤(𝐾) [𝑙𝑛 (𝑤(𝐾)/𝑞)]−1/2. if 𝑤(𝐾) > 𝑒 𝑞

Therefore, 𝑟𝑣𝐾(𝐾̃) ≤ 𝛿(𝐾, 𝑞).

Put

𝑊𝑗 =

{
𝑧 ∈ ℂ : 𝑞𝜉

(
𝐾,

∣∣∣∣1𝑧 − 1

𝑧𝑗(𝐾)

∣∣∣∣
)

≥ 1
}
(𝑗 = 1, 2, . . . ).

Since 𝜉(𝐾, 𝑦) is a monotone decreasing function with respect to 𝑦 > 0, Theorem
5.4.1 yields the following result.
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Corollary 5.4.2. Under the hypothesis of Theorem 5.4.1, all the characteristic val-
ues of 𝐾̃ lie in the set

∪∞
𝑗=1𝑊𝑗 .

Let us apply the Borel (Laplace) transform. Namely, put

𝐹 (𝑢) =

∫ ∞

0

𝑒−𝑢𝑡(𝐾̃1(𝑡)−𝐾1(𝑡))𝑑𝑡 (𝑢 ∈ ℂ; ∣𝑢∣ = 1).

Then

𝐹 (𝑢) =
∞∑

𝑘=0

1

𝑢𝑘+1
(𝐶𝑘 − 𝐶𝑘).

Therefore

1

2𝜋

∫ 2𝜋

0

𝐹 ∗(𝑒−𝑖𝑠)𝐹 (𝑒𝑖𝑠)𝑑𝑠 =

∞∑
𝑘=0

((𝐶𝑘)
∗ − 𝐶∗

𝑘 )(𝐶𝑘 − 𝐶𝑘).

Thus,

Trace
1

2𝜋

∫ 2𝜋

0

𝐹 ∗(𝑒−𝑖𝑠)𝐹 (𝑒𝑖𝑠)𝑑𝑠 = Trace
∞∑

𝑘=0

((𝐶)∗𝑘 − 𝐶∗
𝑘)(𝐶𝑘 − 𝐶𝑘),

or

𝑞2 ≤
∞∑

𝑘=0

𝑁2
2 (𝐶𝑘 − 𝐶𝑘) =

1

2𝜋

∫ 2𝜋

0

𝑁2
2 (𝐹 (𝑒

𝑖𝑠))𝑑𝑠.

This forces

𝑞2 ≤ 1

2𝜋

∫ 2𝜋

0

𝑁2
2 (𝐹 (𝑒

𝑖𝑠))𝑑𝑠 ≤ sup
∣𝑧∣=1

𝑁2
2 (𝐹 (𝑧)).

5.5 Perturbations of characteristic determinants

In the present section we investigate perturbations of characteristic determinants.
Besides, 𝐾 and 𝐾̃ are defined by (4.1), again.

Lemma 5.5.1. The equality

inf
−∞≤𝜔≤∞

∣ det 𝐾(𝑖𝜔)∣ = inf
−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

∣ det 𝐾(𝑖𝜔)∣

is valid. Moreover,

inf
−∞≤𝜔≤∞

∣ det 𝐾(𝑖𝜔)∣ ≤ ∣ det 𝑅0(𝜂 )∣.
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Proof. Put 𝑑(𝑠) = ∣ det 𝐾(𝑖𝑠)∣. Clearly, 𝑑(0) = ∣ det 𝑅0(𝜂 )∣ and

det 𝐾(𝑧) =

𝑛∏
𝑘=1

𝜆𝑘(𝑧𝐼 −𝐵(𝑧)) =

𝑛∏
𝑘=1

(𝑧 − 𝜆𝑘(𝐵(𝑧)).

In addition,
∣𝜆𝑘(𝐵(𝑖𝑠))∣ ≤ ∥𝐵(𝑖𝑠)∥ ≤ var(𝑅0)

and thus
𝑑(𝑠) ≥ ∣∣𝑠∣ − var(𝑅0)∣𝑛 ≥ (var(𝑅0))

𝑛 (∣𝑠∣ ≥ 2 var(𝑅0)).

We conclude that the minimum of 𝑑(𝑠) is attained inside the segment

[−2 var(𝑅0), 2 var(𝑅0)],

as claimed. □

Furthermore, let 𝐴 and 𝐵 be 𝑛× 𝑛-matrices. As it is shown in Section 1.11,

∣ det 𝐴− det 𝐵∣ ≤ ∥𝐴−𝐵∥
[
1 +

1

2
∥𝐴−𝐵∥+ 1

2
∥𝐴+𝐵∥

]𝑛

.

Hence we get

Corollary 5.5.2. The inequality

∣det𝐾(𝑧)−det 𝐾̃(𝑧)∣≤∥𝐾(𝑧)−𝐾̃(𝑧)∥
[
1+

1

2
∥𝐾(𝑧)−𝐾̃(𝑧)∥+ 1

2
∥𝐾(𝑧)+𝐾̃(𝑧)∥

]𝑛

holds.

Simple calculations show that

∥𝐾(𝑖𝜔)∥ ≤ ∣𝜔∣+ var(𝑅0), ∥𝐾(𝑖𝜔) + 𝐾̃(𝑖𝜔)∥ ≤ 2∣𝜔∣+ var(𝑅0) + var(𝑅̃)

and
∥𝐾(𝑖𝜔)− 𝐾̃(𝑖𝜔)∥ ≤ var(𝑅0 − 𝑅̃) (𝜔 ∈ ℝ).

We thus arrive at the following corollary.

Corollary 5.5.3. The inequality

∣det𝐾(𝑖𝜔)−det 𝐾̃(𝑖𝜔)∣≤var(𝑅0− 𝑅̃)

[
1+ ∣𝜔∣+ 1

2
(var(𝑅0+ 𝑅̃)+var(𝑅0− 𝑅̃))

]𝑛

is valid.

In particular,

∣ det 𝐾̃(𝑖𝜔)∣
≥ ∣ det 𝐾(𝑖𝜔)∣ − var(𝑅0 − 𝑅̃)

[
1 + ∣𝜔∣+ 1

2
(var(𝑅0 + 𝑅̃) + var(𝑅0 − 𝑅̃))

]𝑛

.

Now simple calculations and Lemma 5.5.1 imply the following result.
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Theorem 5.5.4. Let all the zeros of det 𝐾(𝑧) be in 𝐶− and

𝐽1 := inf
∣𝜔∣≤2 var(𝑅0)

∣ det 𝐾(𝑖𝜔)∣

− var(𝑅0 − 𝑅̃)

[
1 + 2 var(𝑅̃) +

1

2

(
var(𝑅0 + 𝑅̃) + var(𝑅0 − 𝑅̃)

)]𝑛

> 0.

Then all the zeros of det 𝐾̃(𝑧) are also in 𝐶− and

inf
𝜔∈ℝ

∣ det 𝐾̃(𝑖𝜔)∣ ≥ 𝐽1.

Note that

𝐽1 ≥ inf
∣𝜔∣≤2 var(𝑅0)

∣ det 𝐾(𝑖𝜔)∣ − var(𝑅0 − 𝑅̃)[1 + 3 var(𝑅̃) + var(𝑅̃)]𝑛.

Furthermore, let us establish a result similar to Theorem 5.5.1 but in the
terms of the norm 𝑁2(.). Again let 𝐴 and 𝐵 be 𝑛 × 𝑛-matrices. Then as it is
shown in Section 1.11,

∣ det 𝐴− det 𝐵∣ ≤ 1

𝑛𝑛/2
𝑁2(𝐴−𝐵)

[
1 +

1

2
𝑁2(𝐴−𝐵) +

1

2
𝑁2(𝐴+𝐵)

]𝑛

.

Now at once we get our next result.

Lemma 5.5.5. The inequality

∣ det 𝐾(𝑧)− det 𝐾̃(𝑧)∣

≤ 1

𝑛𝑛/2
𝑁2(𝐾(𝑧)− 𝐾̃(𝑧))

[
1 +

1

2
𝑁2(𝐾(𝑧)− 𝐾̃(𝑧)) +

1

2
𝑁2(𝐾(𝑧) + 𝐾̃(𝑧))

]𝑛

is valid.

Note that the previous lemma implies the inequality

∣ det 𝐾(𝑧)− det 𝐾̃(𝑧)∣ ≤ 1

𝑛𝑛/2
𝑁2(𝐾(𝑧)− 𝐾̃(𝑧))

[
1 +𝑁2(𝐾(𝑧)) +𝑁2(𝐾̃(𝑧))

]𝑛

.

To illustrate the results obtained in this section consider the following matrix-
valued functions:

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝑠𝑧𝐴(𝑠)𝑑𝑠 −
𝑚∑

𝑘=0

𝑒−ℎ𝑘𝑧𝐴𝑘, (5.2a)

and

𝐾̃(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝑠𝑧𝐴(𝑠)𝑑𝑠 −
𝑚∑

𝑘=0

𝑒−ℎ𝑘𝑧𝐴𝑘, (5.2b)
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where 𝐴(𝑠) and 𝐴(𝑠) are integrable matrix functions, 𝐴𝑘 and 𝐴𝑘 are constant
matrices, ℎ𝑘 are positive constants. Put

Var2(𝑅0) =

∫ 𝜂

0

𝑁2(𝐴(𝑠))𝑑𝑠 +

𝑚∑
𝑘=0

𝑁2(𝐴𝑘),

Var2(𝑅0 ± 𝑅̃) =

∫ 𝜂

0

𝑁2(𝐴(𝑠)±𝐴(𝑠))𝑑𝑠+
𝑚∑

𝑘=0

𝑁2(𝐴𝑘 ±𝐴𝑘).

We have

𝑁2(𝐾(𝑖𝜔)) ≤
√
𝑛∣𝜔∣+Var2(𝑅0), 𝑁2(𝐾(𝑖𝜔)− 𝐾̃(𝑖𝜔)) ≤ Var2(𝑅0 − 𝑅̃)

and
𝑁2(𝐾(𝑖𝜔) + 𝐾̃(𝑖𝜔)) ≤ 2√𝑛∣𝜔∣+Var2(𝑅0 +𝑅) (𝜔 ∈ ℝ).

We thus arrive at the following corollary.

Corollary 5.5.6. Let 𝐾 and 𝐾̃ be defined by (5.2). Then the inequality

∣ det 𝐾(𝑖𝜔)− det 𝐾̃(𝑖𝜔)∣

≤ 1

𝑛𝑛/2
Var2(𝑅0 − 𝑅̃)

[
1 +

√
𝑛∣𝜔∣+ 1

2

(
Var2(𝑅0 + 𝑅̃) + Var2(𝑅0 − 𝑅̃)

)]𝑛

is true.

In particular,

∣ det 𝐾̃(𝑖𝜔)∣ ≥ ∣ det 𝐾(𝑖𝜔)∣

− 1

𝑛𝑛/2
Var2(𝑅0 − 𝑅̃)

[
1 +

√
𝑛∣𝜔∣+ 1

2

(
Var2(𝑅0 + 𝑅̃) + Var2(𝑅0 − 𝑅̃)

)]𝑛

(𝜔 ∈ ℝ).

Hence, making use of Lemma 5.5.1 and taking into account that var(𝑅0) ≤
Var2(𝑅0), we easily get our next result.

Corollary 5.5.7. Let 𝐾 and 𝐾̃ be defined by (5.2). Let all the zeros of det 𝐾(𝑧) be
in 𝐶− and

𝐽0 := inf
∣𝜔∣≤2Var2(𝑅0)

∣det𝐾(𝑖𝜔)∣

− 1

𝑛𝑛/2
Var2(𝑅0− 𝑅̃)

[
1+2

√
𝑛Var2(𝑅̃)+

1

2

(
Var2(𝑅0+ 𝑅̃)+Var2(𝑅0− 𝑅̃)

)]𝑛

>0.

Then all the zeros of det 𝐾̃(𝑧) are also in 𝐶− and

inf
𝜔∈ℝ

∣ det 𝐾̃(𝑖𝜔)∣ ≥ 𝐽0.
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5.6 Approximations by polynomial pencils

Let (1.2) hold, and 𝐾, and 𝐾1 be defined as in Section 5.1. Let us consider the
approximation of function 𝐾1 by the polynomial pencil

ℎ𝑚(𝜆) =
𝑚∑

𝑘=0

𝐶𝑘𝜆
𝑘

𝑘!
.

Put

𝑞𝑚(𝐾) :=

[ ∞∑
𝑘=𝑚+1

∥𝐶𝑘∥2
]1/2

and

𝑤(ℎ𝑚) = 2 𝑁
1/2
2

(
𝑚∑

𝑘=1

𝐶𝑘𝐶
∗
𝑘

)
+ 2 [𝑛(𝜁(2) − 1)]1/2.

Define 𝜉(ℎ𝑚, 𝑠) by (4.6) with ℎ𝑚 instead of 𝐾. The following result at once follows
from [46, Corollary 12.5.3].

Corollary 5.6.1. Let conditions (1.2) and (1.3) hold, and 𝑟𝑚(𝐾) be the unique
positive root of the equation

𝑞𝑚(𝐾)𝜉(ℎ𝑚, 𝑦) = 1.

Then either, for any characteristic value 𝑧(𝐾) of 𝐾, there is a characteristic value
𝑧(ℎ𝑚) of polynomial pencil ℎ𝑚, such that∣∣∣∣ 1

𝑧(𝐾)
− 1

𝑧(ℎ𝑚)

∣∣∣∣ ≤ 𝑟𝑚(𝐾), or ∣𝑧(𝐾)∣ ≥ 1

𝑟𝑚(𝐾)
.

5.7 Convex functions of characteristic values

We need the following classical result.

Lemma 5.7.1. Let 𝜙(𝑥) (0 ≤ 𝑥 ≤ ∞) be a convex continuous function, such that
𝜙(0) = 0, and

𝑎𝑗, 𝑏𝑗 (𝑗 = 1, 2, . . . , 𝑙 ≤ ∞)
be two non-increasing sequences of real numbers, such that

𝑗∑
𝑘=1

𝑎𝑘 ≤
𝑗∑

𝑘=1

𝑏𝑘 (𝑗 = 1, 2, . . . , 𝑙).

Then
𝑗∑

𝑘=1

𝜙(𝑎𝑘) ≤
𝑗∑

𝑘=1

𝜙(𝑏𝑘) (𝑗 = 1, 2, . . . , 𝑙).

5.7 Convex functions of characteristic values
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For the proof see for instance [65, Lemma II.3.4], or [64, p. 53]. Put

𝜒𝑘 = 𝜔𝑘(𝐾) +
𝑛

𝑘 + 𝑛
(𝑘 = 1, 2, . . . ).

The following result is due to the previous lemma and Theorem 5.1.2.

Corollary 5.7.2. Let 𝜙(𝑡) (0 ≤ 𝑡 < ∞) be a continuous convex scalar-valued func-
tion, such that 𝜙(0) = 0. Let conditions (1.2) and (1.3) hold. Then the inequalities

𝑗∑
𝑘=1

𝜙

(
1

∣𝑧𝑘(𝐾)∣
)

<

𝑗∑
𝑘=1

𝜙(𝜒𝑘) (𝑗 = 1, 2, . . . )

are valid. In particular, for any 𝑝 > 1,

𝑗∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣𝑝 <

𝑗∑
𝑘=1

𝜒𝑝
𝑘

and thus[
𝑗∑

𝑘=1

1

∣𝑧𝑘(𝐾)∣𝑝
]1/𝑝

<

[
𝑗∑

𝑘=1

𝜔𝑝
𝑘(𝐾)

]1/𝑝

+𝑛

[
𝑗∑

𝑘=1

1

(𝑘 + 𝑛)𝑝

]1/𝑝

(𝑗 = 1, 2, . . . ). (7.1)

For any 𝑝 > 1 we have

𝜁𝑛(𝑝) :=

∞∑
𝑘=1

1

(𝑘 + 𝑛)𝑝
< ∞.

Relation (7.1) with the notation

𝑁𝑝(Ψ𝐾) =

[
𝑛∑

𝑘=1

𝜆𝑝
𝑘(Ψ𝐾)

]1/𝑝

yields our next result.

Corollary 5.7.3. Let the conditions (1.2) and (1.3) hold. Then

( ∞∑
𝑘=1

1

∣𝑧𝑘(𝐾)∣𝑝
)1/𝑝

< 𝑁𝑝(Ψ𝐾) + 𝑛𝜁1/𝑝𝑛 (𝑝) (𝑝 > 1).

The next result is also well known, cf. [65, Chapter II], [64, p. 53].

Lemma 5.7.4. Let a scalar-valued function Φ(𝑡1, 𝑡2, . . . , 𝑡𝑗) with an integer 𝑗 be
defined on the domain

0 < 𝑡𝑗 ≤ 𝑡𝑗−1 ⋅ ⋅ ⋅ ≤ 𝑡2 ≤ 𝑡1 < ∞
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and have continuous partial derivatives, satisfying the condition

∂Φ

∂𝑡1
>

∂Φ

∂𝑡2
> ⋅ ⋅ ⋅ > ∂Φ

∂𝑡𝑗
> 0 for 𝑡1 > 𝑡2 > ⋅ ⋅ ⋅ > 𝑡𝑗 , (7.2)

and 𝑎𝑘, 𝑏𝑘 (𝑘 = 1, 2, . . . , 𝑗) be two non-increasing sequences of real numbers satis-
fying the condition

𝑚∑
𝑘=1

𝑎𝑘 ≤
𝑚∑

𝑘=1

𝑏𝑘 (𝑚 = 1, 2, . . . , 𝑗).

Then Φ(𝑎1, . . . , 𝑎𝑗) ≤ Φ(𝑏1, . . . , 𝑏𝑗).
This lemma and Theorem 5.1.2 immediately imply our next result.

Corollary 5.7.5. Under the hypothesis of Theorem 5.1.2, let condition (7.2) hold.
Then

Φ

(
1

∣𝑧1(𝐾)∣ ,
1

∣𝑧2(𝐾)∣ , . . . ,
1

∣𝑧𝑗(𝐾)∣
)

< Φ(𝜒1, 𝜒2, . . . , 𝜒𝑗).

In particular, let {𝑑𝑘}∞𝑘=1 be a decreasing sequence of non-negative numbers.
Take

Φ(𝑡1, 𝑡2, . . . , 𝑡𝑗) =

𝑗∑
𝑘=1

𝑑𝑘𝑡𝑘.

Then the previous corollary yields the inequalities

𝑗∑
𝑘=1

𝑑𝑘

∣𝑧𝑘(𝐾)∣ <
𝑗∑

𝑘=1

𝜒𝑘𝑑𝑘 =

𝑗∑
𝑘=1

𝑑𝑘

[
𝜔𝑘(𝐾) +

𝑛

𝑘 + 𝑛

]
(𝑗 = 1, 2, . . . ).

5.8 Comments

The material of this chapter is adapted from Chapter 12 of the book [46]. The
relevant results in more general situations can be found in [32, 33] and [35].



Chapter 6

Equations Close to Autonomous
and Ordinary Differential Ones

In this chapter we establish explicit stability conditions for linear time variant
systems with delay “close” to ordinary differential systems and for systems with
small delays. We also investigate perturbations of autonomous equations.

6.1 Equations “close” to ordinary differential ones

Let𝑅(𝑡, 𝜏) = (𝑟𝑗𝑘(𝑡, 𝜏))
𝑛
𝑗,𝑘=1 be an 𝑛×𝑛-matrix-valued function defined on [0,∞)×

[0, 𝜂 ] (0 < 𝜂 < ∞), which is piece-wise continuous in 𝑡 for each 𝜏 , whose entries
have bounded variations in 𝜏 .

Consider the equation

𝑦̇(𝑡) = 𝐴(𝑡)𝑦(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡 − 𝜏) (𝑡 ≥ 0), (1.1)

where 𝐴(𝑡) is a piece-wise continuous matrix-valued function. In this chapter again
𝐶(Ω) = 𝐶(Ω,ℂ𝑛) and 𝐿𝑝(Ω) = 𝐿𝑝(Ω,ℂ𝑛) (𝑝 ≥ 1) are the spaces of vector-valued
functions.

Introduce in 𝐿1(−𝜂 ,∞) the operator

𝐸𝑤(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑤(𝑡 − 𝜏).

It is assumed that
𝑣𝑗𝑘 = sup

𝑡≥0
var(𝑟𝑗𝑘(𝑡, .)) < ∞. (1.2)

By Lemma 1.12.3, there is a constant

𝑞1 ≤
𝑛∑

𝑗=1

√√√⎷ 𝑛∑
𝑘=1

𝑣2𝑗𝑘
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such that
∥𝐸𝑤∥𝐿1(0,∞) ≤ 𝑞1∥𝑤∥𝐿1(−𝜂 ,∞) (𝑤 ∈ 𝐿1(−𝜂 ,∞)). (1.3)

For instance, if (1.1) takes the form

𝑦̇(𝑡) = 𝐴(𝑡)𝑦 +

∫ 𝜂

0

𝐵(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+

𝑚∑
𝑘=0

𝐵𝑘(𝑡)𝑦(𝑡− 𝜏𝑘) (𝑡 ≥ 0; 𝑚 < ∞), (1.4)

where 0 ≤ 𝜏0 < 𝜏1, . . . , < 𝜏𝑚 ≤ 𝜂 are constants, 𝐵𝑘(𝑡) are piece-wise continuous
matrices and 𝐵(𝑡, 𝑠) is a matrix function Lebesgue integrable in 𝑠 on [0, 𝜂 ], then
(1.3) holds, provided

𝑞1 := sup
𝑡≥0

(∫ 𝜂

0

∥𝐵(𝑡, 𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

∥𝐵𝑘(𝑡)∥𝑛

)
< ∞.

Here and below in this chapter ∥𝐴∥𝑛 is the spectral norm of an 𝑛 × 𝑛-matrix 𝐴.
Moreover, we have

∫ ∞

0

∥𝐸𝑓(𝑡)∥𝑛𝑑𝑡 ≤
∫ ∞

0

(∫ 𝜂

0

∥𝐵(𝑡, 𝑠)𝑓(𝑡− 𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

∥𝐵𝑘(𝑡)𝑓(𝑡− 𝜏𝑘)∥𝑛

)
𝑑𝑡

≤ sup
𝜏

∫ 𝜂

0

∥𝐵(𝜏, 𝑠)∥𝑛

∫ ∞

0

∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝑠 𝑑𝑡+

𝑚∑
𝑘=0

∥𝐵𝑘(𝜏)∥𝑛

∫ ∞

0

∥𝑓(𝑡− 𝜏𝑘)∥𝑛𝑑𝑡.

Consequently,

∫ ∞

0

∥𝐸𝑓(𝑡)∥𝑛𝑑𝑡 ≤ 𝑞1(𝑅)

(
max

0≤𝑠≤𝜂

∫ ∞

0

∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝑡+

∫ ∞

0

𝑚∑
𝑘=0

∥𝑓(𝑡− 𝜏𝑘)∥𝑛𝑑𝑡

)
.

But

max
0≤𝑠≤𝜂

∫ ∞

0

∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝑡 ≤
∫ ∞

−𝜂

∥𝑓(𝑡)∥𝑛𝑑𝑡.

Thus, in the case of equation (1.4), condition (1.3) holds with 𝑞1 = 𝑞1.

Theorem 6.1.1. Let condition (1.3) hold and the evolution operator 𝑈(𝑡, 𝑠) (𝑡 ≥
𝑠 ≥ 0) of the equation

𝑦̇ = 𝐴(𝑡)𝑦 (𝑡 > 0) (1.5)

satisfy the inequality

𝜈1 := sup
𝑠≥0

∫ ∞

𝑠

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑡 <
1

𝑞1
. (1.6)

Then equation (1.1) is exponentially stable.

To prove this theorem we need the following result.
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Lemma 6.1.2. Let conditions (1.3) and (1.6) hold. Then a solution 𝑥(𝑡) of the
equation

𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (1.7)

with an 𝑓 ∈ 𝐿1(0,∞) and the zero initial condition

𝑥(𝑡) = 0 (𝑡 ≤ 0) (1.8)

satisfies the inequality

∥𝑥∥𝐿1(0,∞) ≤
𝜈1∥𝑓∥𝐿1(0,∞)

1− 𝜈1𝑞1
.

Proof. Equation (1.1) is equivalent to the following one:

𝑥(𝑡) =

∫ 𝑡

0

𝑈(𝑡, 𝑠)(𝐸𝑥(𝑠) + 𝑓(𝑠))𝑑𝑠.

So

∥𝑥(𝑡)∥𝑛 ≤
∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛(∥𝐸𝑥(𝑠)∥𝑛 + ∥𝑓(𝑠)∥𝑛)𝑑𝑠.

Integrating this inequality, we obtain∫ 𝑡0

0

∥𝑥(𝑡)∥𝑛𝑑𝑡 ≤
∫ 𝑡0

0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛(∥𝐸𝑥(𝑠)∥𝑛 + ∥𝑓(𝑠)∥𝑛)𝑑𝑠 𝑑𝑡 (0 < 𝑡0 < ∞).

Take into account that∫ 𝑡0

0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛∥𝑓(𝑠)∥𝑛𝑑𝑠 𝑑𝑡 =

∫ 𝑡0

0

∥𝑓(𝑠)∥𝑛

∫ 𝑡0

𝑠

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑡 𝑑𝑠 ≤ 𝜈1∥𝑓∥𝐿1(0,∞).

In addition,∫ 𝑡0

0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛∥𝐸𝑥(𝑠)∥𝑛𝑑𝑠 𝑑𝑡 =

∫ 𝑡0

0

∥𝐸𝑥(𝑠)∥𝑛

∫ 𝑡0

𝑠

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑡 𝑑𝑠

≤ 𝑞1𝜈1

∫ 𝑡0

0

∥𝑥(𝑠)∥𝑛𝑑𝑠.

Thus, ∫ 𝑡0

0

∥𝑥(𝑠)∥𝑛𝑑𝑠 ≤ 𝜈1𝑞1

∫ 𝑡0

0

∥𝑥(𝑠)∥𝑛𝑑𝑠+ 𝜈1∥𝑓∥𝐿1(0,∞).

Hence, ∫ 𝑡0

0

∥𝑥(𝑠)∥𝑛𝑑𝑠 ≤ 𝜈1∥𝑓∥𝐿1(0,𝑡0)

1− 𝜈1𝑞1
.

Now letting 𝑡0 → ∞, we arrive at the required result. □
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The assertion of Theorem 6.1.1 is due to Theorem 3.5.1 and the previous lemma.

Now consider the operator 𝐸 in space 𝐶. By Lemma 1.12.3, under condition
(1.2) there is a constant

𝑞∞ ≤ √
𝑛∥ (𝑣𝑗𝑘)

𝑛
𝑗,𝑘=1 ∥𝑛,

such that
∥𝐸𝑤∥𝐶(0,∞) ≤ 𝑞∞∥𝑤∥𝐶(−𝜂 ,∞) (𝑤 ∈ 𝐶(−𝜂 ,∞)). (1.9)

For instance, if (1.1) takes the form

𝑦̇(𝑡) = 𝐴(𝑡)𝑦 +

∫ 𝜂

0

𝐵(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+

𝑚∑
𝑘=1

𝐵𝑘(𝑡)𝑦(𝑡− ℎ𝑘(𝑡)) (𝑡 ≥ 0; 𝑚 < ∞),
(1.10)

where 0 ≤ ℎ1(𝑡), ℎ2(𝑡), . . . , ℎ𝑚(𝑡) ≤ 𝜂 are continuous functions, 𝐵(𝑡, 𝑠) and 𝐵𝑘(𝑡)
are the same as above in this section. Then

sup
𝑡≥0

∥𝐸𝑤(𝑡)∥𝑛 ≤ sup
𝑡≥0

(∫ 𝜂

0

∥𝐵(𝑡, 𝑠)𝑤(𝑡 − 𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

∥𝐵𝑘(𝑡)𝑤(𝑡 − ℎ𝑘(𝑡))∥𝑛

)
.

Hence, under the condition 𝑞1 < ∞, we easily obtain inequality (1.9) with 𝑞∞ = 𝑞1.

Theorem 6.1.3. Let condition (1.9) hold and the evolution operator 𝑈(𝑡, 𝑠) (𝑡 ≥
𝑠 ≥ 0) of equation (1.5) satisfy the inequality

𝜈∞ := sup
𝑡≥0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠 <
1

𝑞∞
. (1.11)

Then equation (1.1) is exponentially stable.

The assertion of this theorem follows from Theorem 3.4.1 and the following
lemma.

Lemma 6.1.4. Let conditions (1.9) and (1.11) hold. Then a solution 𝑥(𝑡)of problem
(1.7), (1.8) with a 𝑓 ∈ 𝐶(0,∞) satisfies the inequality

∥𝑥∥𝐶(0,∞) ≤
𝜈∞∥𝑓∥𝐶(0,∞)

1− 𝜈∞𝑞∞
.

The proof of this lemma is similar to the proof of Lemma 6.1.2.

Assume that

((𝐴(𝑡) +𝐴∗(𝑡))ℎ, ℎ)𝐶𝑛 ≤ −2𝛼(𝑡)(ℎ, ℎ)𝐶𝑛 (ℎ ∈ ℂ
𝑛, 𝑡 ≥ 0)

with a positive piece-wise continuous function 𝛼(𝑡) having the property

𝜈1 := sup
𝑠≥0

∫ ∞

𝑠

𝑒−
∫

𝑡
𝑠

𝛼(𝑡1)𝑑𝑡1𝑑𝑡 < ∞.
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Then we easily have the inequalities

∥𝑈(𝑡, 𝑠)∥𝑛 ≤ 𝑒−
∫

𝑡
𝑠

𝛼(𝑡1)𝑑𝑡1

and 𝜈1 ≤ 𝜈1. For instance, if 𝛼0 := inf𝑡 𝛼(𝑡) > 0, then

𝜈1 ≤ sup
𝑠≥0

∫ ∞

𝑠

𝑒−𝛼0(𝑡−𝑠)𝑑𝑡 =
1

𝛼0
.

Let 𝐴(𝑡) ≡ 𝐴0-a constant matrix. Then

𝑈(𝑡, 𝑠) = 𝑒𝐴0(𝑡−𝑠) (𝑡 ≥ 𝑠 ≥ 0).

In this case

𝜈1(𝐴) = 𝜈∞(𝐴) = ∥𝑒𝐴0𝑡∥𝐿1(0,∞).

Applying Corollary 2.5.3, we have

∥𝑒𝐴𝑡∥𝑛 ≤ 𝑒𝛼(𝐴)𝑡
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2
(𝑡 ≥ 0).

Recall that

𝑔(𝐴) = (𝑁2(𝐴)−
𝑛∑

𝑘=1

∣𝜆𝑘(𝐴)∣2)1/2 ≤
√
2𝑁(𝐴𝐼),

and 𝛼(𝐴) = max𝑘 Re𝜆𝑘(𝐴); 𝜆𝑘(𝐴) (𝑘 = 1, . . . , 𝑛) are the eigenvalues of 𝐴, 𝑁2(𝐴)
is the Hilbert–Schmidt norm of 𝐴 and 𝐴𝐼 = (𝐴−𝐴∗)/2𝑖. Thus

∥𝑒𝐴0𝑡∥𝐿1(0,∞) ≤ 𝜈𝐴0 , where 𝜈𝐴0 :=
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴0)√
𝑘!∣𝛼(𝐴0)∣𝑘+1

.

6.2 Equations with small delays

Again consider the equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡− 𝜏) (𝑡 ≥ 0), (2.1)

where 𝑅(𝑡, 𝜏) = (𝑟𝑗𝑘(𝑡, 𝜏)) is the same as in the previous section. In particular,
condition (1.2) holds.

For instance, (2.1) can take the form

𝑦̇(𝑡) =

∫ 𝜂

0

𝐵(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+

𝑚∑
𝑘=0

𝐵𝑘(𝑡)𝑦(𝑡− 𝜏𝑘) (𝑡 ≥ 0; 𝑚 < ∞) (2.2)
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where 𝐵(𝑡, 𝑠), 𝜏𝑘 and 𝐵(𝑡, 𝜏) are the same as in the previous section. In 𝐶(−𝜂 ,∞)
introduce the operator

𝐸̂𝑑𝑓(𝑡) :=

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)[𝑓(𝑡− 𝜏) − 𝑓(𝑡)].

Assume that there is a constant 𝑉𝑑(𝑅), such that

∥𝐸̂𝑑𝑓∥𝐶(0,𝑇 ) ≤ 𝑉𝑑(𝑅)∥𝑓∥𝐶(−𝜂 ,𝑇 ) (𝑇 > 0) (2.3)

for any 𝑓 ∈ 𝐶(−𝜂 , 𝑇 ) with 𝑓 ∈ 𝐶(−𝜂 , 𝑇 ).

It is not not hard to show that condition (1.2) implies (2.3).

In the case of equation (2.2) we have

𝐸𝑑𝑓(𝑡) =

∫ 𝜂

0

𝐵(𝑡, 𝜏)[𝑓(𝑡− 𝜏) − 𝑓(𝑡)]𝑑𝜏 +

𝑚∑
𝑘=0

𝐵𝑘(𝑡)[𝑓(𝑡− 𝜏𝑘)− 𝑓(𝑡)].

Since
∥𝑓(𝑡− 𝜏) − 𝑓(𝑡)∥𝐶(0,𝑇 ) ≤ 𝜏∥𝑓∥𝐶(−𝜂 ,𝑇 ),

we easily obtain

∥𝐸̂𝑑𝑓(𝑡)∥𝐶(0,𝑇 ) ≤ sup
𝑡

(∫ 𝜂

0

𝜏∥𝐵(𝑡, 𝜏)∥𝑛 +

𝑚∑
𝑘=0

∥𝐵𝑘(𝑡)∥𝑛𝜏𝑘

)
∥𝑓∥𝐶(−𝜂 ,𝑇 ).

That is, for equation (2.2), condition (2.3) holds with

𝑉𝑑(𝑅) ≤ sup
𝑡

(∫ 𝜂

0

𝜏∥𝐵(𝑡, 𝜏)∥𝑛 +

𝑚∑
𝑘=0

𝜏𝑘∥𝐵𝑘(𝑡)∥𝑛

)
. (2.4)

Put
𝐴(𝑡) = 𝑅(𝑡, 𝜂 )−𝑅(𝑡, 0) (2.5)

and assume that equation (1.5) is asymptotically stable. Recall that 𝑈(𝑡, 𝑠) is the
evolution operator of the ordinary differential equation (1.5).

Theorem 6.2.1. Under conditions (1.2) and (2.3), let 𝐴(𝑡) be defined by (2.5) and

𝜓𝑅 := 𝑉𝑑(𝑅)

(
sup
𝑡≥0

∫ 𝑡

0

∥𝐴(𝑡)𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠+ 1

)
< 1. (2.6)

Then equation (2.1) is exponentially stable.

Proof. We need the non-homogeneous problem

𝑥̇(𝑡) = 𝐸𝑥(𝑡) + 𝑓 (𝑡 ≥ 0; 𝑓 ∈ 𝐶(0,∞)), (2.7)
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with the zero initial condition

𝑥(𝑡) = 0, 𝑡 ≤ 0.
Observe that∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑥(𝑡 − 𝜏) − 𝑥(𝑡))

= (𝑅(𝑡, 𝜂 )−𝑅(𝑡, 0))𝑥(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)(𝑥(𝑡 − 𝜏)− 𝑥(𝑡))

= 𝐴(𝑡)𝑥(𝑡) + 𝐸̂𝑑𝑥(𝑡).

So we can rewrite equation (2.7) as

𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐸̂𝑑𝑥(𝑡) + 𝑓(𝑡) (𝑡 ≥ 0). (2.8)

Consequently,

𝑥(𝑡) =

∫ 𝑡

0

𝑈(𝑡, 𝑠)𝐸𝑑𝑥(𝑠)𝑑𝑠+ 𝑓1(𝑡), (2.9)

where

𝑓1(𝑡) =

∫ 𝑡

0

𝑈(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠.

Differentiating (2.9), we get

𝑥̇(𝑡) =

∫ 𝑡

0

𝐴(𝑡)𝑈(𝑡, 𝑠)𝐸𝑑𝑥(𝑠)𝑑𝑠 + 𝐸̂𝑑𝑥(𝑡) +𝐴(𝑡)𝑓1(𝑡) + 𝑓(𝑡).

For brevity put ∣𝑥∣𝑇 = ∥𝑥∥𝐶(0,𝑇 ) for a finite 𝑇 . By condition (2.3) we have

∣𝑥̇∣𝑇 ≤ 𝑐0 + 𝑉𝑑(𝑅)∣𝑥̇∣𝑇
(
sup
𝑡≥0

∫ 𝑡

0

∥𝐴(𝑡)𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠+ 1

)
,

where
𝑐0 := ∥𝐴(𝑡)𝑓1∥𝐶(0,∞) + ∥𝑓∥𝐶(0,∞).

So
∣𝑥̇∣𝑇 ≤ 𝑐0 + 𝜓𝑅∣𝑥̇∣𝑇 .

Now condition (2.6) implies

∣𝑥̇∣𝑇 ≤ 𝑐0
1− 𝜓𝑅

.

Letting 𝑇 → ∞, we can assert that 𝑥̇ ∈ 𝐶(0,∞). Hence due to (2.3) and (2.9) it
follows that 𝑥(𝑡) is bounded, since

∥𝑥∥𝐶(0,∞) ≤ ∥𝑓1∥𝐶(0,∞) + 𝑉𝑑(𝑅)∥𝑥̇∥𝐶(0,∞) sup
𝑡≥0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠.

Now the required result is due to Theorem 3.4.1. □
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6.3 Nonautomomous systems “close” to
autonomous ones

In the present section we consider the vector equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑡 − 𝜏) +

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡− 𝜏) = 0 (𝑡 ≥ 0), (3.1)

where 𝑅(𝑡, 𝜏) is the same as in Section 6.1, and 𝑅0(𝜏) = (𝑟
(0)
𝑗𝑘 (𝜏))

𝑛
𝑗,𝑘=1 is an 𝑛×𝑛-

matrix-valued function defined on [0, 𝜂 ], whose entries have bounded variations.
Recall that var(𝑅0) is the spectral norm of the matrix(

var(𝑟
(0)
𝑗𝑘 )

)𝑛

𝑗,𝑘=1

(see Section 1.12). Again use the operator 𝐸𝑓(𝑡) =
∫ 𝜂

0
𝑑𝜏𝑅(𝑡, 𝜏)𝑓(𝑡 − 𝜏), consid-

ering it in space 𝐿2(−𝜂 ,∞).
Under condition (1.2), due to Lemma 1.12.3, there is a constant

𝑞2 ≤ ∥ (𝑣𝑗𝑘)
𝑛
𝑗,𝑘=1 ∥𝑛,

such that
∥𝐸𝑓∥𝐿2(0,∞) ≤ 𝑞2∥𝑓∥𝐿2(−𝜂 ,∞) (𝑓 ∈ 𝐿2(−𝜂 ,∞)). (3.2)

Again

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅0(𝑠) (𝑧 ∈ ℂ)

is the characteristic matrix of the autonomous equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑦(𝑡− 𝜏) (𝑡 ≥ 0). (3.3)

As above it is assumed that all the zeros of det 𝐾(𝑧) are in the open left half-plane.
Recall also that

𝜃(𝐾) := sup
−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

∥𝐾−1(𝑖𝜔)∥𝑛,

and in Chapter 4, estimates for 𝜃(𝐾) are given.

The equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝐴(𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+
𝑚∑

𝑘=0

𝐴𝑘𝑦(𝑡− 𝜏𝑘) +

∫ 𝜂

0

𝐵(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠

+

𝑚̃∑
𝑘=0

𝐵𝑘(𝑡)𝑦(𝑡− ℎ𝑘) (𝑡 ≥ 0; 𝑚, 𝑚̃ < ∞)
(3.4)
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is an example of equation (3.1). Here

0 = ℎ0 < ℎ1 < ⋅ ⋅ ⋅ < ℎ𝑚̃ ≤ 𝜂 and 0 = 𝜏0 < 𝜏1 < ⋅ ⋅ ⋅ < 𝜏𝑚 ≤ 𝜂

are constants, 𝐴𝑘 are constant matrices and 𝐴(𝑠) is Lebesgue integrable on [0, 𝜂 ],
𝐵𝑘(𝑡) are piece-wise continuous matrices and 𝐵(𝑡, 𝑠) is Lebesgue integrable in 𝑠
on [0, 𝜂 ]. In this case,

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝑠𝑧𝐴(𝑠)𝑑𝑠−
𝑚∑

𝑘=0

𝑒−ℎ𝑘𝑧𝐴𝑘 (3.5)

and

var(𝑅0) ≤
∫ 𝜂

0

∥𝐴(𝑠)∥𝑛𝑑𝑠+

𝑚∑
𝑘=0

∥𝐴𝑘∥𝑛. (3.6)

Theorem 6.3.1. Let the conditions (3.2) and

𝑞2𝜃(𝐾) < 1 (3.7)

be fulfilled. Then equation (3.1) is exponentially stable.

Proof. Consider the non-homogeneous equation

𝑥̇ = 𝐸0𝑥+ 𝐸𝑥+ 𝑓, (3.8)

with the zero initial condition and 𝑓 ∈ 𝐿2(0,∞). Here

𝐸0𝑥(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑥(𝑡 − 𝜏).

By Lemma 4.4.1 and (3.2),

∥𝑥∥𝐿2(0,∞) ≤ 𝜃(𝐾)∥𝐸𝑥+ 𝑓∥𝐿2(0,∞).

Thus, by (3.2),

∥𝑥∥𝐿2(0,∞) ≤ 𝜃(𝐾)(𝑞2∥𝑥∥𝐿2(0,∞) + ∥𝑓∥𝐿2(0,∞)).

Hence, taking into account (3.7), we get

∥𝑥∥𝐿2(0,∞) ≤
𝜃(𝐾)∥𝑓∥𝐿2(0,∞)

1− 𝜃(𝐾)𝑞2
. (3.9)

Now Theorem 3.5.1 implies the required result. □
Example 6.3.2. Consider the equation

𝑦̇(𝑡) +𝐴1

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝑟1(𝑠) +𝐴2

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝑟2(𝑠) = (𝐸𝑦)(𝑡) (3.10)

with commuting positive definite Hermitian matrices 𝐴1, 𝐴2, and scalar nonde-
creasing functions 𝑟1(𝑠), 𝑟2(𝑠).
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Besides,

𝐾(𝑧) = 𝑧𝐼 +𝐴1

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟1(𝑠) +𝐴2

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟2(𝑠).

In addition, the eigenvalues 𝜆𝑗(𝐴1), 𝜆𝑗(𝐴2) (𝑗 = 1, . . . , 𝑛) of 𝐴1 and 𝐴2, respec-
tively are positive. Moreover, since the matrices commute, one can enumerate the
eigenvalues in such a way, that the eigenvalues of 𝐾(𝑧) are defined by

𝜆𝑗(𝐾(𝑧)) = 𝑧 + 𝜆𝑗(𝐴1)

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟1(𝑠) + 𝜆𝑗(𝐴2)

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟2(𝑠) (𝑗 = 1, . . . , 𝑛).

In addition,
var(𝑅0) ≤ ∥𝐴1∥𝑛 var(𝑟1) + ∥𝐴2∥𝑛 var(𝑟2).

Let us use Corollary 4.3.2. In the considered case 𝐵(𝑧) is normal. So 𝑔(𝐵(𝑧)) ≡ 0
and thus the mentioned corollary implies

𝜃(𝐾) ≤ 1

𝑑(𝐾)

with

𝑑(𝐾) = min
𝑗=1,...,𝑛

inf
∣𝜔∣≤2 var(𝑅0)

∣∣∣∣𝑖𝜔 + 𝜆𝑗(𝐴1)

∫ 𝜂

0

𝑒−𝑖𝜔𝑠𝑑𝑟1(𝑠) + 𝜆𝑗(𝐴2)

∫ 𝜂

0

𝑒−𝑖𝜔𝑠𝑑𝑟2(𝑠)

∣∣∣∣ .
Letting

𝑟𝑗(𝑠) = 𝜆𝑗(𝐴1)𝑟1(𝑠) + 𝜆𝑗(𝐴2)𝑟2(𝑠),

we obtain
var(𝑟𝑗) = 𝜆𝑗(𝐴1) var(𝑟1) + 𝜆𝑗(𝐴2) var(𝑟2)

and

𝜆𝑗(𝐾(𝑧)) = 𝑧 +

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑟𝑗(𝑠) (𝑗 = 1, . . . , 𝑛).

Assume that
𝑒𝜂 var(𝑟𝑗) < 1, 𝑗 = 1, . . . , 𝑛. (3.11)

Then by Lemma 4.6.5, we obtain

𝑑(𝐾) = min
𝑗
var(𝑟𝑗).

Applying Theorem 6.3.1 we can assert that equation (3.10) is exponentially stable,
provided the conditions (3.2), (3.11) and

𝑞2 < min
𝑗
var(𝑟𝑗) = min

𝑗
(𝜆𝑗(𝐴1) var(𝑟1) + 𝜆𝑗(𝐴2) var(𝑟2))

hold.
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6.4 Equations with constant coefficients
and variable delays

Consider in ℂ
𝑛 the equation

𝑥̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘𝑥(𝑡− 𝜏𝑘(𝑡)) + 𝑓(𝑡) (𝑓 ∈ 𝐿2(0,∞); 𝑡 ≥ 0) (4.1)

with condition (1.8). Here 𝐴𝑘 are constant matrices, 𝜏𝑘(𝑡) are non-negative con-
tinuous scalar functions defined on [0,∞) and satisfying the conditions

ℎ𝑘 ≤ 𝜏𝑘(𝑡) ≤ 𝜂𝑘 (0 ≤ ℎ𝑘, 𝜂𝑘 ≡ const ≤ 𝜂; 𝑘 = 1, . . . ,𝑚 < ∞; 𝑡 ≥ 0). (4.2)

Introduce the matrix function

𝐾(𝑧) = 𝑧𝐼 −
𝑚∑

𝑘=1

𝐴𝑘𝑒
−𝑧ℎ𝑘 (𝑧 ∈ ℂ).

As above, it is assumed that all the roots of det 𝐾(𝑧) are in 𝐶−. Set

𝑣0 :=

𝑚∑
𝑘=1

∥𝐴𝑘∥𝑛, 𝜃(𝐾) := max
−2𝑣0≤𝑠≤2𝑣0

∥𝐾−1(𝑖𝑠)∥𝑛

and

𝛾(𝐾) :=

𝑚∑
𝑘=1

(𝜂𝑘 − ℎ𝑘)∥𝐴𝑘∥𝑛.

Theorem 6.4.1. Let the conditions (4.2) and

𝑣0𝜃(𝐾) + 𝛾(𝐾) < 1 (4.3)

hold. Then a solution of equation (4.1) with the zero initial condition (1.8) satisfies
the inequality

∥𝑥∥𝐿2(0,∞) ≤
𝜃(𝐾)∥𝑓∥𝐿2(0,∞)

1− 𝑣0𝜃(𝐾)− 𝛾(𝐾)
. (4.4)

This theorem is proved in the next section.

Theorems 6.4.1 and 3.5.1 imply

Corollary 6.4.2. Let conditions (4.2) and (4.3) hold. Then the equation

𝑦̇(𝑡) =
𝑚∑

𝑘=1

𝐴𝑘𝑦(𝑡− 𝜏𝑘(𝑡)) (4.5)

is exponentially stable.
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For instance, consider the following equation with one delay:

𝑦̇(𝑡) = 𝐴0𝑦(𝑡− 𝜏(𝑡)) (𝑡 > 0), (4.6)

where 𝐴0 is a constant 𝑛× 𝑛-matrix and the condition

ℎ ≤ 𝜏(𝑡) ≤ 𝜂 (ℎ ≡ const ≥ 0; 𝑡 ≥ 0) (4.7)

holds. In the considered case 𝐾(𝑧) = 𝑧𝐼 − 𝑒−𝑧ℎ𝐴0. As it is shown in Section 4.3,
for any regular 𝑧,

∥𝐾−1(𝑧)∥𝑛 ≤ Γ(𝐾(𝑧)) (𝑧 /∈ Σ(𝐾))
where

Γ(𝐾(𝑧)) =

𝑛−1∑
𝑘=0

𝑔𝑘(𝐵(𝑧))√
𝑘!𝑑𝑘+1(𝐾(𝑧))

,

with 𝐵(𝑧) = 𝑒−𝑧ℎ𝐴0 and 𝑑(𝐾(𝑧)) is the smallest modulus of eigenvalues of 𝐾(𝑧):

𝑑(𝐾(𝑧)) = min
𝑘=1,...,𝑛

∣𝜆𝑘(𝐾(𝑧))∣.

Here
𝜆𝑗(𝐾(𝑧)) = 𝑧 − 𝑒−𝑧ℎ𝜆𝑗(𝐴0)

are the eigenvalues of matrix 𝐾(𝑧) counting with their multiplicities.

For a real 𝜔 we have 𝑔(𝐵(𝑖𝜔)) = 𝑔(𝐴0). In addition,

𝑣0 = ∥𝐴0∥𝑛 and 𝛾(𝐾) := (𝜂 − ℎ)∥𝐴0∥𝑛.

Thus
𝜃(𝐾) ≤ Γ0(𝐾)) := max

∣𝜔∣≤2𝑣0

Γ(𝐾(𝑖𝜔)) ≤ 𝜃𝐴0 ,

where

𝜃𝐴0 :=

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴0)√
𝑘!𝑑𝑘+1(𝐾)

,

and
𝑑(𝐾) := inf

𝑗=1,...,𝑛; ∣𝑦∣≤2∣𝜆𝑗(𝐴0)∣
∣𝑦𝑖+ 𝜆𝑗(𝐴0)𝑒

−𝑖𝑦ℎ∣.

In particular, if 𝐴0 is a normal matrix, then 𝑔(𝐴0) = 0 and 𝜃𝐴 = 1/𝑑(𝐾).

Now Theorem 6.4.1 yields the following result.

Corollary 6.4.3. Let the conditions (4.7) and

𝑣0𝜃𝐴0 + (𝜂 − ℎ)∥𝐴0∥𝑛 < 1 (4.8)

hold. Then equation (4.6) is exponentially stable.
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6.5 Proof of Theorem 6.4.1

To prove Theorem 6.4.1 we need the following result.

Lemma 6.5.1. Let 𝜏(𝑡) be a non-negative continuous scalar function defined on
[0,∞) and satisfying condition (4.7). In addition, let a function 𝑤 ∈ 𝐿2(−𝜂,∞)
have the properties 𝑤̇ ∈ 𝐿2(0,∞) and 𝑤(𝑡) = 0 for 𝑡 < 0. Then

∥𝑤(𝑡− 𝜏(𝑡)) − 𝑤(𝑡− ℎ)∥𝐿2(0,∞) ≤ (𝜂 − ℎ)∥𝑤̇∥𝐿2(0,∞).

Proof. Put

𝑢(𝑡) = 𝑤(𝑡− ℎ)− 𝑤(𝑡− 𝜏(𝑡)) =

∫ 𝑡−ℎ

𝑡−𝜏(𝑡)

𝑤̇(𝑠)𝑑𝑠.

By the Schwarz inequality and (4.7) we obtain,

∥𝑢∥2𝐿2(0,∞) =

∫ ∞

0

∥
∫ 𝑡−ℎ

𝑡−𝜏(𝑡)

𝑤̇(𝑠)𝑑𝑠∥2𝑛 𝑑𝑡

≤
∫ ∞

0

(𝜂 − ℎ)

∫ 𝑡−ℎ

𝑡−𝜂

∥𝑤̇(𝑠)∥2𝑛𝑑𝑠 𝑑𝑡

=

∫ ∞

0

(𝜂 − ℎ)

∫ 𝜂−ℎ

0

∥𝑤̇(𝑡− ℎ− 𝑠1)∥2𝑛𝑑𝑠1 𝑑𝑡

≤ (𝜂 − ℎ)

∫ 𝜂−ℎ

0

∫ ∞

0

∥𝑤̇(𝑡− 𝑠1 − ℎ)∥2𝑛𝑑𝑡 𝑑𝑠1

= (𝜂 − ℎ)

∫ 𝜂−ℎ

0

∫ ∞

𝜂−𝑠1−ℎ

∥𝑤̇(𝑡1)∥2𝑛𝑑𝑡1 𝑑𝑠1

≤ (𝜂 − ℎ)2
∫ ∞

0

∥𝑤̇(𝑡1)∥2𝑛𝑑𝑡1.

We thus get the required result. □

Now let 𝑤 ∈ 𝐿2(0, 𝑇 ) for a sufficiently large finite finite 𝑇 > 0. Extend it to
the whole positive half-line by

𝑤(𝑡) = 𝑤(𝑇 )(𝑡− 𝑇 + 1) (𝑇 < 𝑡 ≤ 𝑇 + 1) and 𝑤(𝑡) = 0 (𝑡 > 𝑇 + 1).

Then by the previous lemma we get our next result.

Corollary 6.5.2. Under condition (4.7) let a function 𝑤 ∈ 𝐿2(−𝜂, 𝑇 ) (0 < 𝑇 < ∞)
have the properties 𝑤̇ ∈ 𝐿2(0, 𝑇 ) and 𝑤(𝑡) = 0 for 𝑡 < 0. Then

∥𝑤(𝑡− 𝜏(𝑡)) − 𝑤(𝑡− ℎ)∥𝐿2(0,𝑇 ) ≤ (𝜂 − ℎ)∥𝑤̇∥𝐿2(0,𝑇 ).
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Proof of Theorem 6.4.1. In this proof, for brevity we put ∥.∥𝐿2(0,𝑇 ) = ∣.∣𝑇 (𝑇 <
∞). Recall that it is supposed that the characteristic values of 𝐾 are in the open
left half-plane.

From (4.1) it follows that

𝑥̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘𝑥(𝑡− ℎ𝑘) + [𝐹0𝑥](𝑡) (𝑡 ≥ 0), (5.1)

where

[𝐹0𝑥](𝑡) = 𝑓(𝑡) +

𝑚∑
𝑘=1

𝐴𝑘[𝑥(𝑡− 𝜏𝑘(𝑡))− 𝑥(𝑡− ℎ𝑘)].

It is simple to check that by (1.5)

∣
𝑚∑

𝑘=1

𝐴𝑘𝑥(𝑡− ℎ𝑘)∣𝑇 ≤ 𝑣0∣𝑥∣𝑇 .

Moreover, thanks to Corollary 6.5.2,

∣
𝑚∑

𝑘=1

𝐴𝑘[𝑥(𝑡− 𝜏𝑘(𝑡))− 𝑥(𝑡− ℎ𝑘)]∣𝑇 ≤ 𝛾(𝐾)∣𝑥̇∣𝑇 .

So
∣𝐹0𝑥∣𝑇 ≤ 𝛾(𝐾)∣𝑥̇∣𝑇 + ∣𝑓 ∣𝑇 (5.2)

and
∣𝑥̇∣𝑇 ≤ 𝑣0∣𝑥∣𝑇 + 𝛾(𝐾)∣𝑥̇∣𝑇 + ∣𝑓 ∣𝑇 .

By (4.3) we have 𝛾(𝐾) < 1. Hence,

∣𝑥̇∣𝑇 ≤ 𝑣0∣𝑥∣𝑇 + ∣𝑓 ∣𝑇
1− 𝛾(𝐾)

. (5.3)

Furthermore, by the Variation of Constants formula,

𝑥(𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑠)𝐹0(𝑠)𝑑𝑠

where 𝐺 is the fundamental solution of the equation

𝑥̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘𝑥(𝑡− ℎ𝑘).

So ∣𝑥∣𝑇 ≤ ∣𝐺̂∣𝑇 ∣𝐹0∣𝑇 , where

𝐺̂𝑓(𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑠)𝑓(𝑠)𝑑𝑠.
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But ∣𝐺̂∣𝑇 ≤ ∥𝐺̂∥𝐿2(0,∞) and according to Lemma 4.4.1,

∥𝐺̂∥𝐿2(0,∞) = 𝜃(𝐾).

Therefore, from (5.1) it follows that ∣𝑥∣𝑇 ≤ 𝜃(𝐾)∣𝐹0∣𝑇 . Hence, due to (5.2)
∣𝑥∣𝑇 ≤ 𝜃(𝐾)(𝛾(𝐾)∣𝑥̇∣𝑇 + ∣𝑓 ∣𝑇 ).

Now (5.3) implies

∣𝑥∣𝑇 ≤ 𝜃(𝐾)(𝛾(𝐾)∣𝑥̇∣𝑇 + ∣𝑓 ∣𝑇 ) ≤ 𝜃(𝐾)(𝑣0∣𝑥∣𝑇 + ∣𝑓 ∣𝑇 )
1− 𝛾(𝐾)

.

By condition (4.3) we have
𝑣0𝜃(𝐾)

1− 𝛾(𝐾)
< 1.

Consequently,

∣𝑥∣𝑇 ≤ 𝜃(𝐾)∥𝑓∥𝐿2(0,∞)

1− 𝑣0𝜃(𝐾)− 𝛾(𝐾)
.

Letting in this inequality 𝑇 → ∞, we get the required inequality, as claimed. □

6.6 The fundamental solution of equation (4.1)

Again consider equation (4.1). Denote its fundamental solution by𝑊 (𝑡, 𝑠) and put

𝜓(𝐾) =
𝜃(𝐾)

1− 𝑣0𝜃(𝐾)− 𝛾(𝐾)
,

𝐴 =

𝑚∑
𝑘=1

𝐴𝑘 and 𝜒𝐴 := max
0≤𝑡≤𝜂

∥𝑒−𝐴𝑡 − 𝐼∥𝑛. (6.1)

Theorem 6.6.1. Under the above notation, let 𝐴 be a Hurwitz matrix and conditions
(4.2) and (4.3) hold. Then for all 𝑠 ≥ 0, the following relations are valid:

∥𝑊 (., 𝑠)∥𝐿2(𝑠,∞) ≤ (1 + 𝜒𝐴𝑣0𝜓(𝐾))∥𝑒𝐴𝑡∥𝐿2(𝑠,∞), (6.2)

∥𝑊 ′
𝑡 (., 𝑠)∥𝐿2(𝑠,∞) ≤ 𝑣0(1 + 𝑣0𝜒𝐴𝜓(𝐾))

1− 𝛾(𝐾)
∥𝑒𝐴𝑡∥𝐿2(𝑠,∞) (6.3)

and

∥𝑊 (., 𝑠)∥𝐶(𝑠,∞) ≤
√
2𝑣0∥𝑒𝐴𝑡∥𝐿2(𝑠,∞)√
1− 𝛾(𝐾)

(1 + 𝜓(𝐾)𝜒𝐴𝑣0) . (6.4)

This theorem is proved in the next section.

Let 𝑓(𝑧) be a function holomorphic on a neighborhood of the closed convex
hull co(𝐴) of the spectrum of an 𝑛× 𝑛-matrix and 𝐴. Then by Corollary 2.5.3 we
have

∥𝑓(𝐴)∥ ≤
𝑛−1∑
𝑘=0

sup
𝜆∈co(𝐴)

∣𝑓 (𝑘)(𝜆)∣ 𝑔
𝑘(𝐴)

(𝑘!)3/2
.
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Hence, in particular,

∥𝑒𝐴𝑡∥𝑛 ≤ 𝑒𝛼(𝐴)𝑡
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2
(𝑡 ≥ 0),

and

∥𝑒−𝐴𝑡 − 𝐼∥𝑛 ≤ 𝑒−𝛽(𝐴)𝑡
𝑛−1∑
𝑘=1

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2
(𝑡 ≥ 0), (6.5)

where
𝛼(𝐴) := max

𝑘
Re𝜆𝑘(𝐴) and 𝛽(𝐴) := min

𝑘
Re𝜆𝑘(𝐴).

So

∥𝑒𝐴𝑡∥𝐿2(0,∞) ≤
⎡
⎣∫ ∞

0

𝑒2𝛼(𝐴)𝑡

(
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)𝑡𝑘

(𝑘!)3/2

)2

𝑑𝑡

⎤
⎦
1/2

. (6.6)

This integral is easily calculated. Due to (6.5)

𝜒𝐴 ≤ 𝑒−𝛽(𝐴)𝜂
𝑛−1∑
𝑘=1

𝑔𝑘(𝐴)𝜂𝑘

(𝑘!)3/2
, (6.7)

since 𝐴 is Hurwitzian.

In the rest of this section we illustrate Theorem 6.6.1 in the case of equation
(4.6) with one delay. In this case

𝛾(𝐾) = (𝜂 − ℎ)∥𝐴0∥𝑛.

To estimate 𝜒𝐴0 and ∥𝑒𝐴0𝑡∥𝐿2(𝑠,∞) we can directly apply (6.6) and (6.7). As it is
shown in Section 6.4, we have the inequality 𝜓(𝐾) ≤ 𝜓𝐴0 , where

𝜓𝐴0 =
𝜃𝐴0

1− ∥𝐴0∥𝑛𝜃𝐴0 − (𝜂 − ℎ)∥𝐴0∥𝑛
.

Now Theorem 6.6.1 implies

Corollary 6.6.2. Let 𝐴0 be a Hurwitz matrix and conditions (4.7), and (4.8) hold.
Then for all 𝑠 ≥ 0, the fundamental solution 𝑊 (., .) of equation (4.6) satisfies the
inequalities

∥𝑊 (., 𝑠)∥𝐿2(𝑠,∞) ≤ (1 + 𝜓𝐴0∥𝐴0∥𝑛𝜒𝐴0)∥𝑒𝐴0𝑡∥𝐿2(𝑠,∞),

∥𝑊 ′
𝑡 (., 𝑠)∥𝐿2(𝑠,∞) ≤ ∥𝐴0∥𝑛(1 + 𝜓𝐴0∥𝐴∥𝑛𝜒𝐴0)

1− (𝜂 − ℎ)∥𝐴0∥𝑛
∥𝑒𝐴0𝑡∥𝐿2(𝑠,∞)

and

∥𝑊 (., 𝑠)∥2𝐶(𝑠,∞) ≤
2∥𝐴0∥𝑛

1− (𝜂 − ℎ)∥𝐴0∥𝑛
(1 + 𝜓𝐴0∥𝐴0∥𝑛𝜒𝐴0)

2∥𝑒𝐴0𝑡∥2𝐿2(𝑠,∞).
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Let us use Lemma 4.6.2 which asserts that, for constants ℎ, 𝑎0 ∈ (0,∞), we
have

inf
𝜔∈ℝ

∣𝑖𝜔 + 𝑎0𝑒
−𝑖ℎ𝜔∣ ≥ cos(2ℎ𝑎0) > 0.

provided 𝑎0ℎ < 𝜙/4. From the latter result it follows that, if all the eigenvalues of
𝐴0 are real, negative, and

ℎ∣𝜆𝑗(𝐴0)∣ < 𝜋/4 (𝑗 = 1, . . . , 𝑛), (6.8)

then

𝑑(𝐾) ≥ 𝑑𝐴0 := min
𝑗=1,...,𝑛

∣𝜆𝑗(𝐴0)∣ cos(2ℎ𝜆𝑗(𝐴)).

So under condition (6.8) one has 𝑑(𝐾) ≥ 𝑑𝐴 and therefore,

𝜃𝐴0 <

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴0)√
𝑘!𝑑𝑘+1

𝐴

.

6.7 Proof of Theorem 6.6.1

Consider equation (4.1) with the initial condition

𝑥(𝑡) = 0 (𝑠− 𝜂 ≤ 𝑡 < 𝑠, 𝑠 ≥ 0).

Replace in (4.1) 𝑡 by 𝑡− 𝑠. Then (4.1) takes the form

𝑥̇(𝑡− 𝑠) =

𝑚∑
𝑘=1

𝐴𝑘𝑥(𝑡− 𝑠− 𝜏𝑘(𝑡− 𝑠)) + 𝑓(𝑡− 𝑠) (𝑡 ≥ 𝑠).

Applying Theorem 6.4.1 to this equation, under conditions (4.2) and (4.3), we get
the inequality

∥𝑥(𝑡− 𝑠)∥𝐿2(0,∞) ≤ ∥𝑓(𝑡− 𝑠)∥𝐿2(0,∞)𝜓(𝐾).

Or

∥𝑥∥𝐿2(𝑠,∞) ≤ ∥𝑓∥𝐿2(𝑠,∞)𝜓(𝐾). (7.1)

Now for a fixed 𝑠, substitute

𝑧(𝑡) =𝑊 (𝑡, 𝑠)− 𝑒𝐴(𝑡−𝑠) (7.2)

into the homogeneous equation (4.5). Then

𝑧̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘

[
𝑊 (𝑡− 𝜏𝑘(𝑡), 𝑠)− 𝑒(𝑡−𝑠)𝐴

]
=

𝑚∑
𝑘=1

𝐴𝑘𝑧(𝑡− 𝜏𝑘(𝑡)) + 𝑢(𝑡),
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where

𝑢(𝑡) :=

𝑚∑
𝑘=1

𝐴𝑘

[
𝑒𝐴(𝑡−𝑠−𝜏𝑘(𝑡)) − 𝑒𝐴(𝑡−𝑠)

]
= 𝑒𝐴(𝑡−𝑠)

𝑚∑
𝑘=1

𝐴𝑘

[
𝑒−𝐴𝜏𝑘(𝑡) − 𝐼

]
.

Obviously,
∥𝑢∥𝐿2(𝑠,∞) ≤ 𝑣0∥𝑒𝐴𝑡∥𝐿2(𝑠,∞)𝜒𝐴.

By (7.1),

∥𝑧∥𝐿2(𝑠,∞) ≤ 𝜓(𝐾)∥𝑢∥𝐿2(𝑠,∞) ≤ 𝜓(𝐾)𝑣0𝜒𝐴∥𝑒𝐴𝑡∥𝐿2(𝑠,∞).

Now the estimate (6.2) follows from (7.2).

Furthermore, rewrite equation (4.5) with 𝑤(𝑡) =𝑊 (𝑡, 𝑠) as

𝑤̇(𝑡) =

𝑚∑
𝑘=1

𝐴𝑘𝑤(𝑡 − ℎ𝑘) +

𝑚∑
𝑘=1

𝐴𝑘[𝑤(𝑡− 𝜏𝑘(𝑡))− 𝑤(𝑡− ℎ𝑘)].

Then due to Lemma 6.5.1 we deduce that

∥𝑤̇∥𝐿2(𝑠,∞) ≤ 𝑣0∥𝑤∥𝐿2(𝑠,∞) + 𝛾(𝐾)∥𝑤̇∥𝐿2(𝑠,∞).

Hence, condition (4.3) and the just obtained estimate for ∥𝑊 (., 𝑠)∥𝐿2(𝑠,∞) imply

∥𝑊 ′
𝑡(., 𝑠)∥𝐿2(𝑠,∞) ≤

𝑣0∥𝑊 (., 𝑠)∥𝐿2(𝑠,∞)

1− 𝛾(𝐾)
≤ 𝑣0
1− 𝛾(𝐾)

(1 + 𝜓(𝐾)𝜒𝐴𝑣0)∥𝑒𝐴𝑡∥𝐿2(𝑠,∞).

That is, inequality (6.3) is also proved.

Moreover, by the Schwarz inequality,

∥𝑓(𝑡)∥2𝑛 = −
∫ ∞

𝑡

𝑑∥𝑓(𝜏)∥2𝑛
𝑑𝜏

𝑑𝜏 =

∫ ∞

𝑡

2∥𝑓(𝑡)∥𝑛∥𝑓(𝜏)∥𝑛𝑑𝜏

≤ 2∥𝑓∥𝐿2(𝑠,∞)∥𝑓∥𝐿2(𝑠,∞) (𝑓, 𝑓 ∈ 𝐿2(𝑠,∞), 𝑡 ≥ 𝑠).

Hence,
∥𝑊 (., 𝑠)∥2𝐶(𝑠,∞) ≤ 2∥𝑊 ′

𝑡(., 𝑠)∥𝐿2(𝑠,∞)∥𝑊 (., 𝑠)∥𝐿2(𝑠,∞).

Now (6.2) and (6.3) imply (6.4). This proves the theorem. □

6.8 Comments

The results which appear in Section 6.1 are probably new. The material of Sections
6.2–6.4 is taken from the papers [39, 41]. Sections 6.6. and 6.7 are based on the
paper [42].



Chapter 7

Periodic Systems

This chapter deals with a class of periodic systems. Explicit stability conditions
are derived. The main tool is the invertibility conditions for infinite block matrices.
In the case of scalar equations we apply regularized determinants.

7.1 Preliminary results

Our main object in this chapter is the equation

𝑥̇(𝑡) +

𝑚∑
𝑠=1

𝐴𝑠(𝑡)

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇𝑠(𝜏) = 0 (0 < 𝜂 < ∞; 𝑡 ≥ 0), (1.1)

where 𝜇𝑠 are nondecreasing functions of bounded variations var(𝜇𝑠), and 𝐴𝑠(𝑡) are
𝑇 -periodic 𝑛× 𝑛-matrix-valued functions satisfying conditions stipulated below.

Recall that the Floquet theory for ordinary differential equations has been
developed to apply to linear periodic functional differential equations with delay,
in particular, in the book [71].

Let equation (1.1) have a non-zero solution of the form

𝑥(𝑡) = 𝑝(𝑡)𝑒𝜆𝑡, 𝑝(𝑡) = 𝑝(𝑡+ 𝑇 ).

Then 𝜇 = 𝑒𝜆𝑇 is called the characteristic multiplier of equation (1.1) (see [71,
Lemma 8.1.2]). As it was pointed in [71], a complete Floquet theory for functional
differential equations is impossible. However, it is possible to define characteristic
multipliers and exploit the compactness of the solution operator to show that
a Floquet representation exists on the generalized eigenspace of a characteristic
multiplier. The characteristic multipliers of equation (1.1) are independent of the
starting time.

Lemma 7.1.1. Equation (1.1) is asymptotically stable if and only if all the charac-
teristic multipliers of equation (1.1) have moduli less than 1.

For the proof see [71, Corollary 8.1.1].

DOI 10.1007/978-3-0348-0 -3_7, © Springer Basel 2013 577
131, Frontiers in Mathematics,M.I. Gil  Stability of Vector Differential Delay Equations’,
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Without loss of generality take 𝑇 = 2𝜋: 𝐴𝑠(𝑡) = 𝐴𝑠(𝑡 + 2𝜋) (𝑡 ∈ ℝ 𝑠 =
1, . . . ,𝑚).

Any 2𝜋-periodic vector-valued function 𝑓 with the property 𝑓 ∈ 𝐿2(0, 2𝜋)
can be represented by the Fourier series

𝑓(𝑡) =

∞∑
𝑘=−∞

𝑓𝑘𝑒
𝑖𝑘𝑡

(
𝑓𝑘 =

1

2𝜋

∫ 2𝜋

0

𝑓(𝑡)𝑒−𝑖𝑘𝑡𝑑𝑡; 𝑘 = 0,±1,±2, . . .
)
.

Introduce the Hilbert space PF of 2𝜋-periodic functions defined on the real axis
ℝ with values in ℂ𝑛, and the scalar product

(𝑓, 𝑢)𝑃𝐹 :=

∞∑
𝑘=−∞

(𝑓𝑘, 𝑢𝑘)𝐶𝑛 (𝑓, 𝑢 ∈ 𝑃𝐹 ),

where 𝑓𝑘, 𝑢𝑘 are the Fourier coefficients of 𝑓 and 𝑢, respectively. The norm in
𝑃𝐹 is

∥𝑓∥𝑃𝐹 =
√
(𝑓, 𝑓)𝑃𝐹 =

( ∞∑
𝑘=−∞

∥𝑓𝑘∥2𝑛
)1/2

.

The Parseval equality yields

∥𝑓∥𝑃𝐹 =

[
1

2𝜋

∫ 𝑎+2𝜋

𝑎

∥𝑓(𝑡)∥2𝑛𝑑𝑡
]1/2

(𝑓 ∈ 𝑃𝐹 ; 𝑎 ∈ ℝ).

In addition, introduce the subspace 𝐷𝑃𝐹 ⊂ 𝑃𝐹 of 2𝜋-periodic functions 𝑓 whose
Fourier coefficients satisfy the condition

∞∑
𝑘=−∞

∥𝑘𝑓𝑘∥2𝑛 < ∞.

That is, 𝑓 ′ ∈ 𝐿2(0, 2𝜋).

Furthermore, with a 𝜆 ∈ ℂ substitute

𝑥(𝑡) = 𝑒𝜆𝑡𝑣(𝑡) (1.2)

into (1.1). Then we have

𝑣̇(𝑡) + 𝜆𝑣(𝑡) +

𝑚∑
𝑠=1

𝐴𝑠(𝑡)

∫ 𝜂

0

𝑒−𝜆𝜏𝑣(𝑡− 𝜏)𝑑𝜇𝑠(𝜏) = 0. (1.3)

Impose the condition

𝑣(𝑡) = 𝑣(𝑡+ 2𝜋). (1.4)
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Let 𝑣𝑘 and 𝐴𝑠𝑘 (𝑘 = 0,±1, . . . ) be the Fourier coefficients of 𝑣(𝑡) and 𝐴𝑠(𝑡),
respectively:

𝑣(𝑡) =

∞∑
𝑘=−∞

𝑣𝑘𝑒
𝑖𝑘𝑡 and 𝐴𝑠(𝑡) =

∞∑
𝑘=−∞

𝐴𝑠𝑘𝑒
𝑖𝑘𝑡 (𝑠 = 1, . . . ,𝑚). (1.5)

It is assumed that
∞∑

𝑘=−∞
∥𝐴𝑠𝑘∥𝑛 < ∞. (1.6)

For instance, assume that 𝐴𝑠(𝑡), 𝑠 = 1, . . . ,𝑚, have integrable second derivatives
from 𝐿2(0, 2𝜋). Then

∞∑
𝑘=−∞

𝑘4∥𝐴𝑠𝑘∥2𝑛 < ∞

and therefore, 𝑘2∥𝐴𝑠𝑘∥𝑛 → 0 as 𝑘 → ∞. So condition (1.6) is fulfilled.

7.2 The main result

Without loss of generality assume that

var(𝜇𝑠) = 1, 𝑠 = 1, . . . ,𝑚. (2.1)

Put

𝑤0 :=

𝑚∑
𝑠=1

∞∑
𝑙 ∕=0;−∞

∥𝐴𝑠𝑙∥𝑛 and var(𝐹 ) =

𝑚∑
𝑠=1

∥𝐴𝑠0∥𝑛.

Recall that the characteristic values of a matrix-valued function are the zeros of
its determinant.

Now we are in a position to formulate the main result of the present chapter.

Theorem 7.2.1. Let conditions (1.6) and (2.1) hold. Let all the characteristic values
of the matrix function

𝐹 (𝑧) := 𝑧𝐼 +

𝑚∑
𝑠=1

𝐴𝑠0

∫ 𝜂

0

𝑒−𝑧𝜏𝑑𝜇𝑠(𝜏)

be in the open left half-plane 𝐶−, and

𝑤0 sup
−2 var(𝐹 )≤𝜔≤2 var(𝐹 )

∥𝐹−1(𝑖𝜔)∥𝑛 < 1. (2.2)

Then equation (1.1) is asymptotically stable.
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Proof. Substituting (1.5) into equation (1.3), we obtain

∞∑
𝑗=−∞

(𝑖𝑗𝐼+𝜆)𝑣𝑗𝑒
𝑖𝑗𝑡+

∞∑
𝑘=−∞

∞∑
𝑟=−∞

𝑚∑
𝑠=1

𝑒𝑖𝑟𝑡𝐴𝑠𝑟𝑣𝑘

∫ 𝜂

0

𝑒−𝜆𝜏𝑒𝑖𝑘(𝑡−𝜏)𝑑𝜇𝑠(𝜏) = 0, (2.3)

or

(𝑖𝑗𝐼 + 𝜆)𝑣𝑗 +
∞∑

𝑘=−∞

𝑚∑
𝑠=1

𝐴𝑠,𝑗−𝑘𝑣𝑘

∫ 𝜂

0

𝑒−(𝜆+𝑖𝑘)𝜏𝑑𝜇𝑠(𝜏) = 0 (𝑗 = 0,±1, . . . ).

Rewrite this system as

𝑇 (𝜆)𝑣 = 0
(
𝑣 = (𝑣𝑘)

∞
𝑘=−∞)

)
,

where 𝑇 (𝜆) = (𝑇𝑗𝑘(𝜆))
∞
𝑗,𝑘=−∞ is the infinite block matrix with the blocks

𝑇𝑗𝑘(𝜆) =

𝑚∑
𝑠=1

𝐴𝑠,𝑗−𝑘

∫ 𝜂

0

𝑒−(𝜆+𝑖𝑘)𝜏𝑑𝜇𝑠 (𝑘 ∕= 𝑗)

and

𝑇𝑗𝑗(𝜆) = 𝑖𝑗𝐼 + 𝜆+

𝑚∑
𝑠=1

𝐴𝑠,0

∫ 𝜂

0

𝑒−(𝜆+𝑖𝑗)𝜏𝑑𝜇𝑠(𝜏).

By [37, Theorem 6.2] (see also Section B.6 of Appendix B below) 𝑇 (𝑧) is invertible,
provided

sup
𝑗

∥𝑇−1
𝑗𝑗 (𝑧)∥𝑛

∞∑
𝑘=−∞
𝑘 ∕=𝑗

∥𝑇𝑗𝑘(𝑧)∥𝑛 < 1.

Clearly,

∞∑
𝑘=−∞
𝑘 ∕=𝑗

∥𝑇𝑗𝑘(𝑖𝜔)∥𝑛 ≤
𝑚∑

𝑠=1

∞∑
𝑘=−∞
𝑘 ∕=𝑗

∥𝐴𝑠,𝑗−𝑘∥𝑛 =

𝑚∑
𝑠=1

∞∑
𝑙=−∞
𝑙 ∕=0

∥𝐴𝑠,𝑙∥𝑛 = 𝑤0

and

sup
𝑗=1,2,...; −∞<𝜔<∞

∥𝑇−1
𝑗 (𝑖𝜔)∥𝑛

= sup
𝑗=0,±1,±2,...; −∞<𝜔<∞

∥∥∥∥∥∥
(
𝑖(𝑗 + 𝜔)𝐼 +

𝑚∑
𝑠=1

𝐴𝑠,0

∫ 𝜂

0

𝑒−(𝜆+𝑖𝑗)𝜏𝑑𝜇𝑠(𝜏)

)−1
∥∥∥∥∥∥
𝑛

= sup
𝑦∈(−∞,∞)

∥∥∥∥∥∥
(
𝑖𝑦𝐼 +

𝑚∑
𝑠=1

𝐴𝑠,0

∫ 𝜂

0

𝑒−𝑖𝑦𝜏𝑑𝜇𝑠(𝜏)

)−1
∥∥∥∥∥∥
𝑛

= sup
𝑦∈(−∞,∞)

∥𝐹−1(𝑖𝑦)∥𝑛.
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But thanks to Lemma 4.3.1, the equality

sup
𝜔∈(−∞,∞)

∥𝐹−1(𝑖𝜔)∥𝑛 = sup
∣𝜔∣≤2 var(𝐹 )

∥𝐹−1(𝑖𝜔)∥𝑛

is valid.

Furthermore, for a 𝜉 ∈ (0, 1], let us introduce the matrix 𝑇 (𝜉, 𝑧) = (𝑇𝑗𝑘(𝜉, 𝑧))
with

𝑇𝑗𝑘(𝜉, 𝑧) = 𝜉𝑇𝑗𝑘(𝑧) (𝑘 ∕= 𝑗), 𝑇𝑗𝑗(𝜉, 𝑧) = 𝑇𝑗𝑗(𝑧).

Assume that 𝑇 (𝑧) has a characteristic value in the closed right-hand plane. Then
according to continuity of characteristic values, for some 𝜉0 ∈ (0, 1], matrix 𝑇 (𝜉0, 𝑧)
has a characteristic value on the imaginary axis, but according to (2.2) this is
impossible. This and Lemma 7.1.1 prove the theorem. □

7.3 Norm estimates for block matrices

Let 𝐴 be an 𝑛× 𝑛-matrix. Recall that

𝑔(𝐴) = [𝑁2
2 (𝐴) −

𝑛∑
𝑘=1

∣𝜆𝑘(𝐴)∣2 ]1/2,

where 𝜆𝑘(𝐴), 𝑘 = 1, . . . , 𝑛 are the eigenvalues of 𝐴, counted with their multiplici-
ties; 𝑁2(𝐴) is the Hilbert–Schmidt norm of 𝐴 (see Section 2.3). Besides

𝑔2(𝐴) ≤ 𝑁2
2 (𝐴)− ∣Trace𝐴2∣ and 𝑔2(𝐴) ≤ 𝑁2

2 (𝐴−𝐴∗)
2

= 2𝑁2
2 (𝐴𝐼), (3.1)

where 𝐴𝐼 = (𝐴−𝐴∗)/2𝑖. Moreover,

𝑔(𝑒𝑖𝑡𝐴+ 𝑧𝐼) = 𝑔(𝐴) (𝑡 ∈ (−∞,∞); 𝑧 ∈ ℂ). (3.2)

If 𝐴1 and 𝐴2 are commuting matrices, then 𝑔(𝐴1 + 𝐴2) ≤ 𝑔(𝐴1) + 𝑔(𝐴2). If 𝐴 is
a normal matrix: 𝐴𝐴∗ = 𝐴∗𝐴, then 𝑔(𝐴) = 0.

Let

𝐵(𝑧) =

𝑚∑
𝑠=1

𝐴𝑠0

∫ 𝜂

0

𝑒−𝑧𝜏𝑑𝜇𝑠(𝜏),

and 𝑑(𝐹 (𝑧)) be the smallest modulus of eigenvalues of 𝐹 (𝑧):

𝑑(𝐹 (𝑧)) = min
𝑗=1,...,𝑛

∣𝜆𝑗(𝐹 (𝑧))∣.

Thanks to Corollary 4.3.2, the inequality

sup
∣𝜔∣≤2 var(𝐹 )

∥𝐹−1(𝑖𝜔)∥𝑛 ≤ Γ0(𝐹 )
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is valid, where

Γ0(𝐹 ) := sup
∣𝜔∣≤2var(𝐹 )

𝑛−1∑
𝑘=0

𝑔𝑘(𝐵(𝑖𝜔))√
𝑘!𝑑𝑘+1(𝐹 (𝑖𝜔))

.

Now Theorem 7.2.1 implies our next result.

Corollary 7.3.1. Let all the characteristic values of 𝐹 (𝑧) be in 𝐶− and 𝑤0Γ0(𝐹 )<1.
Then equation (1.1) is asymptotically stable.

Note that

𝑔(𝐵(𝑖𝜔)) ≤
𝑚∑

𝑠=1

𝑁2(𝐴𝑠0) (𝜔 ∈ ℝ).

If 𝐴𝑠0 are mutually commutative, then

𝑔(𝐵(𝑖𝜔)) ≤
𝑚∑

𝑠=1

𝑔(𝐴𝑠0) (𝜔 ∈ ℝ)

and one can enumerate the eigenvalues of 𝐴𝑠0 in such a way that

𝜆𝑗(𝐹 (𝑧)) = 𝑧 +

𝑚∑
𝑠=1

𝜆𝑗(𝐴𝑠0)

∫ 𝜂

0

𝑒−𝑧𝜏𝑑𝜇𝑠(𝜏).

Moreover, if

𝐵(𝑧) =

𝑚∑
𝑠=1

𝐴𝑠0𝑒
−𝑧ℎ𝑠 ,

then by (3.1),

𝑔(𝐵(𝑖𝜔)) ≤
√
1/2

𝑚∑
𝑠=1

𝑁2(𝑒
𝑖ℎ𝑠𝐴𝑠0 − 𝑒−𝑖ℎ𝑠𝐴∗

𝑠0) (𝜔 ∈ ℝ).

In the next section, under some assumptions, we suggest an additional simple
estimate for Γ0(𝐹 ).

7.4 Equations with one distributed delay

To illustrate Theorem 7.2.1, consider the equation

𝑥̇(𝑡) +𝐴(𝑡)

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇 (𝑡 ≥ 0), (4.1)

where 𝐴(𝑡) is a piece-wise continuous 𝑛 × 𝑛-matrix function, satisfying 𝐴(𝑡) =
𝐴(𝑡+ 2𝜋), and 𝜇 is a nondecreasing function of bounded variation.
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We need the function

𝑘(𝑧) = 𝑧 +

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇(𝑠) (𝑧 ∈ ℂ).

As it was shown in Section 4.6, the equality

inf
−2 var(𝜇)≤𝜔≤2 var(𝜇)

∣𝑘(𝑖𝜔)∣ = inf
𝜔∈(−∞,∞)

∣𝑘(𝑖𝜔)∣

is valid. Moreover, if

var(𝜇) 𝜂 <
𝜋

4
, (4.2)

then all the zeros of 𝑘(𝑧) are in 𝐶− and

inf
𝜔∈(−∞,∞)

∣𝑘(𝑖𝜔)∣ ≥ 𝑑 > 0, (4.3)

where

𝑑 :=

∫ 𝜂

0

cos(2 var(𝜇)𝜏)𝑑𝜇(𝜏).

Now let 𝐴𝑘 (𝑘 = 0,±1, . . . ) be the Fourier coefficients of 𝐴(𝑡). Without loss of
generality assume that

var(𝜇) = 1. (4.4)

Then

𝐹 (𝑧) = 𝑧𝐼 +𝐴0

∫ 𝜂

0

𝑒−𝑧𝜏𝑥(𝑡− 𝜏)𝑑𝜇,

𝑤0 =

∞∑
𝑘=−∞
𝑘 ∕=0

∥𝐴𝑘∥𝑛 and var(𝐹 ) =

∞∑
𝑘=∞

∥𝐴𝑘∥𝑛.

According to (3.2)
𝑔(𝐵(𝑖𝜔)) = 𝑔(𝐴0) (𝜔 ∈ ℝ)

and

𝜆𝑗(𝐹 (𝑧)) = 𝑧 + 𝜆𝑗(𝐴0)

∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝜇(𝑠) (𝑧 ∈ ℂ).

Let all the eigenvalues of 𝐴 be real and positive:

0 < 𝜆1 ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛 (4.5)

and the conditions (4.4) and

𝜂 𝜆𝑛(𝐴0) var(𝜇) = 𝜂 𝜆𝑛(𝐴0) < 𝜋/4 (4.6)

hold, then due to (4.3),

inf
𝜔∈(−∞,∞)

∣𝜆𝑗(𝐹 (𝑖𝜔))∣ ≥ 𝑑(𝐹 ),
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where

𝑑(𝐹 ) :=

∫ 𝜂

0

cos(2𝜆𝑛(𝐴0)𝑑𝜇(𝜏) > 0.

Thus

Γ0(𝐹 ) ≤ Γ̂0 where Γ̂0 :=

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴0)√
𝑘!𝑑𝑘+1(𝐹 )

.

Now Corollary 7.3.1 implies the following result.

Corollary 7.4.1. Let the conditions (4.5), (4.6) and

𝑤0

𝑛−1∑
𝑘=1

𝑔𝑘(𝐴0)√
𝑘! cos𝑘+1(2𝜂 𝜆𝑛(𝐴0))

< 1

hold. Then equation (4.1) is asymptotically stable.

If 𝐴0 = 𝐴∗
0 and condition (4.5) holds, then 𝑔(𝐴0) = 0 and the stability

conditions are (4.6) and
𝑤0 < cos(2𝜂 𝜆𝑛(𝐴0)).

7.5 Applications of regularized determinants

In this section we are going to show that regularised determinants can be useful to
investigate periodic equations. For simplicity we restrict ourselves by the simple
scalar equation

𝑥̇(𝑡) + 𝑏𝑥(𝑡) + 𝑎(𝑡)𝑥(𝑡− ℎ) = 0 (0 < ℎ < ∞; 𝑡 ≥ 0), (5.1)

where 𝑎(𝑡) is a real 2𝜋-periodic piece-wise continuous scalar function and 𝑏 ∕= 0 is
a real constant.

In the scalar case PF is the Hilbert space of 2𝜋-periodic scalar functions
defined on the real axis with the scalar product

(𝑓, 𝑢)𝑃𝐹 :=

∞∑
𝑘=−∞

𝑓𝑘𝑢𝑘 (𝑓, 𝑢 ∈ 𝑃𝐹 ),

where 𝑓𝑘, 𝑢𝑘 are the Fourier coefficients of 𝑓 and 𝑢, respectively. The norm in
𝑃𝐹 is

∥𝑓∥𝑃𝐹 =

( ∞∑
𝑘=−∞

∣𝑓𝑘∣2
)1/2

.

The Parseval equality yields

∥𝑓∥𝑃𝐹 =

[
1

2𝜋

∫ 𝑎+2𝜋

𝑎

∣𝑓(𝑡)∣2𝑛𝑑𝑡
]1/2

(𝑓 ∈ 𝑃𝐹 ; 𝑎 ∈ ℝ).
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In addition, 𝐷𝑃𝐹 is the subspace of 2𝜋-periodic functions 𝑓 whose Fourier coef-
ficients satisfy the condition

∞∑
𝑘=−∞

∣𝑘𝑓𝑘∣2 < ∞.

Substituting

𝑥(𝑡) = 𝑒𝜆𝑡𝑣(𝑡) (5.2)

into (5.1), we have

𝑣̇(𝑡) + 𝜆𝑣(𝑡) + 𝑏𝑣(𝑡) + 𝑎(𝑡)𝑒ℎ𝜆𝑣(𝑡− ℎ) = 0. (5.3)

Besides

𝑣(𝑡) = 𝑣(𝑡+ 2𝜋). (5.4)

Let 𝑣𝑘 and 𝑎𝑘, 𝑘 = 0,±1, . . . be the Fourier coefficients of 𝑣(𝑡) and 𝑎(𝑡), respec-
tively:

𝑣(𝑡) =

∞∑
𝑘=−∞

𝑣𝑘𝑒
𝑖𝑘𝑡 and 𝑎(𝑡) =

∞∑
𝑘=−∞

𝑎𝑘𝑒
𝑖𝑘𝑡 . (5.5)

Since 𝑎(𝑡) is real piece-wise continuous, we have

∞∑
𝑗=−∞

𝑎2𝑗 < ∞. (5.6)

Substituting (5.5) into equation (5.3), we obtain

(𝑖𝑗 + 𝜆+ 𝑏)𝑣𝑗 +

∞∑
𝑘=−∞

𝑎𝑗−𝑘𝑒
−(𝜆+𝑖𝑘)ℎ𝑣𝑘 = 0.

Hence,

𝑣𝑗 +
1

𝑖𝑗 + 𝜆+ 𝑏

∞∑
𝑘=−∞

𝑎𝑗−𝑘𝑒
−(𝜆+𝑖𝑘)ℎ𝑣𝑘 = 0 (𝑗 = 0,±1, . . . ).

Rewrite this system as

(𝐼 + 𝑍(𝜆))𝑣 = 0 (𝑣 = (𝑣𝑘)
∞
𝑘=−∞), (5.7)

where 𝑍(𝜆) = (𝑍𝑗𝑘(𝜆))
∞
𝑗,𝑘=−∞ is the infinite matrix with the entries

𝑍𝑗𝑘(𝜆) =
𝑎𝑗−𝑘𝑒

−(𝜆+𝑖𝑘)ℎ

𝑖𝑗 + 𝜆+ 𝑏
.
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For a fixed real 𝜔 we have

𝑁2
2 (𝑍(𝑖𝜔)) =

∞∑
𝑗=−∞

∞∑
𝑘=−∞

∣𝑍𝑗𝑘(𝑖𝜔)∣2 =
∞∑

𝑗=−∞

∞∑
𝑘=−∞

∣𝑎𝑗−𝑘𝑒
−(𝑖𝜔+𝑖𝑘)ℎ)∣2

∣𝑖(𝑗 + 𝜔) + 𝑏∣2 ≤ 𝜈2(𝜔),

where

𝜈2(𝜔) :=

∞∑
𝑗=−∞

∞∑
𝑘=−∞

∣𝑎𝑗−𝑘∣2
(𝑗 + 𝜔)2 + 𝑏2

.

This series converges according to (5.6). Let 𝜆𝑘(𝑧) be the eigenvalues of 𝑍(𝑧).
Then

det
2
(𝐼 + 𝑍(𝑧)) =

∞∏
𝑘=1

(1 + 𝜆𝑘(𝑧))𝑒
−𝜆𝑘(𝑧).

As it is shown in Section 1.10,

∣ det
2
(𝐼 + 𝑍(𝑖𝜔))∣ ≤ exp

[
𝜈2(𝜔)

2

]
.

We thus have established the following result.

Lemma 7.5.1. Let the conditions (5.6) and ∣ det2(𝐼+𝑍(𝑖𝜔))∣ ∕= 0 hold for all real 𝜔.
Then the problem (5.3), (5.4) does not have characteristic values on the real axis.

Let us explore perturbations of (5.1). To this end consider the equation

𝑥̇(𝑡) + 𝑏̃𝑥(𝑡) + 𝑎̃(𝑡)𝑥(𝑡− ℎ̃) (0 < ℎ̃ < ∞; 𝑡 ≥ 0), (5.8)

where 𝑎̃(𝑡) is a real 2𝜋-periodic piece-wise continuous scalar function and 𝑏̃ ∕= 0 is
a real constant.

Let 𝑎̃𝑘 𝑘 = 0,±1, . . . be the Fourier coefficients of 𝑎̃(𝑡). We have
∞∑

𝑗=−∞
𝑎̃2𝑗 < ∞. (5.9)

In this case equation (5.4) takes the form

(𝐼 + 𝑍(𝜆))𝑣 = 0,

where 𝑍(𝜆) = (𝑍𝑗𝑘(𝜆))
∞
𝑗,𝑘=−∞ is an infinite matrix with the entries

𝑍𝑗𝑘(𝜆) =
𝑎̃𝑗−𝑘𝑒

−(𝜆+𝑖𝑘)ℎ̃

𝑖𝑗 + 𝜆+ 𝑏̃
.

Then

𝑁2
2 (𝑍(𝑖𝜔)) =

∞∑
𝑗=−∞

∞∑
𝑘=−∞

∣(𝑖𝑗 + 𝑖𝜔 + 𝑏̃)−1𝑎̃𝑗−𝑘𝑒
−(𝑖𝜔+𝑖𝑘)ℎ̃)∣2 ≤ 𝜈2(𝜔),
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where

𝜈2(𝜔) :=

∞∑
𝑗=−∞

∞∑
𝑘=−∞

∣𝑎̃𝑗−𝑘∣2
(𝑗 + 𝜔)2 + 𝑏̃2

.

Besides,

∣ det
2
(𝐼 + 𝑍(𝑖𝜔))∣ ≤ exp

[
1

2
𝜈2(𝜔)

]
.

Put
𝑞(𝜔) = 𝑁2(𝑍(𝑖𝜔)− 𝑍(𝑖𝜔)).

Then by Corollary 1.11.2 we arrive at the inequality∣∣∣det
2
(𝐼 + 𝑍(𝜔))− det

2
(𝐼 + 𝑍(𝜔))

∣∣∣ ≤ 𝛿2(𝜔),

where
𝛿2(𝜔) := 𝑞(𝜔) exp

[
(1 + 𝜈(𝜔) + 𝜈(𝜔))2/2

]
.

Hence, ∣∣∣det
2
(𝐼 + 𝑍(𝜔))

∣∣∣ ≥ ∣∣∣det
2
(𝐼 + 𝑍(𝜔))

∣∣∣ − 𝛿2(𝜔).

So we have proved the following result.

Corollary 7.5.2. If equation (5.1) is asymptotically stable and

∣ det
2
(𝐼 + 𝑍(𝜔))∣ > 𝛿2(𝜔) (𝜔 ∈ ℝ),

then equation (5.8) is also asymptotically stable.

7.6 Comments

The material of this chapter is based on the paper [62].

As a specific case, the problem of stability investigation of linear periodic
systems (LPS) with time delay is of great theoretical and practical interest. The
majority of mathematical works in this area are based on investigation of the
monodromy operator [69], and are mainly of theoretical nature. An application
of the monodromy operator method is based on a solution of special boundary
problems for ordinary differential equations and is connected with serious techni-
cal difficulties. In connection with that method, approximate approaches are used,
which exploit various kinds of averaging, approximation and discretization, as well
as truncation of infinite Hill determinants, [11, 75]. In the interesting paper [84],
devoted to a single-loop linear periodic system with a time delay, a new approach
is suggested. Namely, using the theory of the second kind integral Fredholm equa-
tions, the authors construct a characteristic function whose roots are inverses to
the multipliers of the considered system. Besides, sufficient stability conditions are
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given, based on approximate representation of the characteristic function in the
form of a polynomial.

In the present chapter we describe an alternative approach to the stability
problem for a multivariable LPS with distributed delay, which is based on recent
results for infinite block matrices and regularized determinants.



Chapter 8

Linear Equations with
Oscillating Coefficients

In the present chapter we investigate vector and scalar linear equations with
“quickly” oscillating coefficients.

8.1 Vector equations with oscillating coefficients

The present section is devoted to the following equation in ℂ𝑛:

𝑥̇(𝑡) = 𝐴(𝑡)

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑥(𝑡 − 𝑠) (𝑡 ≥ 0) (1.1)

where 𝐴(𝑡) is a variable piece-wise continuous 𝑛 × 𝑛-matrix bounded on [0,∞);
𝑅0(𝜏) = (𝑟𝑗𝑘(𝜏))

𝑛
𝑗,𝑘=1 is an 𝑛×𝑛-matrix-valued function defined on a finite segment

[0, 𝜂 ], whose entries have bounded variations.

In this section we do not require that the characteristic determinant

det

(
𝑧𝐼 −𝐴(𝑡)

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑅0(𝑠)

)

is stable for all 𝑡 ≥ 0. That is, it can have zeros in the open right half-plane for
some 𝑡 ≥ 0. Besides, it is assumed that

𝐴(𝑡) = 𝐵 + 𝐶(𝑡),

where 𝐵 is a constant matrix such that the equation

𝑦̇(𝑡) = 𝐵

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑦(𝑡− 𝑠) (1.2)

is exponentially stable, and 𝐶(𝑡) is a variable matrix, satisfying the condition

𝑤𝐶 := sup
𝑡≥0

∥∥∥∥
∫ 𝑡

0

𝐶(𝜏)𝑑𝜏

∥∥∥∥
𝑛

< ∞.

DOI 10.1007/978-3-0348-0 -3_8, © Springer Basel 2013 577
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Recall that ∥𝐴∥𝑛 is the spectral norm of an 𝑛 × 𝑛 matrix 𝐴. In addition, in this
section and in the next one 𝐿1(0,∞) = 𝐿1([0,∞);ℂ𝑛), for a real nunber 𝑎 and a
vector function 𝑓 defined and bounded on [𝑎,∞) (not necessarily continuous) we
put ∥𝑓∥𝐶(𝑎,∞) = sup𝑡≥𝑎 ∥𝑓(𝑡)∥𝑛. Similarly, ∥𝐴∥𝐶(0,∞) = sup𝑡≥0 ∥𝐴(𝑡)∥𝑛.

Denote by 𝐹𝐵(𝑡) the fundamental solution to (1.2). It is not hard to check
that

𝐹𝐵(𝑡) =
1

2𝜋

∫ ∞

−∞
𝑒𝑖𝑦𝑡𝐾̂−1

𝐵 (𝑖𝑦)𝑑𝑦,

where

𝐾̂𝐵(𝑧) = 𝑧𝐼 −𝐵

∫ 𝜂

0

𝑒−𝑧𝑠𝑑𝑅0(𝑠).

Put

(𝐸0𝑓)(𝑡) :=

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑓(𝑡− 𝑠).

From Lemma 1.12.1 it follows that there is a constant

𝑣(𝑅0) ≤ max{
√
𝑛 var(𝑅0),

𝑛∑
𝑗=1

√√√⎷ 𝑛∑
𝑘=1

(var(𝑟𝑗𝑘))2},

such that
∥𝐸0𝑓∥𝐶(0,∞) ≤ 𝑣(𝑅0)∥𝑓∥𝐶(−𝜂 ,∞)

and
∥𝐸0𝑓∥𝐿1(0,∞) ≤ 𝑣(𝑅0)∥𝑓∥𝐿1(−𝜂 ,∞).

Now we are in a position to formulate the main result of this chapter.

Theorem 8.1.1. Assume that

𝑤𝐶 <
1

𝑣 (𝑅0)[1 + 𝑣 (𝑅0)∥𝐹𝐵∥𝐿1(0,∞)(∥𝐵∥𝑛 + ∥𝐴∥𝐶(0,∞))]
. (1.3)

Then equation (1.1) is exponentially stable.

This theorem is proved in the next section. It is sharp. Namely, if 𝐴(𝑡) ≡ 𝐵,
then 𝑤𝐶 = 0 and condition (1.3) is automatically fulfilled. About the estimates
for ∥𝐹𝐵∥𝐿1(0,∞) see for instance Section 4.4. Furthermore, let

𝐴(𝑡) = 𝐵 + 𝐶0(𝜔𝑡) (𝜔 > 0) (1.4)

with a piece-wise continuous matrix 𝐶0(𝑡), such that

𝜈0 := sup
𝑡≥0

∥∥∥∥
∫ 𝑡

0

𝐶0(𝑠)𝑑𝑠

∥∥∥∥
𝑛

< ∞. (1.5)

Then we have
∥𝐴∥𝐶(0,∞) ≤ ∥𝐵∥𝑛 + ∥𝐶0∥𝐶(0,∞)
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and

𝑤𝐶 = sup
𝑡

∥∥∥∥
∫ 𝑡

0

𝐶0(𝜔𝑠)𝑑𝑠

∥∥∥∥
𝑛

=
𝜈0
𝜔
. (1.6)

For example, if 𝐶0(𝑡) = sin(𝑡) 𝐶1, with a constant matrix 𝐶1, then 𝜈0 = 2∥𝐶1∥𝑛.
Theorem 8.1.1 implies our next result.

Corollary 8.1.2. Assume that the conditions (1.4), (1.5) and

𝜔 > 𝜈0𝑣 (𝑅0)
[
1 + 𝑣 (𝑅0)∥𝐹𝐵∥𝐿1(0,∞)(2∥𝐵∥𝑛 + ∥𝐶0∥𝐶(0,∞))

]
(1.7)

hold. Then equation (1.1) is exponentially stable.

To illustrate Theorem 8.1.1, consider the system

𝑥̇(𝑡) = 𝐴(𝑡)

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇(𝜏), (1.8)

where 𝜇 is a scalar nondecreasing function with var(𝜇) < ∞. Consider the equation

𝑥̇(𝑡) = 𝐵

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇(𝜏), (1.9)

assuming that 𝐵 is a negative definite Hermitian 𝑛 × 𝑛-matrix. Again 𝐶(𝑡) =
𝐴(𝑡)−𝐵. Put

𝐸𝜇𝑤(𝑡) =

∫ 𝜂

0

𝑤(𝑡 − 𝜏)𝑑𝜇(𝜏)

for a scalar function 𝑤(𝑡). Reduce equation (1.9) to the diagonal form:

𝑥̇𝑗(𝑡) = 𝜆𝑗(𝐵)𝐸𝜇𝑥𝑗(𝑡) (𝑗 = 1, . . . , 𝑛), (1.10)

where 𝜆𝑗(𝐵) are the eigenvalues of 𝐵 with their multiplicities. Let 𝑋𝑗(𝑡) be the
fundamental solution of the scalar equation (1.10). Assume that

𝐽𝑗 :=

∫ ∞

0

∣𝑋𝑗(𝑡)∣𝑑𝑡 < ∞ (𝑗 = 1, . . . , 𝑛). (1.11)

Then the fundamental solution 𝐹 (𝑡) to (1.9) satisfies the inequality

∥𝐹∥𝐿1(0,∞) = max
𝑗=1,...,𝑛

𝐽𝑗 .

Moreover,
∥𝐸0𝑓∥𝐶(0,∞) ≤ var (𝜇)∥𝑓∥𝐶(−𝜂 ,∞)

and

∥𝐸0𝑓∥𝐿1(0,∞) =

∫ ∞

0

∥
∫ 𝜂

0

𝑓(𝑡− 𝜏)𝑑𝜇(𝜏)∥𝑛𝑑𝑡

≤
∫ 𝜂

0

∫ ∞

0

∥𝑓(𝑡− 𝜏)∥𝑛𝑑𝑡 𝑑𝜇(𝜏)

≤ var(𝜇)∥𝑓∥𝐿1(−𝜂 ,∞).



146 Chapter 8. Linear Equations with Oscillating Coefficients

Now Theorem 8.1.1 implies

Theorem 8.1.3. Let 𝐵 be a negative definite Hermitian matrix and the conditions
(1.11) and

𝑤𝐶 <
1

var(𝜇)(1 + var(𝜇)𝐽𝑗(∥𝐵∥𝑛 + ∥𝐴∥𝐶(0,∞)))
(𝑗 = 1, . . . , 𝑛)

hold. Then equation (1.8) is exponentially stable.

If 𝐴(𝑡) has the form (1.4) and condition (1.11) holds, then, clearly, Corollary
8.1.2 is valid with 𝑅0(.) = 𝜇(.)𝐼 and ∥𝐹∥𝐿1(0,∞) = max𝑗 𝐽𝑗 .

Furthermore, assume that

max
𝑘=1,...,𝑛

∣𝜆𝑘(𝐵)∣ < 1

𝑒 var(𝜇)𝜂
, (1.12)

and put

𝜌0(𝐵) := min
𝑘=1,...,𝑛

∣𝜆𝑘(𝐵)∣.

Then by Lemma 4.6.5 we have

𝐽𝑗 ≤ 1

var(𝜇)𝜌0(𝐵)
(1 ≤ 𝑗 ≤ 𝑛).

Now Theorem 8.1.3 implies

Corollary 8.1.4. Let 𝐵 be negative definite Hermitian matrix and the conditions
(1.12), and

𝑤𝐶 <
𝜌0(𝐵)

var(𝜇)(𝜌0(𝐵) + ∥𝐵∥𝑛 + ∥𝐴∥𝐶(0,∞))

hold. Then equation (1.8) is exponentially stable.

Now consider the equation

𝑥̇(𝑡) = (𝐵 + 𝐶0(𝜔𝑡))

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇(𝜏). (1.13)

So 𝐴(𝑡) has the form (1.4). Then the previous corollary and (1.6) imply

Corollary 8.1.5. Assume that (1.4) and (1.5) hold and

𝜌0(𝐵)𝜔 > 𝜈0 var(𝜇)(𝜌0(𝐵) + 2∥𝐵∥𝑛 + ∥𝐶0∥𝐶(0,∞)).

Then equation (1.13) is exponentially stable.
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8.2 Proof of Theorem 8.1.1

For simplicity put 𝐹𝐵(𝑡) = 𝐹 (𝑡) and recall that

(𝐸0𝑓)(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑓(𝑡− 𝑠).

So (1.2) can be written as

𝑦̇(𝑡) = 𝐵(𝐸0𝑦)(𝑡), 𝑡 ≥ 0.

Due to the Variation of Constants formula, the equation

𝑥̇(𝑡) = 𝐵(𝐸0𝑥)(𝑡) + 𝑓(𝑡) (𝑡 ≥ 0)

with a given function 𝑓 and the zero initial condition 𝑥(𝑡) = 0 (𝑡 ≤ 0) is equivalent
to the equation

𝑥(𝑡) =

∫ 𝑡

0

𝐹 (𝑡− 𝑠)𝑓(𝑠)𝑑𝑠. (2.1)

Let 𝐺(𝑡, 𝑠) (𝑡 ≥ 𝑠 ≥ 0) be the fundamental solution to (1.1). Put 𝐺(𝑡, 0) = 𝐺(𝑡).
Subtracting (1.2) from (1.1) we have

𝑑

𝑑𝑡
(𝐺(𝑡)− 𝐹 (𝑡)) = 𝐵((𝐸0𝐺)(𝑡) − (𝐸0𝐹 )(𝑡)) + 𝐶(𝑡)(𝐸0𝐺)(𝑡).

Now (2.1) implies

𝐺(𝑡) = 𝐹 (𝑡) +

∫ 𝑡

0

𝐹 (𝑡− 𝑠)𝐶(𝑠)(𝐸0𝐺)(𝑠)𝑑𝑠. (2.2)

We need the following simple lemma.

Lemma 8.2.1. Let 𝑓(𝑡), 𝑢(𝑡) and 𝑣(𝑡) be matrix functions defined on a finite segment
[𝑎, 𝑏] of the real axis. Assume that 𝑓(𝑡) and 𝑣(𝑡) are boundedly differentiable and
𝑢(𝑡) is integrable on [𝑎, 𝑏]. Then with the notation

𝑗𝑢(𝑡) =

∫ 𝑡

𝑎

𝑢(𝑠)𝑑𝑠 (𝑎 < 𝑡 ≤ 𝑏),

the equality

∫ 𝑡

𝑎

𝑓(𝑠)𝑢(𝑠)𝑣(𝑠)𝑑𝑠 = 𝑓(𝑡)𝑗𝑢(𝑡)𝑣(𝑡) −
∫ 𝑡

𝑎

[𝑓 ′(𝑠)𝑗𝑢(𝑠)𝑣(𝑠) + 𝑓(𝑠)𝑗𝑢(𝑠)𝑣
′(𝑠)]𝑑𝑠

is valid.
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Proof. Clearly,

𝑑

𝑑𝑡
𝑓(𝑡)𝑗𝑢(𝑡)𝑣(𝑡) = 𝑓 ′(𝑡)𝑗𝑢(𝑡)𝑣(𝑡) + 𝑓(𝑡)𝑢(𝑡)𝑣(𝑡) + 𝑓(𝑡)𝑗𝑢(𝑡)𝑣

′(𝑡).

Integrating this equality and taking into account that 𝑗𝑢(𝑎) = 0, we arrive at the
required result. □

Put

𝐽(𝑡) :=

∫ 𝑡

0

𝐶(𝑠)𝑑𝑠.

By the previous lemma,∫ 𝑡

0

𝐹 (𝑡−𝜏)𝐶(𝜏)(𝐸0𝐺)(𝜏)𝑑𝜏

=𝐹 (0)𝐽(𝑡)(𝐸0𝐺)(𝑡)−
∫ 𝑡

0

[
𝑑𝐹 (𝑡−𝜏)

𝑑𝜏
𝐽(𝜏)(𝐸0𝐺)(𝜏)+𝐹 (𝑡−𝜏)𝐽(𝜏)

𝑑(𝐸0𝐺)(𝜏)

𝑑𝜏

]
𝑑𝜏.

But 𝐹 (0) = 𝐼,

𝑑(𝐸0𝐺)(𝜏)

𝑑𝜏
=

𝑑

𝑑𝜏

∫ 𝜂

0

𝑑𝑅0(𝑠)𝐺(𝜏 − 𝑠) =

∫ 𝜂

0

𝑑𝑅0(𝑠)
𝑑

𝑑𝜏
𝐺(𝜏 − 𝑠)

=

∫ 𝜂

0

𝑑𝑅0(𝑠)
𝑑

𝑑𝜏
𝐺(𝜏 − 𝑠) =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝐴(𝜏 − 𝑠)(𝐸0𝐺)(𝜏 − 𝑠)

and
𝑑𝐹 (𝑡− 𝜏)

𝑑𝜏
= −𝑑𝐹 (𝑡− 𝜏)

𝑑𝑡
= 𝐵(𝐸0𝐹 )(𝑡− 𝜏).

Thus,∫ 𝑡

0

𝐹 (𝑡− 𝜏)𝐶(𝜏)(𝐸0𝐺)(𝜏)𝑑𝜏

= 𝐽(𝑡)(𝐸0𝐺)(𝑡) +

∫ 𝑡

0

[
𝐵(𝐸0𝐹 )(𝑡− 𝜏)𝐽(𝜏)(𝐸0𝐺)(𝜏)

− 𝐹 (𝑡− 𝜏)𝐽(𝜏)

∫ 𝜂

0

𝑑𝑅0(𝑠)𝐴(𝜏 − 𝑠)(𝐸0𝐺)(𝜏 − 𝑠)

]
𝑑𝜏.

Now (2.2) implies

Lemma 8.2.2. The following equality is true:

𝐺(𝑡) = 𝐹 (𝑡) + 𝐽(𝑡)(𝐸0𝐺)(𝑡) +

∫ 𝑡

0

[
𝐵(𝐸0𝐹 )(𝑡− 𝜏)𝐽(𝜏)(𝐸0𝐺)(𝜏)

− 𝐹 (𝑡− 𝜏)𝐽(𝜏)

∫ 𝜂

0

𝑑𝑅0(𝑠)𝐴(𝜏 − 𝑠)(𝐸0𝐺)(𝜏 − 𝑠)

]
𝑑𝜏.
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Take into account that

∥𝐸0𝐺∥𝐶(0,∞) ≤ 𝑣 (𝑅0)∥𝐺∥𝐶(0,∞), ∥𝐸0𝐹∥𝐶(0,∞) ≤ 𝑣 (𝑅0)∥𝐹∥𝐶(0,∞),

and
∥𝐸0𝐹∥𝐿1(0,∞) ≤ 𝑣 (𝑅0)∥𝐹∥𝐿1(0,∞).

Then from the previous lemma, the inequality

∥𝐺∥𝐶(0,∞) ≤ ∥𝐹∥𝐶(0,∞) + 𝜅∥𝐺∥𝐶(0,∞)

follows with

𝜅 := 𝑤𝐶𝑣 (𝑅0)(1 + 𝑣 (𝑅0)(∥𝐵∥𝑛 + ∥𝐴∥𝐶(0,∞))∥𝐹∥𝐿1(0,∞)).

If condition (1.3) holds, then 𝜅 < 1, and therefore,

∥𝐺∥𝐶(0,∞) = ∥𝐺(., 0)∥𝐶(0,∞) ≤
∥𝐹∥𝐶(0,∞)

1− 𝜅
. (2.3)

Replacing zero by 𝑠, we get the same bound for ∥𝐺(., 𝑠)∥𝐶(𝑠,∞). Now Corollary
3.3.1 proves the stability of (1.1). Substituting

𝑥𝜖(𝑡) = 𝑒𝜖𝑡𝑥(𝑡) (2.4)

with 𝜖 > 0 into (1.1), we have the equation

𝑥̇𝜖(𝑡) = 𝜖𝑥𝜖(𝑡) +𝐴(𝑡)

∫ 𝜂

0

𝑒𝜖𝑠𝑑𝑅0(𝑠)𝑥𝜖(𝑡− 𝑠). (2.5)

If 𝜖 > 0 is sufficiently small, then considering (2.5) as a perturbation of the equation

𝑦̇(𝑡) = 𝜖𝑦(𝑡) +𝐵

∫ 𝜂

0

𝑒𝜖𝑠𝑑𝑅0(𝑠)𝑦(𝑡− 𝑠)

and applying our above arguments, according to (2.3), we obtain ∥𝑥𝜖∥𝐶(0,∞) < ∞
for any solution 𝑥𝜖 of (2.5). Hence (2.4) implies

∥𝑥(𝑡)∥𝑛 ≤ 𝑒−𝜖𝑡∥𝑥𝜖∥𝐶(0,∞) (𝑡 ≥ 0)
for any solution 𝑥 of (1.1), as claimed. □

8.3 Scalar equations with several delays

In the present section, in the case of scalar equations, we particularly generalize
the results of the previous section to equations with several delays. Namely, this
section deals with the equation

𝑥̇(𝑡) +

𝑚∑
𝑗=1

𝑎𝑗(𝑡)

∫ ℎ

0

𝑥(𝑡 − 𝑠)𝑑𝑟𝑗(𝑠) = 0 (𝑡 ≥ 0; ℎ = const > 0), (3.1)
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where 𝑟𝑗(𝑠) are nondecreasing functions having finite variations var(𝑟𝑗), and 𝑎𝑗(𝑡)
are piece-wise continuous real functions bounded on [0,∞).

In the present section we do not require that 𝑎𝑗(𝑡) are positive for all 𝑡 ≥ 0.
So the function

𝑧 +
𝑚∑

𝑗=1

𝑎𝑗(𝑡)

∫ ℎ

0

𝑒−𝑧𝑠𝑑𝑟𝑗(𝑠)

can have zeros in the right-hand plane for some 𝑡 ≥ 0.
Let

𝑎𝑗(𝑡) = 𝑏𝑗 + 𝑐𝑗(𝑡) (𝑗 = 1, . . . ,𝑚),

where 𝑏𝑗 are positive constants, such that all the zeros of the function

𝑘(𝑧) := 𝑧 +

𝑚∑
𝑗=1

𝑏𝑗

∫ ℎ

0

𝑒−𝑧𝑠𝑑𝑟𝑗(𝑠)

are in the open left-hand plane, and functions 𝑐𝑗(𝑡) have the property

𝑤𝑗 := sup
𝑡≥0

∣∣∣∣
∫ 𝑡

0

𝑐𝑗(𝑡)𝑑𝑡

∣∣∣∣ < ∞ (𝑗 = 1, . . . ,𝑚).

The function

𝑊 (𝑡) =
1

2𝜋𝑖

∫ 𝑖∞

−𝑖∞

𝑒𝑧𝑡𝑑𝑧

𝑘(𝑧)

is the fundamental solution to the equation

𝑦̇(𝑡) = −
𝑚∑

𝑗=1

𝑏𝑗

∫ ℎ

0

𝑦(𝑡− 𝑠)𝑑𝑟𝑗(𝑠). (3.2)

Without loss of generality assume that

var(𝑟𝑗) = 1 (𝑗 = 1, . . . ,𝑚).

In this section and in the next one, 𝐿1 = 𝐿1(0,∞) is the space of real scalar
functions integrable on [0,∞). So

∥𝑊∥𝐿1 =

∫ ∞

0

∣𝑊 (𝑡)∣𝑑𝑡.

For a scalar function 𝑓 defined and bounded on [0,∞) (not necessarily continuous)
we put ∥𝑓∥𝐶 = sup𝑡≥0 ∣𝑓(𝑡)∣.
Theorem 8.3.1. Let⎛

⎝ 𝑚∑
𝑗=1

𝑤𝑗

⎞
⎠

[
1 + ∥𝑊∥𝐿1

𝑚∑
𝑘=1

(𝑏𝑘 + ∥𝑎𝑘∥𝐶)

]
< 1. (3.3)

Then equation (3.1) is exponentially stable.
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This theorem is proved in the next section. It is sharp. Namely, if 𝑎𝑗(𝑡) ≡ 𝑏𝑗
(𝑗 = 1, . . . ,𝑚), then 𝑤𝑗 = 0 and condition (3.3) is automatically fulfilled.

Let

𝑟(𝑠) =

𝑚∑
𝑗=1

𝑏𝑗𝑟𝑗(𝑠).

Then (3.2) takes the form

𝑦̇(𝑡) = −
∫ ℎ

0

𝑦(𝑡− 𝑠)𝑑𝑟(𝑠). (3.4)

Besides,

var(𝑟) =

𝑚∑
𝑗=1

𝑏𝑗 var(𝑟𝑗) =

𝑚∑
𝑗=1

𝑏𝑗 .

For instance, let

𝑒ℎ

𝑚∑
𝑗=1

𝑏𝑗 = 𝑒ℎ var(𝑟) < 1. (3.5)

Then 𝑊 (𝑡) ≥ 0 and equation (3.2) is exponentially stable, cf. Section 4.6. Now,
integrating (3.2), we have

1 =𝑊 (0) =

∫ ∞

0

∫ ℎ

0

𝑊 (𝑡− 𝑠)𝑑𝑟(𝑠) 𝑑𝑡 =

∫ ℎ

0

∫ ∞

0

𝑊 (𝑡− 𝑠) 𝑑𝑡 𝑑𝑟(𝑠)

=

∫ ℎ

0

∫ ∞

−𝑠

𝑊 (𝑡) 𝑑𝑡 𝑑𝑟(𝑠) =

∫ ℎ

0

∫ ∞

0

𝑊 (𝑡) 𝑑𝑡 𝑑𝑟(𝑠) = var(𝑟)∥𝑊∥𝐿1.

So

∥𝑊∥𝐿1 =
1∑𝑚

𝑘=1 𝑏𝑘
. (3.6)

Thus, Theorem 8.3.1 implies

Corollary 8.3.2. Let the conditions (3.5) and

𝑚∑
𝑗=1

𝑤𝑗 <

∑𝑚
𝑘=1 𝑏𝑘∑𝑚

𝑘=1(2𝑏𝑘 + ∥𝑎𝑘∥𝐶)
(3.7)

hold. Then equation (3.1) is exponentially stable.

Furthermore, let

𝑎𝑗(𝑡) = 𝑏𝑗 + 𝑢𝑗(𝜔𝑗𝑡) (𝜔𝑗 > 0; 𝑗 = 1, . . . ,𝑚) (3.8)

with a piece-wise continuous functions 𝑢𝑗(𝑡), such that

𝜈𝑗 := sup
𝑡

∣∣∣∣
∫ 𝑡

0

𝑢𝑗(𝑠)𝑑𝑠

∣∣∣∣ < ∞.
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Then we have ∥𝑎𝑗∥𝐶 ≤ 𝑏𝑗 + ∥𝑢𝑗∥𝐶 and

𝑤𝑗 = sup
𝑡

∣
∫ 𝑡

0

𝑢𝑗(𝜔𝑗𝑠)𝑑𝑠∣ = 𝜈𝑗/𝜔𝑗.

For example if 𝑢𝑗(𝑡) = sin(𝑡), then 𝜈𝑗 = 2. Now Theorem 8.3.1 and (3.7) imply
our next result.

Corollary 8.3.3. Let the conditions (3.5), (3.8) and

𝑚∑
𝑘=1

𝜈𝑗

𝜔𝑗
<

∑𝑚
𝑘=1 𝑏𝑘∑𝑚

𝑘=1(3𝑏𝑘 + ∥𝑢𝑘∥𝐶)
(3.9)

hold. Then equation (3.1) is exponentially stable.

Example 8.3.4. Consider the equation

𝑥̇ = −
𝑚∑

𝑗=1

(𝑏𝑗 + 𝜏𝑗 sin(𝜔𝑗𝑡))

∫ 1

0

𝑥(𝑡− 𝑠)𝑑𝑗(𝑠)𝑑𝑠 (𝜏𝑗 = const > 0), (3.10)

where 𝑑𝑗(𝑠) are positive and bounded on [0, 1] functions, satisfying the condition

∫ 1

0

𝑑𝑗(𝑠)𝑑𝑠 = 1.

Assume that (3.5) holds with ℎ = 1. Then 𝜈𝑗 = 2𝜏𝑗 and condition (3.9) takes the
form

𝑚∑
𝑘=1

2𝜏𝑗
𝜔𝑗

<

∑𝑚
𝑘=1 𝑏𝑘∑𝑚

𝑘=1(3𝑏𝑘 + 𝜏𝑘)
.

So for arbitrary 𝜏𝑗 , there are 𝜔𝑗, such that equation (3.10) is exponentially stable.
In particular, consider the equation

𝑥̇ = −(𝑏+ 𝜏0 sin(𝜔𝑡))𝑥(𝑡 − 1) (𝑏 < 𝑒−1; 𝜏0, 𝜔 = const > 0). (3.11)

Then according to condition (3.9) for any 𝜏0, there is an 𝜔, such that equation
(3.11) is exponentially stable.

Furthermore, assume that

𝑒ℎ
𝑚∑

𝑗=1

𝑏𝑗 < 𝜉 (1 < 𝜉 < 2) (3.12)

and consider the equation

𝑦̇(𝑡) +

𝑚∑
𝑗=1

𝑏̃𝑗

∫ ℎ

0

𝑦(𝑡− 𝑠)𝑑𝑟𝑗(𝑠) = 0, (3.13)
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where 𝑏̃𝑗 = 𝑏𝑗/𝜉. Let 𝑊̃ be the fundamental solution to the equation (3.13).
Subtracting (3.13) from (3.2), we obtain

𝑑

𝑑𝑡
(𝑊 (𝑡)− 𝑊̃ (𝑡)) +

𝑚∑
𝑗=1

𝑏̃𝑗

∫ ℎ

0

(𝑊 (𝑡− 𝑠)− 𝑊̃ (𝑡− 𝑠))𝑑𝑟𝑗(𝑠)

= −
𝑚∑

𝑗=1

(𝑏𝑗 − 𝑏̃𝑗)

∫ ℎ

0

𝑊 (𝑡− 𝑠)𝑑𝑟𝑗(𝑠).

Due to the Variation of Constants formula,

𝑊 (𝑡)− 𝑊̃ (𝑡) = −
∫ 𝑡

0

𝑊̃ (𝑡− 𝜏)

𝑚∑
𝑗=1

(𝑏𝑗 − 𝑏̃𝑗)

∫ ℎ

0

𝑊 (𝜏 − 𝑠)𝑑𝑟𝑗(𝑠)𝑑𝜏.

Hence, taking into account that var(𝑟𝑗) = 1, by simple calculations we get

∥𝑊 − 𝑊̃∥𝐿1 ≤ ∥𝑊̃∥𝐿1∥𝑊∥𝐿1

𝑚∑
𝑗=1

(𝑏𝑗 − 𝑏̃𝑗).

If

𝜓 := ∥𝑊̃∥𝐿1

𝑚∑
𝑗=1

(𝑏𝑗 − 𝑏̃𝑗) < 1,

then

∥𝑊∥𝐿1 ≤ ∥𝑊̃∥𝐿1

1− 𝜓
.

But condition (3.12) implies (3.5) with 𝑏̃𝑘 instead of 𝑏𝑘. So according to (3.6) we
have

∥𝑊̃∥𝐿1 =
1∑𝑚

𝑘=1 𝑏̃𝑘
=

𝜉∑𝑚
𝑘=1 𝑏𝑘

.

Consequently, 𝜓 = 𝜉 − 1 and

∥𝑊∥𝐿1 ≤ ∥𝑊̃∥𝐿1

2− 𝜉
.

Thus we have proved the following result.

Lemma 8.3.5. Let conditions (3.12) and var(𝑟𝑗) = 1 (𝑗 = 1, . . . ,𝑚) hold. Then

∥𝑊∥𝐿1 ≤ 𝜉

(2 − 𝜉)
∑𝑚

𝑘=1 𝑏𝑘
.

Now we can directly apply Theorem 8.3.1.
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8.4 Proof of Theorem 8.3.1

Due to the Variation of Constants formula the equation

𝑥̇(𝑡) = −
𝑚∑

𝑘=1

𝑏𝑗

∫ ℎ

0

𝑥(𝑡− 𝑠)𝑑𝑟𝑗(𝑠) + 𝑓(𝑡) (𝑡 > 0)

with a given function 𝑓 and the zero initial condition

𝑥(𝑡) = 0 (𝑡 ≤ 0)

is equivalent to the equation

𝑥(𝑡) =

∫ 𝑡

0

𝑊 (𝑡− 𝜏)𝑓(𝜏)𝑑𝜏. (4.1)

Recall that a differentiable in 𝑡 function 𝐺(𝑡, 𝜏) (𝑡 ≥ 𝜏 ≥ 0) is the fundamental
solution to (3.1) if it satisfies that equation in 𝑡 and the initial conditions

𝐺(𝜏, 𝜏) = 1, 𝐺(𝑡, 𝜏) = 0 (𝑡 < 𝜏, 𝜏 ≥ 0).

Put 𝐺(𝑡, 0) = 𝐺(𝑡). Subtracting (3.2) from (3.1) we have

𝑑

𝑑𝑡
(𝐺(𝑡)−𝑊 (𝑡)) = −

𝑚∑
𝑘=1

𝑏𝑗

∫ ℎ

0

(𝐺(𝑡 − 𝑠)−𝑊 (𝑡− 𝑠))𝑑𝑟𝑗(𝑠)

−
𝑚∑

𝑗=1

𝑐𝑗(𝑡)

∫ ℎ

0

𝐺(𝑡− 𝑠)𝑑𝑟𝑗(𝑠).

(4.2)

Now (4.1) implies

𝐺(𝑡) =𝑊 (𝑡)−
∫ 𝑡

0

𝑊 (𝑡− 𝜏)
𝑚∑

𝑗=1

𝑐𝑗(𝜏)

∫ ℎ

0

𝐺(𝜏 − 𝑠)𝑑𝑟𝑗(𝑠) 𝑑𝜏. (4.3)

Put

𝐽𝑗(𝑡) :=

∫ 𝑡

0

𝑐𝑗(𝑠)𝑑𝑠.

By Lemma 8.2.1 we obtain the inequality∫ 𝑡

0

𝑊 (𝑡− 𝜏)𝑐𝑗(𝜏)𝐺(𝜏 − 𝑠)𝑑𝜏

= 𝑊 (0)𝐽𝑗(𝑡)𝐺(𝑡− 𝑠)

−
∫ 𝑡

0

[
𝑑𝑊 (𝑡− 𝜏)

𝑑𝜏
𝐽𝑗(𝜏)𝐺(𝜏 − 𝑠) +𝑊 (𝑡− 𝜏)𝐽𝑗(𝜏)

𝑑𝐺(𝜏 − 𝑠)

𝑑𝜏

]
𝑑𝜏.

(4.4)
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But
𝑑𝐺(𝜏 − 𝑠)

𝑑𝜏
= −

𝑚∑
𝑘=1

𝑎𝑘(𝜏 − 𝑠)

∫ ℎ

0

𝐺(𝜏 − 𝑠− 𝑠1)𝑑𝑟𝑘(𝑠1)

and
𝑑𝑊 (𝑡− 𝜏)

𝑑𝜏
= −𝑑𝑊 (𝑡− 𝜏)

𝑑𝑡
=

𝑚∑
𝑗=1

𝑏𝑗

∫ ℎ

0

𝑊 (𝑡− 𝜏 − 𝑠1)𝑑𝑟𝑗(𝑠1)

=

∫ ℎ

0

𝑊 (𝑡− 𝜏 − 𝑠1)𝑑𝑟(𝑠1).

Thus, ∫ 𝑡

0

𝑊 (𝑡− 𝜏)𝑐𝑗(𝜏)𝐺(𝜏 − 𝑠)𝑑𝜏 = 𝑍𝑗(𝑡, 𝑠),

where

𝑍𝑗(𝑡, 𝑠) := 𝐽𝑗(𝑡)𝐺(𝑡 − 𝑠) +

∫ 𝑡

0

𝐽𝑗(𝜏)

[
−

∫ ℎ

0

𝑊 (𝑡− 𝜏 − 𝑠1)𝑑𝑟(𝑠1)𝐺(𝜏 − 𝑠)

+𝑊 (𝑡− 𝜏)

𝑚∑
𝑘=1

𝑎𝑘(𝜏 − 𝑠)

∫ ℎ

0

𝐺(𝜏 − 𝑠− 𝑠1)𝑑𝑟𝑘(𝑠1)

]
𝑑𝜏.

Now (4.3) implies

Lemma 8.4.1. The equality

𝐺(𝑡) =𝑊 (𝑡)−
∫ ℎ

0

𝑚∑
𝑗=1

𝑍𝑗(𝑡, 𝑠)𝑑𝑟𝑗(𝑠)

is true.

We have

sup
𝑡≥0

∣𝑍𝑗(𝑡, 𝑠)∣

≤ 𝑤𝑗∥𝐺∥𝐶

[
1 +

∫ 𝑡

0

∫ ℎ

0

∣𝑊 (𝑡− 𝜏 − 𝑠1)∣𝑑𝑟(𝑠1)𝑑𝜏 +
𝑚∑

𝑘=1

∥𝑎𝑘∥𝐶

∫ 𝑡

0

∣𝑊 (𝑡− 𝜏)∣𝑑𝜏
]
.

But ∫ ℎ

0

∫ 𝑡

0

∣𝑊 (𝑡− 𝜏 − 𝑠)∣𝑑𝜏 𝑑𝑟(𝑠) =

∫ ℎ

0

∫ 𝑡−𝑠

−𝑠

∣𝑊 (𝑡− 𝜏)∣𝑑𝜏 𝑑𝑟(𝑠)

≤ var(𝑟)
∫ ∞

0

∣𝑊 (𝜏)∣𝑑𝜏.

Thus,

∥𝑍𝑗(𝑡, 𝑠)∥𝐶 ≤ 𝑤𝑗∥𝐺∥𝐶

(
1 +

𝑚∑
𝑘=1

(𝑏𝑘 + ∥𝑎𝑘∥𝐶)∥𝑊∥𝐿1

)
.
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From the previous lemma we get ∥𝐺∥𝐶 ≤ ∥𝑊∥𝐶 + 𝛾∥𝐺∥𝐶 , where

𝛾 :=

(
𝑚∑

𝑘=1

𝑤𝑗

)[
1 +

𝑚∑
𝑘=1

(𝑏𝑘 + ∥𝑎𝑘∥𝐶)∥𝑊∥𝐿1

]
.

Condition (3.3) means that 𝛾 < 1.

We thus have proved the following result.

Lemma 8.4.2. Let condition (3.3) hold. Then

∥𝐺∥𝐶 ≤ ∥𝑊∥𝐶

1− 𝛾
. (4.5)

The previous lemma implies the stability of (3.1). Substituting

𝑥𝜖(𝑡) = 𝑒−𝜖𝑡𝑥(𝑡) (4.6)

with 𝜖 > 0 into (3.1), we have the equation

𝑥̇𝜖(𝑡) = 𝜖𝑥𝜖(𝑡)−
𝑚∑

𝑘=1

𝑎𝑘(𝑡)

∫ ℎ

0

𝑒𝜖𝑠𝑥𝜖(𝑡− 𝑠)𝑑𝑟𝑘(𝑠). (4.7)

If 𝜖 > 0 is sufficiently small, then according to (4.5) we easily obtain that ∥𝑥𝜖∥𝐶 <
∞ for any solution 𝑥𝜖 of (4.7). Hence (4.6) implies

∣𝑥(𝑡)∣ ≤ 𝑒−𝜖𝑡∥𝑥𝜖∥𝐶 (𝑡 ≥ 0)
for any solution 𝑥 of (3.1), as claimed. □

8.5 Comments

This chapter is based on the papers [54] and [55].

The literature on the first-order scalar linear functional differential equations
is very rich, cf. [81, 89, 102, 109, 114] and references therein, but mainly, the coef-
ficients are assumed to be positive. The papers [6, 7, 117] are devoted to stability
properties of differential equations with several (not distributed) delays and an
arbitrary number of positive and negative coefficients. In particular, the papers
[6, 7] give us explicit stability tests in the iterative and limit forms. Besides the
main tool is the comparison method based on the Bohl–Perron type theorem. The
sharp stability condition for the first-order functional-differential equation with
one variable delay was established by A.D. Myshkis (the so-called 3/2-stability
theorem) in his celebrated paper [94]. A similar result was established by J. Lillo
[87]. The 3/2-stability theorem was generalized to nonlinear equations and equa-
tions with unbounded delays in the papers [112, 113, 114]. As Example 8.3.4 shows,
Theorem 8.3.1 improves the 3/2-stability theorem in the case of constant delays
and “quickly” oscillating coefficients.

It should be noted that the theory of vector functional differential equations
with oscillating coefficients in contrast to scalar equations is not enough developed.



Chapter 9

Linear Equations with
Slowly Varying Coefficients

This chapter deals with vector differential-delay equations having slowly varying
coefficients. The main tool in this chapter is the “freezing” method.

9.1 The “freezing” method

Again consider in ℂ𝑛 the equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑦(𝑡− 𝜏) (𝑡 ≥ 0), (1.1)

where 𝑅(𝑡, 𝜏) = (𝑟𝑗𝑘(𝑡, 𝜏))
𝑛
𝑗,𝑘=1 is an 𝑛 × 𝑛- matrix-valued function defined on

[0,∞)× [0, 𝜂 ] whose entries have uniformly bounded variations in 𝜏 . 𝐶(𝑎, 𝑏) is the
space of continuous vector-valued functions, again. It is also assumed that there
is a positive constant 𝑞, such that∥∥∥∥

∫ 𝜂

0

𝑑𝜏 (𝑅(𝑡, 𝜏)−𝑅(𝑠, 𝜏))𝑓(𝑡 − 𝜏)

∥∥∥∥
𝑛

≤ 𝑞 ∣𝑡− 𝑠∣∥𝑓∥𝐶(−𝜂 ,𝑡)

(𝑓 ∈ 𝐶(−𝜂 , 𝑡); 𝑡, 𝑠 ≥ 0).
(1.2)

For example, consider the equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝐴(𝑡, 𝜏)𝑦(𝑡 − 𝜏)𝑑𝜏 +
𝑚∑

𝑘=0

𝐴𝑘(𝑡)𝑦(𝑡− ℎ𝑘) (𝑡 ≥ 0; 𝑚 < ∞) (1.3)

where 0 = ℎ0 < ℎ1 < ⋅ ⋅ ⋅ < ℎ𝑚 ≤ 𝜂 are constants, 𝐴𝑘(𝑡) and 𝐴(𝑡, 𝜏) are matrix-
valued functions satisfying the inequality∫ 𝜂

0

∥𝐴(𝑡, 𝜏) −𝐴(𝑠, 𝜏)∥𝑛𝑑𝜏 +

𝑚∑
𝑘=0

∥𝐴𝑘(𝑡)−𝐴𝑘(𝑠)∥𝑛 ≤ 𝑞 ∣𝑡− 𝑠∣ (𝑡, 𝑠 ≥ 0). (1.4)
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Then we have∥∥∥∥∥
∫ 𝜂

0

(𝐴(𝑡, 𝜏) −𝐴(𝑠, 𝜏))𝑓(𝑡 − 𝜏)𝑑𝜏 +

𝑚∑
𝑘=0

(𝐴𝑘(𝑡)−𝐴𝑘(𝑠))𝑓(𝑡− ℎ𝑘)

∥∥∥∥∥
𝑛

≤ ∥𝑓∥𝐶(−𝜂 ,𝑡)

(∫ 𝜂

0

∥𝐴(𝑡, 𝜏) −𝐴(𝑠, 𝜏)∥𝑛𝑑𝜏 +

𝑚∑
𝑘=0

∥𝐴𝑘(𝑡)−𝐴𝑘(𝑠, 𝜏)∥𝑛

)
.

So condition (1.2) holds.

To formulate the result, for a fixed 𝑠 ≥ 0, consider the “frozen” equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑠, 𝜏)𝑦(𝑡− 𝜏) (𝑡 > 0). (1.5)

Let 𝐺𝑠(𝑡) be the fundamental solution to the autonomous equation (1.5).

Theorem 9.1.1. Let the conditions (1.2) and

𝜒 := sup
𝑠≥0

∫ ∞

0

𝑡∥𝐺𝑠(𝑡)∥𝑛𝑑𝑡 <
1

𝑞
(1.6)

hold. Then equation (1.1) is exponentially stable.

This theorem is proved in the next section. Let us establish an estimate for 𝜒.
Recall that 𝐾𝑠(𝑧) = 𝑧𝐼 − ∫ 𝜂

0
𝑒−𝑧𝜏𝑑𝜏𝑅(𝑠, 𝜏).

Put
𝛼0 := sup

𝑠≥0; 𝑘=1,2,...
Re 𝑧𝑘(𝐾𝑠),

where 𝑧𝑘(𝐾𝑠) are the characteristic values of𝐾𝑠; so under our assumptions 𝛼0 < 0.
Since (𝐾−1

𝑠 (𝑧))′ = 𝑑𝐾−1
𝑠 (𝑧)/𝑑𝑧 is the Laplace transform of −𝑡𝐺𝑠(𝑡), for any pos-

itive 𝑐 < ∣𝛼0∣, we obtain

𝑡𝐺𝑠(𝑡) = − 1

2𝜋𝑖

∫ 𝑖∞

−𝑖∞
𝑒𝑧𝑡(𝐾−1

𝑠 (𝑧))′𝑑𝑧 = − 1

2𝜋𝑖

∫ ∞

−∞
𝑒𝑡(𝑖𝜔−𝑐)(𝐾−1

𝑠 (𝑖𝜔 − 𝑐))′𝑑𝜔.

Hence,

𝑡∥𝐺𝑠(𝑡)∥𝑛 ≤ 𝑒−𝑡𝑐

2𝜋

∫ ∞

−∞
∥(𝐾−1

𝑠 (𝑖𝜔 − 𝑐))′∥𝑛𝑑𝜔.

But (𝐾−1
𝑠 (𝑧))′ = −𝐾−1

𝑠 (𝑧)𝐾 ′
𝑠(𝑧)𝐾

−1
𝑠 (𝑧) and thus

(𝐾−1
𝑠 (𝑖𝜔 − 𝑐))′ = −𝐾−1

𝑠 (𝑖𝜔 − 𝑐)

(
𝐼 +

∫ 𝜂

0

𝜏𝑒−(𝑖𝜔−𝑐)𝜏𝑑𝜏𝑅(𝑠, 𝜏)

)
𝐾−1

𝑠 (𝑖𝜔 − 𝑐).

Therefore,

𝑡∥𝐺𝑠(𝑡)∥𝑛 ≤ 𝑀𝑐,𝑠𝑒
−𝑡𝑐

2𝜋

∫ ∞

−∞
∥𝐾−1

𝑠 (𝑖𝜔 − 𝑐)∥2𝑛𝑑𝜔,
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where

𝑀𝑐,𝑠 = sup
𝜔

∥∥∥∥𝐼 +
∫ 𝜂

0

𝜏𝑒−(𝑖𝜔−𝑐)𝜏𝑑𝜏𝑅(𝑠, 𝜏)

∥∥∥∥
𝑛

≤ 1 + 𝑒𝑐𝜂 vd(𝑅(𝑠, .))

≤ 1 + 𝜂 𝑒𝑐𝜂 var𝑅(𝑠, .).

Here vd(𝑅(𝑠, .) is the spectral norm of the matrix whose entries are∫ 𝜂

0

𝜏𝑑𝜏 ∣𝑟𝑗𝑘(𝑠, 𝜏)∣.

We thus obtain the following result.

Lemma 9.1.2. For any positive 𝑐 < ∣𝛼0∣ we have

𝜒 ≤ sup
𝑠≥0

𝑀𝑐,𝑠

2𝜋𝑐

∫ ∞

−∞
∥𝐾−1

𝑠 (𝑖𝜔 − 𝑐)∥2𝑛𝑑𝜔.

9.2 Proof of Theorem 9.1.1

Again consider the non-homogeneous equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (𝑡 ≥ 0) (2.1)

with a given 𝑓 ∈ 𝐶(0,∞) and the zero initial condition

𝑥(𝑡) = 0 (𝑡 ≤ 0). (2.2)

For a continuous vector-valued function 𝑢 defined on [−𝜂 ,∞) and a fixed 𝑠 ≥ 0,
put

(𝐸(𝑠)𝑢)(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅(𝑠, 𝜏)𝑢(𝑡− 𝜏).

Then (2.1) can be written as

𝑥̇(𝑡) = 𝐸(𝑠)𝑥(𝑡) + [𝐸(𝑡)− 𝐸(𝑠)]𝑥(𝑡) + 𝑓(𝑡).

By the Variation of Constants formula

𝑥(𝑡) =

∫ 𝑡

0

𝐺𝑠(𝑡− 𝑡1)[(𝐸(𝑡1)− 𝐸(𝑠))𝑥(𝑡1) + 𝑓(𝑡1)]𝑑𝑡1. (2.3)

Condition (1.2) gives us the inequality

∥[𝐸(𝑡)− 𝐸(𝑠)]𝑥(𝑡)∥𝑛 ≤ 𝑞∣𝑡− 𝑠∣∥𝑥∥𝐶(0,𝑡) (𝑡, 𝑠 ≥ 0). (2.4)
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Note that for an 𝜖 > 0, we have∫ ∞

0

∥𝐺𝑠(𝑡)∥𝑛𝑑𝑡 ≤
∫ 𝜖

0

∥𝐺𝑠(𝑡)∥𝑛𝑑𝑡+
1

𝜖

∫ ∞

𝜖

𝑡∥𝐺𝑠(𝑡)∥𝑛𝑑𝑡 ≤ 𝑐1

where

𝑐1 = sup
𝑠≥0

∫ 𝜖

0

∥𝐺𝑠(𝑡)∥𝑛𝑑𝑡+
1

𝜖
𝜒.

Thus∥∥∥∥
∫ 𝑡

0

𝐺𝑠(𝑡− 𝑡1)𝑓(𝑡1)𝑑𝑡1

∥∥∥∥
𝑛

≤ ∥𝑓∥𝐶(0,∞)

∫ 𝑡

0

∥𝐺𝑠(𝑡1)∥𝑛𝑑𝑡1 ≤ 𝑐1∥𝑓∥𝐶(0,∞).

Now (2.4) and (2.3) for a fixed 𝑡 > 0 imply

∥𝑥(𝑡)∥𝑛 ≤ 𝑐1∥𝑓∥𝐶(0,∞) + ∥𝑥∥𝐶(0,𝑡)

∫ 𝑡

0

∥𝐺𝑠(𝑡− 𝑡1)∥𝑛𝑞∣𝑡1 − 𝑠∣𝑑𝑡1 (𝑡 ≥ 0).

Hence with 𝑠 = 𝑡 we obtain

∥𝑥(𝑡)∥𝑛 ≤ 𝑐1∥𝑓∥𝐶(0,∞) + ∥𝑥∥𝐶(0,𝑡)

∫ 𝑡

0

∥𝐺̂𝑡(𝑡− 𝑡1)∥𝑛𝑞(𝑡− 𝑡1)𝑑𝑡1. (2.5)

But ∫ 𝑡

0

∥𝐺̂𝑡(𝑡− 𝑡1)∥𝑛(𝑡− 𝑡1)𝑑𝑡1 =

∫ 𝑡

0

∥𝐺̂𝑡(𝑢)∥𝑛𝑢 𝑑𝑢

≤
∫ ∞

0

∥𝐺̂𝑡(𝑢)∥𝑛𝑢𝑑𝑢 ≤ sup
𝑡≥0

∫ ∞

0

∥𝐺̂𝑡(𝑢)∥𝑛𝑢 𝑑𝑢 = 𝜒.

Thus (2.5) implies

∥𝑥∥𝐶(0,𝑇 ) ≤ 𝑐1∥𝑓∥𝐶(0,∞) + ∥𝑥∥𝐶(0,𝑇 )𝜒𝑞

for any finite 𝑇 > 0. Hence, due to condition (1.6) we arrive at the inequality

∥𝑥∥𝐶(0,𝑇 ) ≤
𝑐1∥𝑓∥𝐶(0,∞)

1− 𝜒𝑞
.

Hence, letting 𝑇 → ∞ we get

∥𝑥∥𝐶(0,∞) ≤
𝑐1∥𝑓∥𝐶(0,∞)

1− 𝑞𝜒
.

So for any bounded 𝑓 the solution of problem (2.1), (2.2), is uniformly bounded.
Now Theorem 3.4.1 proves the required result. □
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9.3 Perturbations of certain ordinary
differential equations

Now let us consider the equation

𝑥̇(𝑡) = 𝐴(𝑡)𝑦(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅1(𝑡, 𝜏)𝑦(𝑡 − 𝜏) (𝑡 ≥ 0), (3.1)

where 𝐴(𝑡) for any 𝑡 ≥ 0 is an 𝑛× 𝑛 Hurwitzian matrix satisfying the condition

∥𝐴(𝑡)−𝐴(𝑠)∥𝑛 ≤ 𝑞0∣𝑡− 𝑠∣ (𝑡, 𝑠 ≥ 0), (3.2)

and 𝑅1(𝑡, 𝜏) is an 𝑛 × 𝑛 matrix-valued function defined on [0,∞) × [0, 𝜂 ] whose
entries have uniformly bounded variations. Put

𝐸1𝑢(𝑡) =

∫ 𝜂

0

𝑑𝜏𝑅1(𝑠, 𝜏)𝑢(𝑡− 𝜏) (𝑢 ∈ 𝐶(−𝜂 ,∞)).

By Lemma 1.12.3, there is a constant 𝑉 (𝑅1) such that

∥𝐸1𝑢∥𝐶(0,∞) ≤ 𝑉 (𝑅1)∥𝑢∥𝐶(−𝜂 ,∞). (3.3)

Besides, some estimates for 𝑉 (𝑅1) are given in Section 1.12. Let us appeal to
a stability criterion which is more convenient than Theorem 9.1.1 in the case of
equation (3.1).

Theorem 9.3.1. Let the conditions (3.2),

𝜈𝐴 := sup
𝑠≥0

∫ ∞

0

∥𝑒𝐴(𝑠)𝑡∥𝑛𝑑𝑡 <
1

𝑉 (𝑅1)
(3.4)

and

𝜒̂0 := sup
𝑠≥0

∫ ∞

0

𝑡∥𝑒𝐴(𝑠)𝑡∥𝑛𝑑𝑡 <
1− 𝜈𝐴𝑉 (𝑅1)

𝑞0
(3.5)

hold. Then equation (3.1) is exponentially stable.

This theorem is proved in the next section. For instance, consider the equation

𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) +

𝑚∑
𝑘=1

𝐵𝑘(𝑡)

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜇𝑘(𝜏) (𝑡 ≥ 0) (3.6)

where 𝜇𝑘 are nondecreasing scalar functions, and 𝐵𝑘(𝑡) are 𝑛 × 𝑛-matrices with
the properties

sup
𝑡≥0

∥𝐵𝑘(𝑡)∥𝑛 < ∞ (𝑘 = 1, . . . ,𝑚).

Simple calculations show that in the considered case

𝑉 (𝑅1) ≤ sup
𝑠

𝑚∑
𝑘=1

∥𝐵𝑘(𝑠)∥𝑛 var(𝜇𝑘).

About various estimates for ∥𝑒𝐴(𝑠)𝑡∥𝑛 see Sections 2.5 and 2.8.
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9.4 Proof of Theorems 9.3.1

To prove Theorem 9.3.1, consider the equation

𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) +

∫ 𝜂

0

𝑑𝜏𝑅1(𝑡, 𝜏)𝑥(𝑡 − 𝜏) + 𝑓(𝑡) (4.1)

and denote by 𝑈(𝑡, 𝑠) (𝑡 ≥ 𝑠 ≥ 0) the evolution operator of the equation

𝑦̇(𝑡) = 𝐴(𝑡)𝑦(𝑡). (4.2)

Put

𝜉𝐴 := sup
𝑓∈𝐶(0,∞)

1

∥𝑓∥𝐶(0,∞)
sup
𝑡≥0

∥∥∥∥
∫ 𝑡

0

𝑈(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠

∥∥∥∥
𝑛

.

Lemma 9.4.1. Let the condition

𝜉𝐴𝑉 (𝑅1) < 1 (4.3)

hold. Then any solution of (4.1) with 𝑓 ∈ 𝐶(0,∞) and the zero initial condition
satisfies the inequality

∥𝑥∥𝐶(0,∞) ≤
𝜉𝐴∥𝑓∥𝐶(0,∞)

1− 𝑉 (𝑅1)𝜉𝐴
.

Proof. Equation (4.1) is equivalent to the following one:

𝑥(𝑡) =

∫ 𝑡

0

𝑈(𝑡, 𝑠)(𝐸1𝑥(𝑠) + 𝑓(𝑠))𝑑𝑠.

Hence,

∥𝑥∥𝐶(0,∞) ≤ 𝜉𝐴(∥𝐸1𝑥∥𝐶(0,∞) + ∥𝑓∥𝐶(0,∞)).

Hence, by (3.3) we arrive at the inequality

∥𝑥∥𝐶(0,∞) ≤ 𝜉𝐴(𝑉 (𝑅1)∥𝑥∥𝐶(0,∞) + ∥𝑓∥𝐶(0,∞)).

Now condition (4.3) ensures the required result. □

The previous lemma and Theorem 3.4.1 imply

Corollary 9.4.2. Let condition (4.3) hold. Then equation (3.1) is exponentially
stable.

Lemma 9.4.3. Let conditions (3.2) and (3.5) hold. Then

𝜉𝐴 <
𝜈𝐴

1− 𝑞0𝜒̂0
.
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Proof. Consider the equation

𝑥̇(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝑓(𝑡) (4.4)

with the zero initial condition 𝑥(0) = 0. Rewrite it as

𝑥̇(𝑡) = 𝐴(𝑠)𝑥(𝑡) + (𝐴(𝑡) −𝐴(𝑠))𝑥(𝑡) + 𝑓(𝑡).

Hence

𝑥(𝑡) =

∫ 𝑡

0

𝑒𝐴(𝑠)(𝑡−𝑡1)[(𝐴(𝑡1)−𝐴(𝑠))𝑥(𝑡1) + 𝑓(𝑡1)]𝑑𝑡1.

Take 𝑠 = 𝑡. Then

∥𝑥(𝑡)∥𝑛 ≤
∫ 𝑡

0

∥𝑒𝐴(𝑡)(𝑡−𝑡1)∥∥(𝐴(𝑡1)−𝐴(𝑡))𝑥(𝑡1)∥𝑑𝑡1 + 𝑐0,

where

𝑐0 := sup
𝑠,𝑡

∫ 𝑡

0

∥𝑒𝐴(𝑠)(𝑡−𝑡1)∥𝑛∥𝑓(𝑡1)∥𝑛𝑑𝑡1

≤ ∥𝑓∥𝐶(0,∞) sup
𝑠

∫ ∞

0

∥𝑒𝐴(𝑠)𝑡1∥𝑛𝑑𝑡1 ≤ 𝜈𝐴∥𝑓∥𝐶(0,∞).

Thus, for any 𝑇 < ∞, we get

sup
𝑡≤𝑇

∥𝑥(𝑡)∥𝑛 ≤ 𝑐0 + 𝑞0 sup
𝑡≤𝑇

∥𝑥(𝑡)∥𝑛

∫ 𝑇

0

∥𝑒𝐴(𝑡)(𝑇−𝑡1)∥∣𝑡1 − 𝑇 ∣𝑑𝑡1

≤ 𝑐0 + 𝑞0 sup
𝑡≤𝑇

∥𝑥(𝑡)∥𝑛

∫ 𝑇

0

∥𝑒𝐴(𝑡)𝑢∥𝑢𝑑𝑢

≤ 𝑐0 + 𝑞0𝜒̂0 sup
𝑡≤𝑇

∥𝑥(𝑡)∥𝑛.

By (3.5), we have 𝑞0𝜒̂0 < 1. So

∥𝑥∥𝐶(0,𝑇 ) ≤ 𝑐0
1− 𝑞0𝜒̂0

=
𝜈𝐴∥𝑓∥𝐶(0,∞)

1− 𝑞0𝜒̂0
.

Hence, letting 𝑇 → ∞, we get

∥𝑥∥𝐶(0,∞) ≤ 𝑐0
1− 𝑞0𝜒̂0

=
𝜈𝐴∥𝑓∥𝐶(0,∞)

1− 𝑞0𝜒̂0
.

This proves the lemma. □

Proof of Theorem 9.3.1. The required result at once follows from Corollary 9.4.2
and the previous lemma. □
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9.5 Comments

The papers [23] and [60] were essential to this chapter.

Theorem 9.1.1 extends the “freezing” method for ordinary differential equa-
tions, cf. [12, 76, 107]. Nonlinear systems with delay and slowly varying coefficient
were considered in [29].



Chapter 10

Nonlinear Vector Equations

In the present chapter we investigate nonlinear systems with causal mappings.
The main tool is that of norm estimates for fundamental solutions. The general-
ized norm is also applied. It enables us to use information about a system more
completely than the usual (number) norm.

10.1 Definitions and preliminaries

Let 𝜂 < ∞ be a positive constant, and 𝑅(𝑡, 𝜏) = (𝑟𝑗𝑘(𝑡, 𝜏))
𝑛
𝑗,𝑘=1 be an 𝑛 × 𝑛-

matrix-valued function defined on [0,∞) × [0, 𝜂 ], piece-wise continuous in 𝑡 for
each 𝜏 , whose entries have uniformly bounded variations in 𝜏 :

𝑣𝑗𝑘 = sup
𝑡≥0

var 𝑟𝑗𝑘(𝑡, .) < ∞ (𝑗, 𝑘 = 1, . . . , 𝑛).

In this chapter, again 𝐶([𝑎, 𝑏],ℂ𝑛) = 𝐶(𝑎, 𝑏) and 𝐿𝑝([𝑎, 𝑏],ℂ𝑛) = 𝐿𝑝(𝑎, 𝑏). Our
main object in the present section is the problem

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑥(𝑡− 𝑠) + [𝐹𝑥](𝑡) + 𝑓(𝑡) (𝑡 ≥ 0), (1.1)

𝑥(𝑡) = 𝜙(𝑡) ∈ 𝐶(−𝜂 , 0) (−𝜂 ≤ 𝑡 ≤ 0), (1.2)

where 𝑓 ∈ 𝐶(0,∞) and 𝐹 is a continuous causal mapping in 𝐶(−𝜂 ,∞) (see
Section 1.8).

Let
Ω(𝜚) := {𝑣 ∈ 𝐶(−𝜂 ,∞) : ∥𝑣∥𝐶(−𝜂 ,∞) ≤ 𝜚}

for a positive 𝜚 ≤ ∞.
It is supposed that there is a constant 𝑞 ≥ 0, such that

∥𝐹𝑤∥𝐶(0,∞) ≤ 𝑞∥𝑤∥𝐶(−𝜂 ,∞) (𝑤 ∈ Ω(𝜚)). (1.3)

Below we present some examples of the mapping satisfying condition (1.3).
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Lemma 10.1.1. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞) and condition
(1.3) hold. Then 𝐹 is a continuous mapping in 𝐶(−𝜂 , 𝑇 ) and

∥𝐹𝑤∥𝐶(0,𝑇 ) ≤ 𝑞∥𝑤∥𝐶(−𝜂 ,𝑇 ) (𝑤 ∈ Ω(𝜚) ∩𝐶(−𝜂 , 𝑇 ))

for all 𝑇 > 0.

Proof. Take 𝑤 ∈ Ω(𝜚) and put

𝑤𝑇 (𝑡) =

{
𝑤(𝑡) if 0 ≤ 𝑡 ≤ 𝑇 ,

0 if 𝑡 > 𝑇 ,

and

𝐹𝑇𝑤(𝑡) =

{
(𝐹𝑤)(𝑡) if 0 ≤ 𝑡 ≤ 𝑇 ,

0 if 𝑡 > 𝑇 .

Since 𝐹 is causal, one has 𝐹𝑇𝑤 = 𝐹𝑇𝑤𝑇 . Consequently

∥𝐹𝑤∥𝐶(0,𝑇 ) = ∥𝐹𝑇𝑤∥𝐶(0,∞) = ∥𝐹𝑇𝑤𝑇 ∥𝐶(0,∞)

≤ ∥𝐹𝑤𝑇 ∥𝐶(0,∞) ≤ 𝑞∥𝑤𝑇 ∥𝐶(−𝜂 ,∞) = 𝑞∥𝑤∥𝐶(−𝜂 ,𝑇 ).

Furthermore, take 𝑣 ∈ Ω(𝜚) and put

𝑣𝑇 (𝑡) =

{
𝑣(𝑡) if 0 ≤ 𝑡 ≤ 𝑇 ,

0 if 𝑡 > 𝑇 .

and
𝛿 = ∥𝑤𝑇 − 𝑣𝑇 ∥𝐶(−𝜂 ,𝑇 ) and 𝜖 = ∥𝐹𝑤𝑇 − 𝐹𝑣𝑇 ∥𝐶(−𝜂 ,∞).

We have ∥𝑤𝑇 − 𝑣𝑇 ∥𝐶(−𝜂 ,∞) = 𝛿. Since 𝐹 is continuous in Ω(𝜚) and

∥𝐹𝑇𝑤𝑇 − 𝐹𝑇 𝑣𝑇 ∥𝐶(−𝜂 ,∞) ≤ ∥𝐹𝑤𝑇 − 𝐹𝑣𝑇 ∥𝐶(−𝜂 ,∞)

we prove the continuity of 𝐹 in Ω(𝜚). This proves the result. □

A (mild) solution of problem (1.1), (1.2) is a continuous function 𝑥(𝑡) defined
on [−𝜂 ,∞), such that

𝑥(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑡1)([𝐹𝑥](𝑡1) + 𝑓(𝑡1))𝑑𝑡1 (𝑡 ≥ 0), (1.4a)

𝑥(𝑡) = 𝜙(𝑡) ∈ 𝐶(−𝜂 , 0) (−𝜂 ≤ 𝑡 ≤ 0), 1.4b

where 𝐺(𝑡, 𝑡1) is the fundamental solution of the linear equation

𝑧̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑧(𝑡− 𝑠) (1.5)
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and 𝑧(𝑡) is a solution of the problem (1.5), (1.2). Again use the operator

𝐺̂𝑓(𝑡) =

∫ 𝑡

0

𝐺(𝑡, 𝑡1)𝑓(𝑡1)𝑑𝑡1 (𝑓 ∈ 𝐶(0,∞)). (1.6)

It is assumed that

∥𝑧∥𝐶(−𝜂 ,∞) + ∥𝐺̂∥𝐶(0,∞)(𝑞𝜚+ ∥𝑓∥𝐶(0,∞)) < 𝜚 if 𝜚 < ∞, (1.7a)

or
𝑞∥𝐺̂∥𝐶(0,∞) < 1, if 𝜚 =∞. (1.7b)

Theorem 10.1.2. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞). Let condi-
tions (1.3) and (1.7) hold. Then problem (1.1), (1.2) has a solution 𝑥(𝑡) satisfying
the inequality

∥𝑥∥𝐶(−𝜂 ,∞) ≤
∥𝑧∥𝐶(−𝜂 ,∞) + ∥𝐺̂∥𝐶(0,∞)∥𝑓∥𝐶(0,∞)

1− 𝑞∥𝐺̂∥𝐶(0,∞)

. (1.8)

Proof. Take a finite 𝑇 > 0 and define on Ω𝑇 (𝜚) = Ω(𝜚) ∩ 𝐶(−𝜂 , 𝑇 ) the mapping
Φ by

Φ𝑤(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)([𝐹𝑤](𝑠) + 𝑓(𝑠))𝑑𝑠 (0 ≤ 𝑡 ≤ 𝑇 ;𝑤 ∈ Ω𝑇 (𝜚)),

and
Φ𝑤(𝑡) = 𝜙(𝑡) for − 𝜂 ≤ 𝑡 ≤ 0.

Clearly, Φ maps Ω(𝜚) into 𝐶(−𝜂 , 𝑇 ). Moreover, by (1.3) and Lemma 10.1.1, we
obtain the inequality

∥Φ𝑤∥𝐶(−𝜂 ,𝑇 )

≤ max{∥𝑧∥𝐶(0,𝑇 ) + ∥𝐺̂∥𝐶(0,∞)(𝑞∥𝑤∥𝐶(−𝜂 ,𝑇 ) + ∥𝑓∥𝐶(0,∞)), ∥𝜙∥𝐶(−𝜂 ,0)}.
But

max {∥𝑧∥𝐶(0,𝑇 ), ∥𝜙∥𝐶(−𝜂 ,𝑇 )} = ∥𝑧∥𝐶(−𝜂 ,𝑇 ).

So

∥Φ𝑤∥𝐶(−𝜂 ,𝑇 ) ≤ ∥𝑧∥𝐶(−𝜂 ,𝑇 ) + ∥𝐺̂∥𝐶(0,∞)(𝑞∥𝑤∥𝐶(−𝜂 ,𝑇 ) + ∥𝑓∥𝐶(0,∞)).

According to (1.7) Φ maps Ω𝑇 (𝜚) into itself. Taking into account that Φ is compact
we prove the existence of solutions.

Furthermore, we have

∥𝑥∥𝐶(−𝜂 ,𝑇 ) = ∥Φ𝑥∥𝐶(−𝜂 ,𝑇 )

≤ ∥𝑧∥𝐶(−𝜂 ,𝑇 ) + ∥𝐺̂∥𝐶(0,𝑇 )(𝑞∥𝑥∥𝐶(−𝜂 ,𝑇 ) + ∥𝑓∥𝐶(0,∞)).

Hence we easily obtain (1.8), completing the proof. □
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Note that the Lipschitz condition

∥𝐹𝑤 − 𝐹𝑤1∥𝐶(0,∞) ≤ 𝑞∥𝑤 − 𝑤1∥𝐶(−𝜂 ,∞) (𝑤1, 𝑤 ∈ Ω(𝜚)) (1.9)

together with the Contraction Mapping theorem allows us easily to prove the
existence and uniqueness of solutions. Namely, the following result is valid.

Theorem 10.1.3. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞). Let con-
ditions (1.7) and (1.9) hold. Then problem (1.1), (1.2) has a unique solution
𝑥 ∈ Ω(𝜚).

Note that in our considerations one can put [𝐹𝑥](𝑡) = 0 for −𝜂 ≤ 𝑡 < 0.

10.2 Stability of quasilinear equations

In the rest of this chapter the uniqueness of solutions is assumed.

Consider the equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑥(𝑡− 𝑠) + [𝐹𝑥](𝑡) (𝑡 ≥ 0), (2.1)

Recall that any causal mapping satisfies the condition 𝐹0 ≡ 0 (see Section 1.8).
Definition 10.2.1. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞). Then the
zero solution of (2.1) is said to be stable (in the Lyapunov sense), if for any 𝜖 > 0,
there exists a 𝛿 > 0, such that the inequality ∥𝜙∥𝐶(−𝜂,0) ≤ 𝛿 implies ∥𝑥∥𝐶(0,∞) ≤ 𝜖
for any solution 𝑥(𝑡) of problem (2.1), (1.2).

The zero solution of (2.1) is said to be asymptotically stable, if it is stable,
and there is an open set Ω̃ ⊆ 𝐶(−𝜂, 0), such that 𝜙 ∈ Ω̃ implies 𝑥(𝑡) → 0 as
𝑡 → ∞. Besides, Ω̃ is called the region of attraction of the zero solution. If the
zero solution of (2.1) is asymptotically stable and Ω̃ = 𝐶(−𝜂, 0), then it is globally
asymptotically stable.

The zero solution of (2.1) is exponentially stable, if there are positive con-
stants 𝜈,𝑚0 and 𝑟0, such that the condition ∥𝜙∥𝐶(−𝜂 ,0) ≤ 𝑟0 implies the relation

∥𝑥(𝑡)∥𝑛 ≤ 𝑚0∥𝜙∥𝐶(−𝜂 ,0) 𝑒
−𝜈𝑡 (𝑡 ≥ 0).

The zero solution of (2.1) is globally exponentially stable if it is exponentially
stable and the region of attraction coincides with 𝐶(−𝜂 , 0). That is, 𝑟0 =∞.
Theorem 10.2.2. Let the conditions (1.3) and

𝑞∥𝐺̂∥𝐶(0,∞) < 1 (2.2)

hold. Then the zero solution to (2.1) is stable.

This result immediately follows from Theorem 10.1.2.
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Clearly,

∥𝐺̂∥𝐶(0,∞) ≤ sup
𝑡≥0

∫ 𝑡

0

∥𝐺(𝑡, 𝑡1)∥𝑛𝑑𝑡1. (2.3)

Thus the previous theorem implies

Corollary 10.2.3. Let the conditions (1.3) and

sup
𝑡≥0

∫ 𝑡

0

∥𝐺(𝑡, 𝑡1)∥𝑑𝑡1 <
1

𝑞

hold. Then the zero solution to (2.1) is stable

By Theorem 10.1.2, under conditions (1.3) and (2.2) we have the solution
estimate

∥𝑥∥𝐶(−𝜂 ,∞) ≤
∥𝑧∥𝐶(−𝜂 ,∞)

1− 𝑞∥𝐺̂∥𝐶(0,∞)

(2.4)

provided
∥𝑧∥𝐶(−𝜂 ,∞) < 𝜚(1− 𝑞∥𝐺̂∥𝐶(0,∞)).

Since (1.5) is assumed to be stable, there is a constant 𝑐0, such that

∥𝑧∥𝐶(−𝜂 ,∞) ≤ 𝑐0∥𝜙∥𝐶(−𝜂 ,0). (2.5)

Thus the inequality

𝑐0∥𝜙∥𝐶(−𝜂 ,0) ≤ 𝜚(1 − 𝑞∥𝐺̂∥𝐶(0,∞)) (2.6)

gives us a bound for the region of attraction.

Furthermore, if the condition

lim
∥𝑤∥𝐶(−𝜂 ,∞)→0

∥𝐹𝑤∥𝐶(0,∞)

∥𝑤∥𝐶(−𝜂 ,∞)
= 0 (2.7)

holds, then equation (2.1) will be called a quasilinear equation.

Theorem 10.2.4 (Stability in the linear approximation). Let ∥𝐺̂∥𝐶(0,∞) < ∞ and
equation (2.1) be quasilinear. Then the zero solution to equation (2.1) is stable.

Proof. From (2.7) it follows that for any 𝜚 > 0, there is a 𝑞 > 0, such that
(1.3) holds, and 𝑞 = 𝑞(𝜚) → 0 as 𝜚 → 0. Take 𝜚 in such a way that the condition
𝑞∥𝐺̂∥𝐶(0,∞) < 1 is fulfilled. Now the required result is due to the previous theorem.

□

For instance, assume that

∥𝐹𝑤(𝑡)∥𝑛 ≤
𝑚∑

𝑘=1

∫ 𝜂

0

∥𝑤(𝑡− 𝑠)∥𝑝𝑘
𝑛 𝑑𝜇𝑘(𝑠) (𝑤 ∈ 𝐶(−𝜂 ,∞)), (2.8)
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where 𝜇𝑘(𝑠) are nondecreasing functions, and 𝑝𝑘 = const > 1. Then

∥𝐹𝑤∥𝐶(0,∞) ≤
𝑚∑

𝑘=1

var(𝜇𝑘)∥𝑤∥𝑝𝑘

𝐶(−𝜂 ,∞).

So (2.7) is valid. Moreover, for any 𝜚 > 0,

∥𝐹𝑤(𝑡)∥𝑛 ≤
𝑚∑

𝑘=1

∫ 𝜂

0

∥𝑤(𝑡− 𝑠)∥𝑛𝑑𝜇𝑘(𝑠)𝜚
𝑝𝑘−1 (𝑤 ∈ Ω(𝜚)).

So condition (1.3) holds with

𝑞 = 𝑞(𝜚) =

𝑚∑
𝑘=1

𝜚𝑝𝑘−1 var(𝜇𝑘). (2.9)

Furthermore, consider the following equation with an autonomous linear part:

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑥(𝑡− 𝑠) + [𝐹𝑥](𝑡), (2.10)

where 𝑅0(𝜏) is an 𝑛 × 𝑛-matrix-valued function defined on [0, 𝜂 ] and having a
bounded variation. Let 𝐺0(𝑡) be the fundamental solution of the equation

𝑧̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝑠)𝑧(𝑡− 𝑠). (2.11)

Put

𝐺̂0𝑓(𝑡) =

∫ 𝑡

0

𝐺0(𝑡− 𝑡1)𝑓(𝑡1)𝑑𝑡1, (2.12)

for a 𝑓 ∈ 𝐶(0,∞). Theorem 10.2.2 implies that, if the conditions (1.3) and

𝑞∥𝐺̂0∥𝐶(0,∞) < 1

hold, then the zero solution to equation (2.10) is stable.

Hence we arrive at the following result.

Corollary 10.2.5. Let the conditions (1.3) and

∥𝐺0∥𝐿1(0,∞) <
1

𝑞
(2.13)

hold. Then the zero solution to equation (2.10) is stable.

Recall that some estimates for ∥𝐺0∥𝐶(0,∞) and ∥𝐺0∥𝐿1(0,∞) can be found in
Sections 4.4 and 4.8 (in the general case) and Section 4.7 (in the case of systems
with one delay).
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10.3 Absolute 𝑳𝒑-stability

Let 𝐹 be a continuous causal mapping in 𝐿𝑝(−𝜂 ,∞) for some 𝑝 ≥ 1. That is, 𝐹
maps 𝐿𝑝(−𝜂 ,∞) into itself continuously in the norm of 𝐿𝑝(−𝜂 ,∞), and for all
𝜏 > −𝜂 we have 𝑃𝜏𝐹 = 𝑃𝜏𝐹𝑃𝜏 , where 𝑃𝜏 are the projections defined by

(𝑃𝜏𝑤)(𝑡) =

{
𝑤(𝑡) if −𝜂 ≤ 𝑡 ≤ 𝜏,

0 if 𝜏 < 𝑡 < ∞, (𝑤 ∈ 𝐿𝑝(−𝜂 ,∞))

and 𝑃∞ = 𝐼. Consider equation (2.10) assuming that the inequality

∥𝐹𝑤∥𝐿𝑝(0,∞) ≤ 𝑞𝑝∥𝑤∥𝐿𝑝(−𝜂 ,∞) (𝑤 ∈ 𝐿𝑝(−𝜂 ,∞)) (3.1)

is fulfilled with a constant 𝑞𝑝.

Repeating the proof of Lemma 10.1.1 we arrive at the following result.

Lemma 10.3.1. Let 𝐹 be a continuous causal mapping in 𝐿𝑝(−𝜂 ,∞) for some
𝑝 ≥ 1. Let condition (3.1) hold. Then

∥𝐹𝑤∥𝐿𝑝(0,𝑇 ) ≤ 𝑞𝑝∥𝑤∥𝐿𝑝(−𝜂 ,𝑇 ) (𝑤 ∈ 𝐿𝑝(−𝜂 , 𝑇 ))

for all 𝑇 > 0.

Let 𝐺̂0 be defined in space 𝐿
𝑝(0,∞) by (2.12).

Theorem 10.3.2. Let 𝐹 be a continuous causal mapping in 𝐿𝑝(−𝜂 ,∞) for some
𝑝 ≥ 1. Let the conditions (3.1) and

𝑞𝑝∥𝐺̂0∥𝐿𝑝(0,∞) < 1 (3.2)

hold. Then problem (2.10), (1.2) has a solution 𝑥(𝑡) ∈ 𝐿𝑝(−𝜂 ,∞) satisfying the
inequality

∥𝑥∥𝐿𝑝(−𝜂 ,∞) ≤
∥𝑧∥𝐿𝑝(−𝜂 ,∞)

1− 𝑞𝑝∥𝐺̂0∥𝐿𝑝(0,∞)

(3.3)

where 𝑧(𝑡) is a solution of the linear problem (2.11), (1.2).

The proof of this theorem is similar to the proof of Theorem 10.1.2 with the
replacement of 𝐶(0, 𝑇 ) by 𝐿𝑝(0, 𝑇 ).

The Lipschitz condition

∥𝐹𝑤 − 𝐹𝑤1∥𝐿𝑝(0,∞) ≤ 𝑞𝑝∥𝑤 − 𝑤1∥𝐿𝑝(−𝜂 ,∞) (𝑤1, 𝑤 ∈ 𝐿𝑝(0,∞)) (3.4)

together with the Contraction Mapping theorem also allows us easily to prove the
existence and uniqueness of solutions. Specifically the following result is valid.

Theorem 10.3.3. Let 𝐹 be a continuous causal mapping in 𝐿𝑝(−𝜂 ,∞) for some
𝑝 ≥ 1. Let conditions (3.2) and (3.4) hold. Then problem (2.10), (1.2) has a unique
(continuous) solution 𝑥 ∈ 𝐿𝑝(−𝜂 ,∞).
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Definition 10.3.4. The zero solution to equation (2.10) is said to be absolutely
𝐿𝑝-stable in the class of the nonlinearities satisfying (3.1), if there is a positive
constant𝑚0 independent of the specific form of functions 𝐹 (but dependent on 𝑞𝑝),
such that

∥𝑥∥𝐿𝑝(−𝜂 ,∞) ≤ 𝑚0∥𝜙∥𝐶(−𝜂 ,0) (3.5)

for any solution 𝑥(𝑡) of problem (2.10), (1.2).

From Theorem 10.3.2 it follows that the zero solution to equation (2.10) is ab-
solutely 𝐿𝑝-stable in the class of nonlinearities satisfying (3.1), provided condition
(3.2) holds.

According to the well-known property of convolutions (see Section 1.3) we
have

∥𝐺̂0∥𝐿𝑝(0,∞) ≤ ∥𝐺0∥𝐿1(0,∞) (3.6)

We thus arrive at the following result.

Corollary 10.3.5. The zero solution to equation (2.10) is absolutely 𝐿𝑝-stable in
the class of nonlinearities satisfying (3.1) provided 𝑞𝑝∥𝐺0∥𝐿1(0,∞) < 1.

Recall that

𝐾(𝑧) = 𝐼𝑧 −
∫ 𝜂

0

exp(−𝑧𝑠)𝑑𝑅0(𝑠) (𝑧 ∈ ℂ).

It is assumed that all the characteristic values of 𝐾 are in 𝐶−. So the autonomous
linear equation (2.11) is exponentially stable. According to Lemma 4.4.1 we have
the inequality

∥𝐺̂0∥𝐿2(0,∞) ≤ 𝜃(𝐾),

where
𝜃(𝐾) := sup

−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

∥𝐾−1(𝑖𝜔)∥𝑛.

So due to Theorem 10.3.2 we get

Corollary 10.3.6. The zero solution to equation (2.10) is absolutely 𝐿2-stable in
the class of nonlinearities satisfying

∥𝐹𝑤∥𝐿2(0,∞) ≤ 𝑞2∥𝑤∥𝐿2(−𝜂 ,∞) (𝑤 ∈ 𝐿2(−𝜂 ,∞)), (3.7)

provided
𝑞2𝜃(𝐾) < 1. (3.8)

Moreover, any its solutions satisfies the inequality

∥𝑥∥𝐿2(−𝜂 ,∞) ≤
∥𝑧∥𝐿2(−𝜂 ,∞)

1− 𝑞2𝜃(𝐾)
, (3.9)

where 𝑧(𝑡) is a solution of the linear problem (2.11), (1.2).
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Now we can apply the bounds for 𝜃(𝐾) from Sections 4.3, 4.7 and 4.8.

The following lemma shows that the notion of the 𝐿2-absolute stability of
(2.10) is stronger than the notion of the asymptotic (absolute) stability.

Lemma 10.3.7. If the zero solution to equation (2.10) is absolutely 𝐿2-stable in
the class of nonlinearities (3.7), then the zero solution to (2.10) is asymptotically
stabile.

Proof. Indeed, assume that a solution 𝑥 of (2.10) is in 𝐿2(0,∞) and note that from
(2.10) and (3.7) it follows that ∥𝑥̇∥𝐿2(0,∞) ≤ (var(𝑅0) + 𝑞2)∥𝑥∥𝐿2(−𝜂 ,∞). Thus

∥𝑥(𝑡)∥2𝑛 = −
∫ ∞

𝑡

𝑑

𝑑𝑠
∥𝑥(𝑠)∥2𝑛𝑑𝑠 ≤ 2

∫ ∞

𝑡

∥𝑥(𝑠)∥𝑛∥𝑥̇(𝑠)∥𝑛𝑑𝑠

≤ 2
(∫ ∞

𝑡

∥𝑥(𝑠)∥2𝑛𝑑𝑠
)1/2 (∫ ∞

𝑡

∥𝑥̇(𝑠)∥2𝑛𝑑𝑠
)1/2

→ 0 as 𝑡 → ∞,

as claimed. □

10.4 Mappings defined on Ω(𝝔) ∩ 𝑳2

In this section we investigate a causal mapping 𝐹 acting in space 𝐿2(−𝜂 ,∞) =
𝐿2([−𝜂 ,∞),ℂ𝑛) and satisfying the condition

∥𝐹𝑓∥𝐿2(0,∞) ≤ 𝑞2∥𝑓∥𝐿2(−𝜂 ,∞) (𝑓 ∈ Ω(𝜚) ∩ 𝐿2(−𝜂 ,∞)) (4.1)

with a positive constant 𝑞2. Such a condition enables us to derive stability condi-
tions, sharper than (2.2).

For example, let there be a nondecreasing function 𝜈(𝑠) = 𝜈(𝜚, 𝑠), defined on
[0, 𝜂 ], such that

∥[𝐹𝑓 ](𝑡)∥𝑛 ≤
∫ 𝜂

0

∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝜈(𝑠) (𝑡 ≥ 0; 𝑓 ∈ Ω(𝜚)). (4.2)

Let us show that condition (4.2) implies the inequality

∥𝐹𝑓∥𝐿2(0,∞) ≤ var(𝜈) ∥𝑓∥𝐿2(−𝜂 ,∞) (𝑓 ∈ Ω(𝜚) ∩ 𝐿2(−𝜂 ,∞)). (4.3)

Indeed, introduce in the space of scalar functions 𝐿2([−𝜂 ,∞);ℂ) the operator
𝐸̂𝜈 by

(𝐸̂𝜈𝑤)(𝑡) =

∫ 𝜂

0

𝑤(𝑡 − 𝜏)𝑑𝜈(𝜏) (𝑤 ∈ 𝐿2([−𝜂 ,∞);ℂ).
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Then

∥𝐸̂𝜈𝑤∥2𝐿2(0,∞) =

∫ ∞

0

∣∣∣∣
∫ 𝜂

0

𝑤(𝑡 − 𝜏)𝑑𝜈(𝜏)

∣∣∣∣
2

𝑑𝑡

=

∫ ∞

0

∣∣∣∣
∫ 𝜂

0

𝑤(𝑡 − 𝜏)𝑑𝜈(𝜏)

∫ 𝜂

0

𝑤(𝑡 − 𝜏1)𝑑𝜈(𝜏1)

∣∣∣∣ 𝑑𝑡
≤

∫ ∞

0

∫ 𝜂

0

∣𝑤(𝑡 − 𝜏)∣𝑑𝜈(𝜏)
∫ 𝜂

0

∣𝑤(𝑡− 𝜏1)∣𝑑𝜈(𝜏1)∣𝑑𝑡.

Hence

∥𝐸̂𝜈𝑤∥2𝐿2(0,∞) ≤
∫ 𝜂

0

∫ 𝜂

0

∫ ∞

0

∣𝑤(𝑡− 𝜏)∣∣𝑤(𝑡 − 𝜏1)∣𝑑𝑡 𝑑𝜈(𝜏1) 𝑑𝜈(𝜏).

But by the Schwarz inequality

∫ ∞

0

∣𝑤(𝑡− 𝜏)∣∣𝑤(𝑡 − 𝜏1)∣𝑑𝑡 ≤
√∫ ∞

0

∣𝑤(𝑡− 𝜏)∣2𝑑𝑡
√∫ ∞

0

∣𝑤(𝑡− 𝜏1)∣2𝑑𝑡

≤
∫ ∞

−𝜂

∣𝑤(𝑡)∣2𝑑𝑡.

Now simple calculations show that

∥𝐸̂𝜈𝑤∥𝐿2(0,∞) ≤ var(𝜈)∥𝑤∥𝐿2(−𝜂 ,∞).

Hence (4.2) with 𝑤(𝑡) = ∥𝑓(𝑡)∥𝑛 implies (4.3).

Theorem 10.4.1. Let 𝐹 be a continuous causal mapping in 𝐿2(−𝜂 ,∞). Let condi-
tions (4.1) and (3.8) hold. Then the zero solution to (2.10) is 𝐿2-stable. Namely,
there are constants 𝑐0 ≥ 0 and 𝑟0 ∈ (0, 𝜚], such that

∥𝑥∥𝐿2(−𝜂 ,∞) ≤ 𝑐0∥𝜙∥𝐶(−𝜂 ,0) (4.4)

for a solution 𝑥(𝑡) of problem (2.10), (1.2) provided

∥𝜙∥𝐶(−𝜂 ,0) < 𝑟0. (4.5)

Proof. First let 𝜚 =∞. Since the linear equation (2.11) is 𝐿2-stable, we can write

∥𝑧∥𝐿2(−𝜂 ,∞) ≤ 𝑐1∥𝜙∥𝐶(−𝜂 ,0) (𝑐1 = const). (4.6)

By (3.9) we thus have (4.4). So in the case 𝜚 =∞, the theorem is proved.
Furthermore, recall that

(𝐸0𝑓)(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑓(𝑡 − 𝜏).
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By Lemma 1.12.1

∥𝐸0𝑓∥𝐿2(0,∞) ≤ var(𝑅0)∥𝑓∥𝐿2(−𝜂 ,∞).

Now from (2.10) and (4.1) in the case 𝜚 =∞ it follows that

∥𝑥̇∥𝐿2(0,∞) ≤ (var(𝑅0) + 𝑞2)∥𝑥∥𝐿2(−𝜂 ,∞).

Or according to (4.4),

∥𝑥̇∥𝐿2(0,∞) ≤ (var(𝑅0) + 𝑞2)𝑐0∥𝜙∥𝐶(−𝜂 ,0). (4.7)

Recall that by Lemma 4.4.6, if 𝑓 ∈ 𝐿2(0,∞) and 𝑓 ∈ 𝐿2(0,∞), then
∥𝑓∥2𝐶(0,∞) ≤ 2∥𝑓∥𝐿2(0,∞)∥𝑓∥𝐿2(0,∞).

This and (4.7) imply the inequality

∥𝑥∥𝐶(0,∞) ≤ 𝑐2∥𝜙∥𝐶(−𝜂 ,0) (𝑐2 = 𝑐0
√
2). (4.8)

Now let 𝜚 < ∞. By the Urysohn theorem, (see Section 1.1), there is a continuous
scalar-valued function 𝜓𝜚 defined on 𝐶(0,∞), such that

𝜓𝜚(𝑓) =

{
1 if ∥𝑓∥𝐶(0,∞) < 𝜚,

0 if ∥𝑓∥𝐶(0,∞) ≥ 𝜚.

Put 𝐹𝜚𝑓 = 𝜓𝜚(𝑓)𝐹𝑓 . Clearly, 𝐹𝜚 satisfies (4.1) for all 𝑓 ∈ 𝐿2(−𝜂 ,∞). Consider
the equation

𝑥̇ = 𝐸0𝑥+ 𝐹𝜚𝑥. (4.9)

Denote the solution of problems (4.9), (1.2) by 𝑥𝜚. According to (4.4) and (4.8)
we have

∥𝑥𝜚∥𝐿2(−𝜂 ,∞) ≤ 𝑐0∥𝜙∥𝐶(−𝜂 ,0) and ∥𝑥𝜚∥𝐶(0,∞) ≤ 𝑐2∥𝜙∥𝐶(−𝜂 ,0).

If we take
∥𝜙∥𝐶(−𝜂 ,0) < 𝑟0 =

𝜚

𝑐2
,

then 𝑥𝜚 ∈ Ω(𝜚). So the solutions of equations (2.10) and (4.8) coincide. This proves
the theorem. □

10.5 Exponential stability

Let 𝐹 be a continuous causal operator in 𝐶(−𝜂 ,∞). Consider the equation
𝑥̇ = 𝐹𝑥 (5.1)
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and substitute
𝑥(𝑡) = 𝑦𝜖(𝑡)𝑒

−𝜖𝑡 (5.2)

with an 𝜖 > 0 into (5.1). Then we obtain the equation

𝑦̇𝜖 = 𝜖𝑦𝜖 + 𝑒𝜖𝑡𝐹 (𝑒−𝜖𝑡𝑦𝜖). (5.3)

Lemma 10.5.1. For an 𝜖 > 0, let the zero solution of equation (5.3) be stable in the
Lyaponov sense. Then the zero solution of equation (5.1) is exponential stable.

Proof. If ∥𝜙∥𝐶(−𝜂 ,0) is sufficiently small, we have

∥𝑦𝜖(𝑡)∥𝑛 ≤ 𝑚0∥𝜙∥𝐶(−𝜂 ,0) (𝑡 ≥ 0)

for a solution of (5.3). Now (5.2) implies the result. □

Recall that Ω(𝜚) := {𝑣 ∈ 𝐶(−𝜂 ,∞) : ∥𝑣∥𝐶(−𝜂 ,∞) ≤ 𝜚} for a positive 𝜚 ≤ ∞.
Let a continuous causal mapping 𝐹 in 𝐶(−𝜂 ,∞) satisfy condition (1.3), for

an 𝜚 ≤ ∞. Then we will say that 𝐹 has the 𝜖-property, if for any 𝑓 ∈ Ω(𝜚) we
have

lim
𝜖→0

∥𝑒𝜖𝑡𝐹 (𝑒−𝜖𝑡𝑓)∥𝐶(0,∞) ≤ 𝑞∥𝑓∥𝐶(0,∞). (5.4)

Here
∥𝑒𝜖𝑡𝐹 (𝑒−𝜖𝑡𝑓)∥𝐶(0,∞) = sup

𝑡≥0
∥𝑒𝜖𝑡[𝐹 (𝑒−𝜖𝑡𝑓)](𝑡)∥𝑛.

For example, if condition (4.2) is fulfilled, then

∥𝑒𝜖𝑡[𝐹 (𝑒−𝜖𝑡𝑓)](𝑡)∥𝑛 ≤ 𝑒𝑡𝜖
∫ 𝜂

0

𝑒−𝜖(𝑡−𝑠)∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝜈

≤ 𝑒𝜖𝜂
∫ 𝜂

0

∥𝑓(𝑡− 𝑠)∥𝑛𝑑𝜈 (𝑓 ∈ Ω(𝜚)),

and thus condition (5.4) holds.

Theorem 10.5.2. Let conditions (1.3), (2.2) and (5.4) hold. Then the zero solution
to (2.1) is exponentially stable.

Proof. Substituting (5.2) with a sufficiently small 𝜖 > 0 into (2.1), we obtain the
equation

𝑦̇𝜖 − 𝜖𝑦𝜖 = 𝐸𝜖,𝑅𝑦𝜖 + 𝐹𝜖𝑦𝜖, (5.5)

where

(𝐸𝜖,𝑅𝑓)(𝑡) =

∫ 𝜂

0

𝑒𝜖𝜏𝑑𝜏𝑅(𝑡, 𝜏)𝑓(𝑡− 𝜏) and [𝐹𝜖𝑓 ](𝑡) = 𝑒𝜖𝑡[𝐹 (𝑒−𝜖𝑡𝑓)](𝑡).

By (5.4) we have
∥𝐹𝜖𝑓∥𝐶(0,∞) ≤ 𝑎(𝜖)∥𝐹𝑓∥𝐶(0,∞) (5.6)
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where 𝑎(𝜖) → 𝑙 ≤ 1 as 𝜖 → 0. Let 𝐺𝜖 be the fundamental solution of the linear
equation

𝑦̇ − 𝜖𝑦 = 𝐸𝜖,𝑅𝑦. (5.7)

Put

𝐺̂𝜖𝑓(𝑡) =

∫ 𝑡

0

𝐺𝜖(𝑡, 𝑡1)𝑓(𝑡1)𝑑𝑡1 (𝑓 ∈ 𝐶(0,∞)).

It is simple to see that 𝐺̂𝜖 → 𝐺̂ as 𝜖 → 0. Taking 𝜖 sufficiently small and applying
Theorem 10.2.2 according to (5.6) we can assert that equation (5.5) is stable in
the Lyapunov sense. Now Lemma 10.5.1 proves the exponential stability. □

10.6 Nonlinear equations “close” to

ordinary differential ones

Consider the equation

𝑦̇(𝑡) = 𝐴(𝑡)𝑦(𝑡) + [𝐹𝑦](𝑡) (𝑡 ≥ 0), (6.1)

where 𝐴(𝑡) is a piece-wise continuous matrix-valued function and 𝐹 is a continuous
causal mapping 𝐹 in 𝐶(−𝜂 ,∞). Recall the ∥.∥𝑛 means the Euclidean norm for
vectors and the corresponding operator (spectral) norm for matrices.

Lemma 10.6.1. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞) satisfying
condition (1.3), and the evolution operator 𝑈(𝑡, 𝑠) (𝑡 ≥ 𝑠 ≥ 0) of the equation

𝑦̇ = 𝐴(𝑡)𝑦 (𝑡 > 0) (6.2)

satisfy the condition

𝜈∞ := sup
𝑡≥0

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠 <
1

𝑞
. (6.3)

Then the zero solution of equation (6.1) is stable. Moreover, a solution 𝑦 of problem
(6.1), (1.2) satisfies the inequality

∥𝑦∥𝐶(0,∞) ≤
sup𝑡≥0 ∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞𝜈∞∥𝜙∥𝐶(−𝜂 ,0)

1− 𝑞𝜈∞

provided
sup𝑡≥0 ∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞𝜈∞∥𝜙∥𝐶(−𝜂 ,0)

1− 𝑞𝜈∞
< 𝜚. (6.4)

Proof. Rewrite (6.1) as

𝑥(𝑡) = 𝑈(𝑡, 0)𝜙(0) +

∫ 𝑡

0

𝑈(𝑡, 𝑠)(𝐹𝑥)(𝑠)𝑑𝑠.
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So

∥𝑥(𝑡)∥𝑛 ≤ ∥𝑈(𝑡, 0)𝜙(0)∥𝑛 +

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛∥𝐹𝑥(𝑠)∥𝑛𝑑𝑠.

According to (6.4) and continuity of solutions, there is a 𝑇 > 0, such that

∥𝑥(𝑡)∥𝑛 < 𝜚 (𝑡 ≤ 𝑇 ).

Since 𝐹 is causal, by (1.3)

∥𝐹𝑥∥𝐶(0,𝑇 ) ≤ 𝑞∥𝑥∥𝐶(−𝜂 ,𝑇 ).

Thus

∥𝑥∥𝐶(0,𝑇 ) ≤ sup
0≤𝑡≤𝑇

∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞∥𝑥∥𝐶(−𝜂 ,𝑇 ) sup
0≤𝑡≤𝑇

∫ 𝑡

0

∥𝑈(𝑡, 𝑠)∥𝑛𝑑𝑠.

Consequently

∥𝑥∥𝐶(0,𝑇 ) ≤ sup
𝑡≥0

∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞∥𝑥∥𝐶(−𝜂 ,𝑇 )𝜈∞

≤ sup
𝑡≥0

∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞𝜈∞(∥𝑥∥𝐶(0,𝑇 ) + ∥𝜙∥𝐶(−𝜂 ,0)).

Hence,

∥𝑥∥𝐶(0,𝑇 ) ≤
sup𝑡≥0 ∥𝑈(𝑡, 0)𝜙(0)∥𝑛 + 𝑞𝜈∞∥𝜙∥𝐶(−𝜂 ,0)

1− 𝑞𝜈∞
.

Now condition (6.4) enables us to extend this inequality to the whole half-line, as
claimed. □

Due to the latter theorem we arrive at our next result.

Corollary 10.6.2. Under the hypothesis of Theorem 10.6.1, let 𝐹 have the 𝜖-property
(5.4). Then the zero solution of equation (6.1) is exponentially stable.

Note that, if

((𝐴(𝑡) +𝐴∗(𝑡))ℎ, ℎ)𝐶𝑛 ≤ −2𝛼(𝑡)(ℎ, ℎ)𝐶𝑛 (ℎ ∈ ℂ
𝑛, 𝑡 ≥ 0)

with a positive a piece-wise continuous function 𝛼(𝑡), then

∥𝑈(𝑡, 𝑠)∥𝑛 ≤ 𝑒−
∫

𝑡
𝑠

𝛼(𝑡1)𝑑𝑡1

So if 𝛼 has the property

𝜈∞ := sup
𝑡≥0

∫ 𝑡

0

𝑒−
∫

𝑡
𝑠

𝛼(𝑡1)𝑑𝑡1𝑑𝑠 < ∞,
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then 𝜈∞ ≤ 𝜈∞. For instance, under the condition

𝛼0 := inf
𝑡
𝛼(𝑡) > 0,

we deduce that

𝜈∞ ≤ sup
𝑡≥0

∫ 𝑡

0

𝑒−𝛼0(𝑡−𝑠)𝑑𝑠 = 1/𝛼0.

In particular, if 𝐴(𝑡) ≡ 𝐴0 is a constant matrix, then

𝑈(𝑡, 𝑠) = 𝑒(𝑡−𝑠)𝐴0 (𝑡 ≥ 𝑠 ≥ 0).

As it is shown in Section 2.5,

∥𝑒𝐴0𝑡∥𝑛 ≤ 𝑒𝛼(𝐴0)𝑡
𝑛−1∑
𝑘=0

𝑡𝑘𝑔𝑘(𝐴0)

(𝑘!)3/2
(𝑡 ≥ 0),

where 𝛼(𝐴0) = max𝑘 Re𝜆𝑘(𝐴0) and therefore,

𝜈∞ = ∥𝑒𝐴0𝑡∥𝐿1(0,∞) ≤ 𝜈𝐴0 , where 𝜈𝐴0 :=
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴0)√
𝑘!∣𝛼(𝐴0)∣𝑘+1

.

Now Lemma 10.6.1 and Corollary 10.6.2 imply the following result.

Corollary 10.6.3. Let 𝐴0 be a Hurwitzian matrix and the conditions (1.3) and

𝑞𝜈𝐴0 < 1

hold. Then the zero solution of the equation

𝑥̇(𝑡) = 𝐴0𝑥(𝑡) + (𝐹𝑥)(𝑡) (6.5)

is stable. If, in addition, 𝐹 has the 𝜖-property (5.4), then the zero solution of
equation (6.5) is exponentially stable.

10.7 Applications of the generalized norm

Again consider equation (2.1). Let 𝑟𝑗𝑘(𝑡, 𝑠) be the entries of 𝑅(𝑡, 𝑠). Rewrite (2.1)
in the form of the coupled system

𝑥̇𝑗(𝑡) +

𝑛∑
𝑘=1

∫ 𝜂

0

𝑥𝑗(𝑡− 𝑠)𝑑𝑠𝑟𝑗𝑘(𝑡, 𝑠) = [𝐹𝑥]𝑗(𝑡) (𝑡 ≥ 0; 𝑗 = 1, . . . , 𝑛), (7.1)

where (𝑥(𝑡) = (𝑥𝑘(𝑡))
𝑛
𝑘=1, [𝐹𝑤]𝑗(𝑡) mean the coordinates of the vector function

𝐹𝑤(𝑡) with a 𝑤 ∈ 𝐶([−𝜂 ,∞),ℂ𝑛).
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The inequalities for real vectors or vector functions are understood below in
the coordinate-wise sense.

Furthermore, let 𝜌 := (𝜌1, . . . , 𝜌𝑛) be a vector with positive coordinates
𝜌𝑗 < ∞. We need the following set:
Ω̃(𝜌) := {𝑣(𝑡) = (𝑣𝑗(𝑡)) ∈ 𝐶([−𝜂 ,∞),ℂ𝑛) : ∥𝑣𝑗∥𝐶([−𝜂 ,∞),ℂ) ≤ 𝜌𝑗 ; 𝑗 = 1, . . . , 𝑛}.
If we introduce in 𝐶([𝑎, 𝑏],ℂ𝑛) the generalized norm as the vector

𝑀[𝑎,𝑏](𝑣) := (∥𝑣𝑗∥𝐶([𝑎,𝑏],ℂ)
𝑛
𝑗=1 (𝑣(𝑡) = (𝑣𝑗(𝑡)) ∈ 𝐶([𝑎, 𝑏],ℂ𝑛))

(see Section 1.7), then we can write down

Ω̃(𝜌) := {𝑣 ∈ 𝐶([−𝜂 ,∞),ℂ𝑛) :𝑀[−𝜂 ,∞)(𝑣) ≤ 𝜌}.
It is assumed that 𝐹 satisfies the following condition: there are non-negative con-
stants 𝜈𝑗𝑘 (𝑗, 𝑘 = 1, . . . , 𝑛), such that for any

𝑤(𝑡) = (𝑤𝑗(𝑡))
𝑛
𝑗=1 ∈ Ω̃(𝜌),

the inequalities

∥[𝐹𝑤]𝑗∥𝐶([0,∞),ℂ) ≤
𝑛∑

𝑘=1

𝜈𝑗𝑘∥𝑤𝑘∥𝐶([−𝜂 ,∞),ℂ) (𝑗 = 1, . . . , 𝑛) (7.2)

hold. In other words,

𝑀[0,∞)(𝐹𝑤) ≤ Λ(𝐹 )𝑀[−𝜂 ,∞)(𝑤) (𝑤 ∈ Ω̃(𝜌)), (7.3)

where Λ(𝐹 ) is the matrix defined by

Λ(𝐹 ) = (𝜈𝑗𝑘)
𝑛
𝑗,𝑘. (7.4)

Lemma 10.7.1. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞) satisfying
condition (7.3). Then

𝑀[0,𝑇 ](𝐹𝑤) ≤ Λ(𝐹 )𝑀[−𝜂 ,𝑇 ](𝑤) (𝑤 ∈ Ω̃(𝜌) ∩𝐶([−𝜂 , 𝑇 ]),ℂ𝑛))

for all 𝑇 > 0.

Proof. Again put

𝑤𝑇 (𝑡) =

{
𝑤(𝑡) if 0 ≤ 𝑡 ≤ 𝑇 ,

0 if 𝑡 > 𝑇 ,

and

𝐹𝑇𝑤(𝑡) =

{
(𝐹𝑤)(𝑡) if 0 ≤ 𝑡 ≤ 𝑇 ,

0 if 𝑡 > 𝑇 .
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Take into account that 𝐹𝑇𝑤 = 𝐹𝑇𝑤𝑇 . Then

𝑀[0,𝑇 ](𝐹𝑤) =𝑀[0,∞)(𝐹𝑇𝑤) =𝑀[0,∞)(𝐹𝑇𝑤𝑇 )

≤ 𝑀[0,∞)(𝐹𝑤𝑇 ) ≤ Λ(𝐹 )𝑀[−𝜂 ,∞)(𝑤𝑇 ) = Λ(𝐹 )𝑀[−𝜂 ,𝑇 ](𝑤).

This proves the required result. □

It is also assumed that the entries𝐺𝑗𝑘(𝑡, 𝑠) of the fundamental solution𝐺(𝑡, 𝑠)
of equation (1.5) satisfy the conditions

𝛾𝑗𝑘 := sup
𝑡≥0

∫ ∞

0

∣𝐺𝑗𝑘(𝑡, 𝑠)∣𝑑𝑠 < ∞. (7.5)

Denote by 𝛾 the matrix with the entries 𝛾𝑗𝑘:

𝛾 = (𝛾𝑗𝑘)
𝑛
𝑗,𝑘.

Theorem 10.7.2. Let the condition (7.2) and (7.5) hold. If, in addition, the spectral
radius of the matrix 𝑄 = 𝛾Λ(𝐹 ) is less than one, then the zero solution of equation
(2.1) is stable. Moreover, if a solution 𝑧 of the linear problem (1.5), (1.2) satisfies
the condition

𝑀[−𝜂 ,∞)(𝑧) +𝑄𝜌 ≤ 𝜌 , (7.6)

then the solution 𝑥(𝑡) of problem (2.1), (1.2) satisfies the inequality

𝑀[−𝜂 ,∞)(𝑥) ≤ (𝐼 −𝑄)−1𝑀[−𝜂 ,∞)(𝑧). (7.7)

Proof. Take a finite 𝑇 > 0 and define on Ω𝑇 (𝜌) = Ω̃(𝜌) ∩ 𝐶(−𝜂 , 𝑇 ) the mapping
Φ by

Φ𝑤(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑡1)[𝐹𝑤](𝑡1)𝑑𝑡1 (0 ≤ 𝑡 ≤ 𝑇 ;𝑤 ∈ Ω𝑇 (𝜌)),

and
Φ𝑤(𝑡) = 𝜙(𝑡) for − 𝜂 ≤ 𝑡 ≤ 0.

Then by (7.3) and Lemma 10.7.1,

𝑀[−𝜂 ,𝑇 ](Φ𝑤) ≤ 𝑀[−𝜂 ,𝑇 ](𝑧) + 𝛾Λ(𝐹 )𝑀[−𝜂 ,𝑇 ](𝑤).

According to (7.6) Φ maps Ω𝑇 (𝜌) into itself. Taking into account that Φ is compact
we prove the existence of solutions. Furthermore,

𝑀[−𝜂 ,𝑇 ](𝑥) =𝑀[−𝜂 ,𝑇 ](Φ𝑥) ≤ 𝑀[−𝜂 ,𝑇 ](𝑧) +𝑄𝑀[−𝜂 ,𝑇 ](𝑥).

So
𝑀[−𝜂 ,𝑇 ](𝑥) ≤ (𝐼 −𝑄)−1𝑀[−𝜂 ,𝑇 ](𝑧).

Hence letting 𝑇 → ∞, we obtain (7.7), completing the proof. □
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The Lipschitz condition

𝑀[0,∞)(𝐹𝑤 − 𝐹𝑤1) ≤ Λ(𝐹 )𝑀[−𝜂 ,∞)(𝑤 − 𝑤1) (𝑤1, 𝑤 ∈ Ω̃(𝜌)) (7.8)

together with the Generalized Contraction Mapping theorem (see Section 1.7) also
allows us to prove the existence and uniqueness of solutions. Namely, the following
result is valid.

Theorem 10.7.3. Let conditions (7.5) and (7.8) hold. If, in addition, the spectral
radius of the matrix 𝑄 = 𝛾Λ(𝐹 ) is less than one, then problem (2.1), (1.2) has a
unique solution 𝑥̃ ∈ Ω̃(𝜌), provided 𝑧 satisfies condition (7.6). Moreover, the zero
solution of equation (2.1) is stable.

The proof is left to the reader.

Note that one can use the well-known inequality

𝑟𝑠(𝑄) ≤ max
𝑗

𝑛∑
𝑘=1

𝑞𝑗𝑘, (7.9)

where 𝑞𝑗𝑘 are the entries of 𝑄. About this inequality, as well as about other
estimates for the matrix spectral radius see Section 2.4.

Let 𝜇𝑗(𝑠) be defined and nondecreasing on [0, 𝜂 ]. Now we are going to in-
vestigate the stability of the following nonlinear system with the diagonal linear
part:

𝑥̇𝑗(𝑡) +

∫ 𝜂

0

𝑥𝑗(𝑡− 𝑠)𝑑𝜇𝑗(𝑠) = [𝐹𝑗𝑥](𝑡) (𝑥(𝑡) = (𝑥𝑘(𝑡))
𝑛
𝑘=1; 𝑗 = 1, . . . , 𝑛; 𝑡 ≥ 0).

(7.10)
In this case 𝐺𝑗𝑘(𝑡, 𝑠) = 𝐺𝑗𝑘(𝑡− 𝑠) and

𝐺𝑗𝑘(𝑡) = 0 (𝑗 ∕= 𝑘; 𝑗, 𝑘 = 1, . . . , 𝑛; 𝑡 ≥ 0).

Suppose that,

𝜂 var(𝜇𝑗) <
1

𝑒
(𝑗 = 1, . . . , 𝑛), (7.11)

then 𝐺𝑗𝑗(𝑠) ≥ 0 (see Section 11.3). Moreover, due to Lemma 4.6.3, we obtain the
relations

𝛾𝑗𝑗 =

∫ ∞

0

𝐺𝑗𝑗(𝑠)𝑑𝑠 =
1

var(𝜇𝑗)
.

Thus

𝑄 = (𝑞𝑗𝑘)
𝑛
𝑗,𝑘=1 with the entries 𝑞𝑗𝑘 =

𝜈𝑗𝑘

var(𝜇𝑗)
.

Now Theorem 10.7.2 and (7.9) imply our next result.
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Corollary 10.7.4. If the conditions (7.2), (7.11) and

1

var(𝜇𝑗)

𝑛∑
𝑘=1

𝜈𝑗𝑘 < 1 (𝑗 = 1, . . . , 𝑛)

hold, then the zero solution of equation (7.10) is stable.

Furthermore, let us apply the generalized norm to equation (6.1). To this end
we use the representation of the evolution operator by the exponential multiplica-
tive integral:

𝑈(𝑡, 𝑠) =

∫ ←

[𝑠,𝑡]

𝑒𝐴(𝑡1)𝑑𝑡1

(see [14, Section III.1.5]), where the symbol∫ ←

[𝑠,𝑡]

𝑒𝐴(𝑡1)𝑑𝑡1

means the limit of the products

𝑒𝐴(𝜏𝑛)𝛿𝑒𝐴(𝜏𝑛−1)𝛿 ⋅ ⋅ ⋅ 𝑒𝐴(𝜏1𝛿𝑒𝐴(𝜏0)𝛿,

(
𝜏𝑘 = 𝜏

(𝑛)
𝑘 = 𝑠+

(𝑡− 𝑠)𝑘

𝑛
, 𝛿 =

𝑡− 𝑠

𝑛

)
as 𝑛 → ∞

Assume that 𝐴(𝑡) = (𝑎𝑗𝑘(𝑡)) is real and its norm is bounded on the positive
half-line; so there are positive constants 𝑏𝑗𝑘 (𝑗 ∕= 𝑘) and real constants 𝑏𝑗𝑗 , such
that

𝑎𝑗𝑗(𝑡) ≤ 𝑏𝑗𝑗 and ∣𝑎𝑗𝑘(𝑡)∣ ≤ 𝑏𝑗𝑘 (𝑡 ≥ 0; 𝑗 ∕= 𝑘; 𝑗, 𝑘 = 1, . . . , 𝑛). (7.12)

These inequalities imply

𝐴(𝑡) ≤ 𝐵 for all 𝑡 ≥ 0, where 𝐵 = (𝑏𝑗𝑘).

For a matrix (𝑐𝑗𝑘) let ∣𝐶∣ mean the matrix (∣𝑐𝑗𝑘∣). Then due to (7.12) we have
∣𝑒𝐴(𝑡)𝛿∣ ≤ 𝑒𝐵𝛿.

Hence

∣𝑈(𝑡, 𝑠)∣ =
∣∣∣∣∣
∫ ←

[𝑠,𝑡]

𝑒𝐴(𝑡1)𝑑𝑡1

∣∣∣∣∣ ≤ exp[(𝑡− 𝑠)𝐵] (𝑡 ≥ 𝑠).

In the considered case 𝐺(𝑡, 𝑠) = 𝑈(𝑡, 𝑠) and the entries 𝐺𝑗𝑘(𝑡, 𝑠) of 𝐺(𝑡, 𝑠) satisfy

∣𝐺𝑗𝑘(𝑡, 𝑠)∣ ≤ 𝑢𝑗𝑘(𝑡, 𝑠)

where 𝑢𝑗𝑘(𝑡, 𝑠) are the entries of the matrix exp[(𝑡− 𝑠)𝐵].

Now we can apply Theorem 10.7.2 and estimates for 𝑢𝑗𝑘(𝑡, 𝑠) from Section
2.6 to establish the stability condition for equation (6.1).
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10.8 Systems with positive fundamental solutions

In this section all the considered functions and matrices are assumed to be real.

Let 𝑅𝑛
+ be the cone of vectors from ℂ𝑛 with non-negative coordinates. De-

note by
𝐶+(𝑎, 𝑏) = 𝐶([𝑎, 𝑏], 𝑅𝑛

+)

the cone of vector functions from 𝐶(𝑎, 𝑏) = 𝐶([𝑎, 𝑏],ℝ𝑛) with non-negative coordi-
nates. The inequality 𝑣 ≥ 0 for a vector 𝑣 means that 𝑣 ∈ 𝑅𝑛

+. The inequality 𝑓 ≥ 0
for a function 𝑓 means that 𝑓 ∈ 𝐶+(𝑎, 𝑏). The inequality 𝑓1 ≥ 𝑓2 for functions
𝑓1, 𝑓2 means that 𝑓1 − 𝑓2 ∈ 𝐶+(𝑎, 𝑏).

Consider the problem

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑥(𝑡− 𝑠) + [𝐹𝑥](𝑡), (8.1)

𝑥(𝑡) = 𝜙(𝑡) ∈ 𝐶+(−𝜂 , 0) (−𝜂 ≤ 𝑡 ≤ 0), (8.2)

where 𝑅(𝑡, 𝑠) = (𝑟𝑗𝑘(𝑡, 𝜏))
𝑛
𝑗,𝑘=1 again is an 𝑛 × 𝑛-matrix-valued function defined

on [0,∞) × [0, 𝜂 ], which is piece-wise continuous in 𝑡 for each 𝜏 , whose entries
satisfy the condition

𝑣𝑗𝑘 = sup
𝑡≥0

= var 𝑟𝑗𝑘(𝑡, .) < ∞ (𝑗, 𝑘 = 1, . . . , 𝑛),

and 𝐹 is a continuous causal mapping in 𝐶(−𝜂 ,∞).
A solution of problem (8.1), (8.2) is understood as in Section 10.1. In this

section the existence of solutions of problem (8.1), (8.2) is assumed.

Let the fundamental solution 𝐺(𝑡, 𝑠) of the equation

𝑧̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑧(𝑡− 𝑠) (8.3)

be a matrix function non-negative for all 𝑡 ≥ 𝑠 ≥ 0. Denote by 𝐾𝜂 the subset of
𝐶+(−𝜂 , 0), such that

𝜙 ∈ 𝐾𝜂 implies 𝑧(𝑡) ≥ 0 (𝑡 ≥ 0) (8.4)

for a solution 𝑧(𝑡) of the linear problem (8.3), (8.2).

Recall that 𝐹0 ≡ 0.
Definition 10.8.1. Let 𝐹 be a continuous causal mapping in 𝐶(−𝜂 ,∞). Then the
zero solution of (8.1) is said to be stable (in the Lyapunov sense) with respect to
𝐾𝜂 , if for any 𝜖 > 0, there exists a number 𝛿 > 0, such that the conditions 𝜙 ∈ 𝐾𝜂

and ∥𝜙∥𝐶(−𝜂,0) ≤ 𝛿 imply ∥𝑥∥𝐶(0,∞) ≤ 𝜖 for a solution 𝑥(𝑡) of problem (8.1), (8.2).

The zero solution of (8.1) is said to be asymptotically stable, with respect to
𝐾𝜂 if it is stable with respect to 𝐾𝜂 , and there is an open set 𝜔+ ⊆ 𝐾𝜂 , such
that 𝜙 ∈ 𝜔+ implies 𝑥(𝑡)→ 0 as 𝑡 → ∞.



10.8. Systems with positive fundamental solutions 185

The zero solution of (8.1) is exponentially stable with respect to 𝐾𝜂 , if there
are positive constants 𝜈,𝑚0 and 𝑟0, such that the conditions

𝜙 ∈ 𝐾𝜂 and ∥𝜙∥𝐶(−𝜂 ,0) ≤ 𝑟0

imply the relation ∥𝑥(𝑡)∥𝑛 ≤ 𝑚0∥𝜙∥𝐶(−𝜂 ,0) 𝑒
−𝜈𝑡 (𝑡 ≥ 0) for any positive solution

𝑥. If 𝑟0 = ∞, then the zero solution of (8.1) is globally exponentially stable with
respect to 𝐾𝜂 .

It is assumed that 𝐹 satisfies the following conditions: there are linear causal
non-negative bounded operators 𝐴− and 𝐴+, such that

𝐴−𝑣 ≤ 𝐹𝑣 ≤ 𝐴+𝑣 for any 𝑣 ∈ 𝐶+(−𝜂 ,∞). (8.5)

It particular, 𝐴− can be the zero operator: 𝐴−𝑣 = 0 for any positive 𝑣.

Theorem 10.8.2. Let the fundamental solution 𝐺(𝑡, 𝑠) of equation (8.3) be a matrix
function non-negative for all 𝑡 ≥ 𝑠 ≥ 0 and condition (8.5) hold. Then a solution
𝑥(𝑡) of problem (8.1), (8.2) with 𝜙 ∈ 𝐾𝜂 satisfies the inequalities

𝑥−(𝑡) ≤ 𝑥(𝑡) ≤ 𝑥+(𝑡) (𝑡 ≥ 0), (8.6)

where 𝑥+(𝑡) is the (non-negative continuous) solution of the equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑥(𝑡 − 𝑠) + [𝐴+𝑥](𝑡) (8.7)

and 𝑥−(𝑡) is the solution of the equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑠𝑅(𝑡, 𝑠)𝑥(𝑡− 𝑠) + [𝐴−𝑥](𝑡) (8.8)

with the same initial function 𝜙 ∈ 𝐾𝜂 .

Proof. Since 𝜙(𝑡) ≥ 0; we have [𝐹𝑥](𝑠) ≥ 0, 𝑠 ≤ 0. Take into account that

𝑥(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)[𝐹𝑥](𝑠)𝑑𝑠.

So, there is a 𝑇 > 0, such that

𝑥(𝑡) ≥ 0 (0 ≤ 𝑡 ≤ 𝑇 ) and therefore 𝑥(𝑡) ≥ 𝑧(𝑡) (0 ≤ 𝑡 ≤ 𝑇 ).

But 𝑧(𝑡) ≥ 0 for all 𝑡 ≥ 0. Consequently, one can extend these inequalities to the
whole positive half-line.

Now conditions (8.5) imply

𝑥(𝑡) ≤ 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)[𝐴+𝑥](𝑠)𝑑𝑠 and 𝑥(𝑡) ≥ 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)[𝐴−𝑥](𝑠)𝑑𝑠.
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Hence due the abstract Gronwall Lemma (see Section 1.5), omitting simple calcu-
lations we have

𝑥(𝑡) ≤ 𝑥+(𝑡) and 𝑥(𝑡) ≥ 𝑥−(𝑡) (𝑡 ≥ 0),
where 𝑥+(𝑡) is a solution of the equation

𝑥+(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)[𝐴+𝑥+](𝑠)𝑑𝑠

and 𝑥−(𝑡) is a solution of the equation

𝑥−(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝐺(𝑡, 𝑠)[𝐴−𝑥−]𝑑𝑠 (𝑡 ≥ 0).

According to the Variation of Constant formula these equations are equivalent to
(8.7) and (8.8). □
Corollary 10.8.3. Under the hypothesis of Theorem 10.8.2, let equation (8.7) be
(asymptotically, exponentially) stable with respect to 𝐾𝜂 . Then the zero solution
to (8.1) is globally (asymptotically, exponentially) stable with respect to 𝐾𝜂 .

Conversely, let the zero solution to (8.1) be globally (asymptotically, exponent-
ially) stable with respect to 𝐾𝜂 . Then equation (8.8) is (asymptotically, exponent-
ially) stable with respect to 𝐾𝜂 .

Again use the generalized norm as the vector

𝑀[𝑎,𝑏](𝑣) := (∥𝑣𝑗∥𝐶([𝑎,𝑏],ℝ))
𝑛
𝑗=1 (𝑣(𝑡) = (𝑣𝑗(𝑡)) ∈ 𝐶([𝑎, 𝑏],ℝ𝑛)).

Furthermore, let 𝜌 := (𝜌1, . . . , 𝜌𝑛) be a vector with positive coordinates 𝜌𝑗 < ∞.
Put

Ω+(𝜌) :={𝑣(𝑡)=(𝑣𝑗(𝑡))∈𝐶([−𝜂 ,∞),𝑅𝑛
+) :0≤𝑣𝑗(𝑡)≤𝜌𝑗 ; 𝑡≥−𝜂 ; 𝑗=1,...,𝑛}.

So
Ω+(𝜌) := {𝑣 ∈ 𝐶([−𝜂 ,∞), 𝑅+

𝑛 ) :𝑀[−𝜂 ,∞)(𝑣) ≤ 𝜌}.
It should be noted that the Urysohn theorem and just proved theorem enable us,
instead of conditions (8.3), to impose the following ones:

𝐴−𝑣 ≤ 𝐹𝑣 ≤ 𝐴+𝑣 for any 𝑣 ∈ Ω+(𝜌).

10.9 The Nicholson-type system

In this section we explore the vector equation, which models cancer cell populations
and other biological processes, cf. [8] and references given therein. Namely, we
consider the system

𝑑𝑥1

𝑑𝑡
= 𝑟(𝑡) [−𝑎1𝑥1(𝑡) + 𝑏1𝑥2(𝑡) + 𝑐1𝑥1(𝑡− 𝜏) exp(−𝑥1(𝑡− 𝜏))] ,

𝑑𝑥2

𝑑𝑡
= 𝑟(𝑡) [−𝑎2𝑥2(𝑡) + 𝑏2𝑥1(𝑡) + 𝑐2𝑥2(𝑡− 𝜏) exp(−𝑥2(𝑡− 𝜏))] ,

(9.1)
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where 𝑎𝑖, 𝑏𝑖, 𝑐𝑖, 𝜏 = const ≥ 0, and 𝑟(𝑡), 𝑡 ≥ 0, is a piece-wise continuous function
bounded on the positive half-line with the property

inf
𝑡≥0

𝑟(𝑡) > 0.

Take the initial conditions

𝑥1(𝑡) = 𝜙1(𝑡), 𝑥2(𝑡) = 𝜙2(𝑡) (𝑡 ∈ [−𝜏, 0]) (9.2)

with continuous functions 𝜙𝑘. Everywhere in this section it is assumed that 𝜙𝑘

(𝑘 = 1, 2) are non-negative.

Recall that inequalities for vector-valued functions are understood in the
coordinate-wise sense.

Rewrite (9.1) as

𝑑𝑥(𝑡)

𝑑𝑡
= 𝑟(𝑡)(𝐴𝑥(𝑡) + 𝐶𝐹1(𝑥(𝑡− 𝜏))), (9.3)

where

𝐴 =

( −𝑎1 𝑏1
𝑏2 −𝑎2

)
, 𝐶 =

(
𝑐1 0
0 𝑐2

)

and

𝐹1(𝑥(𝑡 − 𝜏)) = (𝑥𝑘(𝑡− 𝜏) exp(−𝑥𝑘(𝑡− 𝜏)))2𝑘=1 .

Taking 𝐹𝑥(𝑡) = 𝐶𝐹1(𝑥(𝑡− 𝜏) we have

0 ≤ 𝐹𝑣(𝑡) ≤ 𝐶𝑣(𝑡 − 𝜏) (𝑣(𝑡) ≥ 0).

Equation (8.7) in the considered case takes the form

𝑑𝑦(𝑡)

𝑑𝑡
= 𝑟(𝑡)[𝐴𝑦(𝑡) + 𝐶𝑦(𝑡− 𝜏)], (9.4)

and equation (8.8) takes the form

𝑑𝑦(𝑡)

𝑑𝑡
= 𝑟(𝑡)𝐴𝑦(𝑡). (9.5)

The evolution operator 𝑈−(𝑡, 𝑠) to (9.5) is

𝑈−(𝑡, 𝜏) = 𝑒
∫

𝑡
𝜏

𝑟(𝑠)𝑑𝑠 𝐴.

Since the off-diagonal entries of 𝐴 are non-negative, the evolution operator to
(9.5) is non-negative. Applying Theorem 10.8.2 and omitting simple calculations,
we arrive at the following result.
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Corollary 10.9.1. Any solution 𝑥(𝑡) of problem (9.1), (9.2) is non-negative and
satisfies the inequalities

𝑒
∫

𝑡
0

𝑟(𝑠)𝑑𝑠 𝐴𝜙(0) ≤ 𝑥(𝑡) ≤ 𝑥+(𝑡) (𝑡 ≥ 0)

where 𝑥+(𝑡) is the solution of problem (9.4), (9.2). Consequently, the zero so-
lution to (9.1) is globally asymptotically stable with respect to the cone 𝐾 =
𝐶([−𝜂 , 0], 𝑅2

+), provided (9.4) is asymptotically stable.

Rewrite (9.4) as

𝑦(𝑡) = 𝑈−(𝑡, 0)𝜙(0) +
∫ 𝑡

0

𝑈−(𝑡, 𝑠)𝑟(𝑠)𝐶𝑦(𝑠 − 𝜏)𝑑𝑠.

Thus

∥𝑦∥𝐶(0,𝑇 ) = sup
𝑡

∥𝑈−(𝑡, 0)𝜙(0)∥2 + ∥𝑦∥𝐶(−𝜏,𝑇 )𝑀0 (0 < 𝑇 < ∞),

where

𝑀0 = sup
𝑡

∫ 𝑡

0

𝑟(𝑠)∥𝑈−(𝑡, 𝑠)𝐶∥2𝑑𝑠.

Here ∥.∥2 is the spectral norm in ℂ2. Hence it easily follows that (9.4) is stable
provided 𝑀0 < 1. Note that the eigenvalues 𝜆1(𝐴) and 𝜆2(𝐴) of 𝐴 are simply
calculated and with the notation

𝑚(𝑡, 𝑠) =

∫ 𝑡

𝑠

𝑟(𝑠1)𝑑𝑠1,

we have

∥𝑒𝑚(𝑡,𝑠) 𝐴∥2 ≤ 𝑒𝛼(𝐴)𝑚(𝑡,𝑠)(1 + 𝑔(𝐴)𝑚(𝑡, 𝑠)),

where 𝛼(𝐴) = max𝑘=1,2Re𝜆1(𝐴) and 𝑔(𝐴) = ∣𝑏1 − 𝑏2∣ (see Section 2.8). Assume
that 𝑐1 ≤ 𝑐2, 𝛼(𝐴) < 0, and

𝑟− = inf
𝑡
𝑟(𝑡) > 0, and 𝑟+ = sup

𝑡
𝑟(𝑡) < ∞.

Then 𝑀0 ≤ 𝑀1, where

𝑀1 := 𝑟+𝑐2 sup
𝑡

∫ 𝑡

0

𝑒(𝑡−𝑠)𝛼(𝐴)𝑟−(1 + 𝑔(𝐴)(𝑡− 𝑠)𝑟+ )𝑑𝑠

= 𝑐2𝑟+

∫ ∞

0

𝑒𝑢𝛼(𝐴)𝑟−(1 + 𝑔(𝐴)𝑢𝑟+)𝑑𝑢.

This integral is simply calculated. Thus, if 𝑀1 < 1, then the zero solution to (9.1)
is globally asymptotically stable with respect to the cone 𝐶([−𝜂 , 0], 𝑅2

+).
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10.10 Input-to-state stability of general systems

This section is devoted to the input-to-state stability of coupled systems of func-
tional differential equations with nonlinear causal mappings. The notion of the
input-to-state stability plays an essential role in control theory.

Consider in ℂ𝑛 the problem

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑥(𝑡 − 𝜏) + [𝐹𝑥](𝑡) + 𝑢(𝑡) (0 < 𝜂 < ∞; 𝑡 > 0), (10.1)

𝑥(𝑡) = 0 for − 𝜂 ≤ 𝑡 ≤ 0, (10.2)

where 𝑢(𝑡) is the input, 𝑥(𝑡) is the state, and 𝑅0(𝜏) (0 ≤ 𝜏 ≤ 𝜂 ) is an 𝑛 × 𝑛-
matrix-valued function of bounded variation, again. In addition, 𝐹 is a continuous
causal mapping in 𝐿𝑝(−𝜂 ,∞) (𝑝 ≥ 1).

For example, we can reduce the form (10.1) to the nonlinear differential delay
equation

𝑥̇(𝑡) =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑥(𝑡 − 𝜏) + 𝐹0(𝑥(𝑡 − ℎ)) + 𝑢(𝑡) (ℎ = const > 0; 𝑡 ≥ 0), (10.3)

where 𝐹0 : ℂ
𝑛 → ℂ𝑛 is a continuous function, 𝑢 ∈ 𝐿𝑝(0,∞). Equation (10.3) takes

the form (10.1) with
[𝐹𝑥](𝑡) = 𝐹0(𝑥(𝑡− ℎ)).

Besides 𝐹 is causal in 𝐿∞(−ℎ,∞).
Again,

𝐾(𝑧) = 𝑧𝐼 −
∫ 𝜂

0

𝑒−𝜏𝑧𝑑𝑅0(𝜏) and 𝐺(𝑡) =
1

2𝜋

∫ ∞

−∞

𝑒𝑖𝜔𝑡𝑑𝜔

𝐾(𝑖𝜔)

are the characteristic matrix-valued function of and fundamental solution of the
linear equation

𝑧̇ =

∫ 𝜂

0

𝑑𝑅0(𝜏)𝑧(𝑡 − 𝜏) (𝑡 ≥ 0), (10.4)

respectively. All the characteristic values of 𝐾(.) are in 𝐶−.

Definition 10.10.1. We will say that system (10.1), (10.2) is input-to-state 𝐿𝑝-
stable, if there is a positive constant 𝑚0 ≤ ∞, such that for all 𝑢 ∈ 𝐿𝑝 satisfying
∥𝑢∥𝐿𝑝(0,∞) ≤ 𝑚0, a solution of problem (10.1), (10.2) is in 𝐿𝑝(0,∞).

Put
Ω𝑝(𝜚) = {𝑤 ∈ 𝐿𝑝(−𝜂 ,∞) : ∥𝑤∥𝐿𝑝(−𝜂 ,∞) ≤ 𝜚}

for a positive number 𝜚 ≤ ∞.
It is assumed that there is a constant 𝑞 = 𝑞(𝜚) ≥ 0, such that

∥𝐹𝑤∥𝐿𝑝(0,∞) ≤ 𝑞∥𝑤∥𝐿𝑝(−𝜂 ,∞) (𝑤 ∈ Ω𝑝(𝜚)). (10.6)
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Recall that

𝐺̂𝑓(𝑡) =

∫ 𝑡

0

𝐺(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠.

Theorem 10.10.2. Let the conditions (10.6) and 𝑞∥𝐺̂∥𝐿𝑝(0,∞) < 1 hold. Then (10.1)
is input-to-state 𝐿𝑝-stable.

Proof. Put 𝑙 = ∥𝑢∥𝐿𝑝(0,∞) for a fixed 𝑢. Repeating the arguments of the proof
of Theorem 10.1.2 with 𝐿𝑝 instead of 𝐶, and taking into account the zero initial
conditions, we get the inequality

∥𝑥∥𝐿𝑝(0,∞) ≤
∥𝐺̂∥𝐿𝑝(0,∞)𝑙

1− 𝑞∥𝐺̂∥𝐿𝑝(0,∞)

.

This inequality proves the theorem. □

By the properties of convolutions (see Section 1.3), we have

∥𝐺̂∥𝐿𝑝(),∞) ≤ ∥𝐺∥𝐿1(0,∞).

Now Theorem 10.10.2 implies our next result.

Corollary 10.10.3. Let condition (10.6) hold. In addition, let 𝑞∥𝐺∥𝐿1(0,∞) < 1.
Then equation (10.1) is input-to-state 𝐿𝑝-stable.

Due to Lemma 4.4.1 we have

∥𝐺̂∥𝐿2(0,∞) ≤ 𝜃(𝐾), where 𝜃(𝐾) := sup
−2 var(𝑅0)≤𝜔≤2 var(𝑅0)

∥𝐾−1(𝑖𝜔)∥𝑛.

Now making use of Theorem 10.10.2, we arrive at the following result.

Corollary 10.10.4. Let condition (10.6) hold with 𝑝 = 2. In addition, let 𝑞𝜃(𝐾) < 1.
Then system (10.1) is input-to-state 𝐿2-stable.

10.11 Input-to-state stability of systems

with one delay in linear parts

In this section we illustrate the results of the previous section in the case of systems
whose linear parts have one distributed delay:

𝑥̇(𝑡) +𝐴

∫ 𝜂

0

𝑥(𝑡− 𝑠)𝑑𝜇(𝑠) = [𝐹𝑥](𝑡) + 𝑢(𝑡), (11.1)

where 𝜇 is a scalar nondecreasing function and 𝐴 is a constant positive definite
Hermitian matrix. So the eigenvalues 𝜆𝑗(𝐴) of 𝐴 are real and positive. Then the
linear equation

𝑥̇(𝑡) + 𝐴

∫ 𝜂

0

𝑥(𝑡− 𝑠)𝑑𝜇(𝑠) = 0 (11.2)
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can be written as

𝑥̇𝑗(𝑡)− 𝜆𝑗(𝐴)𝐸𝜇𝑥𝑗(𝑡) = 0, 𝑗 = 1, . . . , 𝑛, (11.3)

where

𝐸𝜇𝑓(𝑡) =

∫ 𝜂

0

𝑓(𝑡− 𝑠)𝑑𝜇(𝑠)

for a scalar function 𝑓 .

If the inequality

𝑒𝜂 𝜆𝑗(𝐴) var(𝜇) < 1 (𝑗 = 1, . . . , 𝑛) (11.4)

holds, then by Lemma 4.6.6 the fundamental solution 𝐺𝑗 of the scalar equation
(11.3) is positive and ∫ ∞

0

𝐺𝑗(𝑡)𝑑𝑡 =
1

𝜆𝑗(𝐴) var(𝜇)
.

But the fundamental solution 𝐺𝜇 of the vector equation (11.2) satisfies the equality∫ ∞

0

∥𝐺𝜇(𝑡)∥𝑛𝑑𝑡 = max
𝑗

∫ ∞

0

𝐺𝑗(𝑡)𝑑𝑡.

Thus ∫ ∞

0

∥𝐺𝜇(𝑡)∥𝑛𝑑𝑡 =
1

min𝑗 𝜆𝑗(𝐴) var(𝜇)
.

Now Theorem 10.10.2 implies our next result.

Corollary 10.11.1. Let 𝐴 be a positive definite Hermitian matrix. and conditions
(10.6) and (11.4) hold. If in addition,

𝑞 < min
𝑗

𝜆𝑗(𝐴) var(𝜇), (11.5)

then system (11.1) is input-to-state 𝐿𝑝-stable.

10.12 Comments

This chapter is particularly based on the papers [39, 41] and [61].

The basic results on the stability of nonlinear differential-delay equations
are presented, in particular, in the well-known books [72, 77, 100]. About the
recent results on absolute stability of nonlinear retarded systems see [88, 111] and
references therein.

The stability theory of nonlinear equations with causal mappings is at an
early stage of development. The basic method for stability analysis is the direct
Lyapunov method, cf. [13, 83]. But finding Lyapunov functionals for equations
with causal mappings is a difficult mathematical problem.
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Interesting investigations of linear causal operators are presented in the books
[82, 105]. The papers [5, 15] also should be mentioned. In the paper [15], the
existence and uniqueness of local and global solutions to the Cauchy problem for
equations with causal operators in a Banach space are established. In the paper
[5] it is proved that the input-output stability of vector equations with causal
operators is equivalent to the causal invertibility of causal operators.



Chapter 11

Scalar Nonlinear Equations

In this chapter, nonlinear scalar first- and higher-order equations with differential-
delay linear parts and nonlinear causal mappings are considered. Explicit stability
conditions are derived.

The Aizerman–Myshkis problem is also discussed.

11.1 Preliminary results

In this chapter all the considered functions are scalar; so 𝐿𝑝(𝑎, 𝑏) = 𝐿𝑝([𝑎, 𝑏],ℂ)
and 𝐶(𝑎, 𝑏) = 𝐶([𝑎, 𝑏],ℂ). In addition,

either 𝑋(𝑎, 𝑏) = 𝐿𝑝(𝑎, 𝑏), 𝑝 ≥ 1, or 𝑋(𝑎, 𝑏) = 𝐶(𝑎, 𝑏).

Consider the equation

𝑥(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝑘(𝑡, 𝑡1)(𝐹𝑥)(𝑡1)𝑑𝑡1 (𝑡 ≥ 0), (1.1a)

𝑥(𝑡) = 𝑧(𝑡) (−𝜂 ≤ 𝑡 ≤ 0), (1.1b)

where 𝑘 : [0 ≤ 𝑠 ≤ 𝑡 ≤ ∞)→ ℝ is a measurable kernel and 𝑧 ∈ 𝑋(−𝜂 ,∞) is given,
and 𝐹 is a continuous causal mapping in 𝑋(−𝜂 ,∞) (0 ≤ 𝜂 < ∞) (see Section
1.8). For instance, the mapping defined by

(𝐹𝑤)(𝑡) =

∫ 𝜂

0

𝑔(𝑤(𝑡 − 𝑠))𝑑𝜇(𝑠) (𝑡 ≥ −𝜂 ), (1.2)

where 𝜇 is a nondecreasing function and 𝑔 is a continuous function with 𝑔(0) = 0,
is causal in 𝐶(−𝜂 ,∞).

A solution of (1.1) is a continuous function 𝑥 defined on [−𝜂 ,∞), which
satisfies (1.1).

It is assumed that there is a constant 𝑞 ≥ 0, such that
∥𝐹𝑣∥𝑋(0,∞) ≤ 𝑞 ∥𝑣∥𝑋(−𝜂 ,∞) (𝑣 ∈ 𝑋(−𝜂 ,∞)). (1.3)
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Introduce the operator 𝑉 : 𝑋(0,∞)→ 𝑋(0,∞) by

(𝑉 𝑣)(𝑡) =

∫ 𝑡

0

𝑘(𝑡, 𝑡1)𝑣(𝑡1)𝑑𝑡1 (𝑡 > 0; 𝑣 ∈ 𝑋(0,∞)).

Lemma 11.1.1. Let 𝑉 be compact in 𝑋(0, 𝜏) for each finite 𝜏 , and the conditions
(1.3) and

𝑞∥𝑉 ∥𝑋(0,∞) < 1 (1.4)

hold. Then equation (1.1) has a (continuous) solution 𝑥 ∈ 𝑋(−𝜂 ,∞). Moreover,
that solution satisfies the inequality

∥𝑥∥𝑋(−𝜂 ,∞) ≤
∥𝑧∥𝑋(−𝜂 ,∞)

1− 𝑞∥𝑉 ∥𝑋(0,∞)
.

Proof. By Lemmas 10.1.1 and 10.1.3, if condition (1.3) holds, then for all 𝑇 ≥ 0
and 𝑤 ∈ 𝑋(−𝜂 , 𝑇 ), we have

∥𝐹𝑤∥𝑋(0,𝑇 ) ≤ 𝑞 ∥𝑤∥𝑋(−𝜂 ,𝑇 ).

On 𝑋(−𝜂 , 𝑇 ), 𝑇 < ∞, let us define the mapping Φ by

(Φ𝑤)(𝑡) = 𝑧(𝑡) + (𝑉 𝐹𝑤)(𝑡), 𝑡 ≥ 0, and (Φ𝑤)(𝑡) = 𝑧(𝑡), 𝑡 < 0,

for a 𝑤 ∈ 𝑋(−𝜂 , 𝑇 ). Hence, according to the previous inequality, for any number
𝑟 > 0, large enough, we have

∥Φ𝑤∥𝑋(−𝜂 ,𝑇 ) ≤ ∥𝑧∥𝑋(−𝜂 ,𝑇 ) + ∥𝑉 ∥𝑋(0,𝑇 )𝑞∥𝑤∥𝑋(−𝜂 ,𝑇 ) ≤ 𝑟 (∥𝑤∥𝑋(−𝜂 ,𝑇 ) ≤ 𝑟).

So Φ maps a bounded set of 𝑋(−𝜂 , 𝑇 ) into itself. Now the existence of a solution
𝑥(𝑡) is due to the Schauder Fixed Point Theorem, since 𝑉 is compact.

From (1.1) it follows that

∥𝑥∥𝑋(−𝜂 ,𝑇 ) ≤ ∥𝑧∥𝑋(−𝜂 ,𝑇 ) + ∥𝑉 ∥𝑋(0,𝑇 )𝑞∥𝑥∥𝑋(−𝜂 ,𝑇 ).

Thus (1.4) implies

∥𝑥∥𝑋(−𝜂 ,𝑇 ) ≤
∥𝑧∥𝑋(−𝜂 ,𝑇 )

1− 𝑞∥𝑉 ∥𝑋(0,𝑇 )
.

Now letting 𝑇 → ∞ we get the required result. □

Furthermore, let 𝑘(𝑡, 𝑠) = 𝑄(𝑡 − 𝑠) with a continuous 𝑄 ∈ 𝐿1(0,∞). Then
𝑉 = 𝑉𝑄, where the operator 𝑉𝑄 is defined by

(𝑉𝑄𝑣)(𝑡) =

∫ 𝑡

0

𝑄(𝑡− 𝑡1)𝑣(𝑡1)𝑑𝑡1 (𝑣 ∈ 𝑋(0,∞); 𝑡 > 0).
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For each positive 𝑇 < ∞, operator 𝑉𝑄 is compact. Moreover, by the properties of
the convolution operators we have

∥𝑉𝑄∥𝑋(0,∞) ≤ ∥𝑄∥𝐿1(0,∞)

with 𝑋(0,∞) = 𝐿𝑝(0,∞) and 𝑋(0,∞) = 𝐶(0,∞) (see Section 1.3). Now the
previous lemma implies

Corollary 11.1.2. Assume that 𝑄 ∈ 𝐿1(0,∞), 𝑧 ∈ 𝑋(−𝜂 ,∞), and the condition
(1.3) holds. If, in addition, 𝑞∥𝑄∥𝐿1(0,∞) < 1, then the problem

𝑥(𝑡) = 𝑧(𝑡) +

∫ 𝑡

0

𝑄(𝑡− 𝑡1)(𝐹𝑥)(𝑡1)𝑑𝑡1 (𝑡 > 0), (1.5a)

𝑥(𝑡) = 𝑧(𝑡) (−𝜂 ≤ 𝑡 ≤ 0) (1.5b)

has a solution 𝑥 ∈ 𝑋(−𝜂 ,∞). Moreover, that solution satisfies the inequality

∥𝑥∥𝑋(−𝜂 ,∞) ≤
∥𝑧∥𝑋(−𝜂 ,∞)

1− 𝑞∥𝑄∥𝐿1(0,∞)
.

Let

𝑄̃(𝑧) :=

∫ ∞

0

𝑒−𝑧𝑡𝑄(𝑡)𝑑𝑡 (Re 𝑧 ≥ 0)

be the Laplace transform of 𝑄. Then by the Parseval equality we easily get
∥𝑉𝑄∥𝐿2(0,∞) = Λ𝑄, where

Λ𝑄 := sup
𝑠∈ℝ

∥𝑄̃(𝑖𝑠)∥.

So Lemma 11.1.1 implies our next result.

Corollary 11.1.3. Assume that 𝑄 ∈ 𝐿1(−𝜂 ,∞), 𝑧 ∈ 𝐿2(−𝜂 ,∞), and the condition
(1.3) holds with 𝑋(−𝜂 ,∞) = 𝐿2(−𝜂 ,∞). If, in addition, the condition 𝑞Λ𝑄 < 1 is
fulfilled, then problem (1.5) has a (continuous) solution 𝑥 ∈ 𝐿2(−𝜂 ,∞). Moreover,
that solution satisfies the inequality

∥𝑥∥𝐿2(−𝜂 ,∞) ≤
∥𝑧∥𝐿2(−𝜂 ,∞)

1− 𝑞Λ𝑄
.

Furthermore, suppose that

𝑄(𝑡) ≥ 0 (𝑡 ≥ 0). (1.6)

Then, obviously,

∣𝑄̃(𝑖𝑦)∣ =
∣∣∣∣
∫ ∞

0

𝑒−𝑦𝑖𝑡𝑄(𝑡)𝑑𝑡

∣∣∣∣ ≤
∫ ∞

0

𝑄(𝑡)𝑑𝑡 = 𝑄̃(0) (𝑦 ∈ ℝ). (1.7)

Now Corollary 11.1.2 implies the following result.
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Corollary 11.1.4. Let 𝑄 ∈ 𝐿1(0,∞), 𝑧 ∈ 𝑋(−𝜂 ,∞) and the conditions (1.3), (1.6)
and

𝑞𝑄̃(0) < 1 (1.8)

be fulfilled. Then problem (1.5) has a solution 𝑥 ∈ 𝑋(−𝜂 ,∞) and

∥𝑥∥𝑋(−𝜂 ,∞) ≤
∥𝑧∥𝑋(−𝜂 ,∞)

1− 𝑞𝑄̃(0)
.

To investigate the stability of the scalar differential delay equation we need
the following lemma.

Lemma 11.1.5. Let 𝑄 ∈ 𝐿1(0,∞) and condition (1.6) hold. Then inequality (1.8)
is valid if and only if all the zeros of the function

1

𝑄̃(𝑧)
− 𝑞 (1.9)

are in 𝐶− := {𝑧 ∈ ℂ : Re 𝑧 < 0}.
Proof. Let (1.8) hold. Then thanks to (1.7), 1

∣𝑄̃(𝑖𝑦)∣ > 𝑞 for all real 𝑦. So according

to the Rouché theorem, all the roots of the function defined by (1.9) are in 𝐶−,
since 𝑄 ∈ 𝐿1(0,∞) and therefore all the roots of the function 1/𝑄̃(𝑧) are in 𝐶−.

Conversely, let all the roots of the function defined by (1.9) be in 𝐶−. Then
either

1

∣𝑄̃(𝑖𝑦)∣ > 𝑞 (1.10)

or
1

∣𝑄̃(𝑖𝑦)∣ < 𝑞 (1.11)

for all real 𝑦. But in the case (1.11), the integral∫ ∞

−∞
𝑄̃(𝑖𝑦)𝑑𝑦

does not converge. This proves the lemma. □

11.2 Absolute stability

In the rest of this chapter the uniqueness of solutions is assumed.

Let us consider the equation

𝑥(𝑛)(𝑡) +

𝑛−1∑
𝑘=0

∫ 𝜂

0

𝑥(𝑘)(𝑡− 𝜏)𝑑𝜇𝑘(𝜏) = [𝐹𝑥](𝑡) (𝑡 > 0), (2.1)
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where 𝜇𝑘 (𝑘 = 0, . . . , 𝑛 − 1) are bounded nondecreasing functions defined on
[0, 𝜂 ] and 𝐹 is a causal mapping in 𝑋(−𝜂 ,∞) with 𝑋(𝑎, 𝑏) = 𝐿𝑝(𝑎, 𝑏), 𝑝 ≥ 1, or
𝑋(𝑎, 𝑏) = 𝐶(𝑎, 𝑏), again. Impose the initial condition

𝑥(𝑡) = 𝜙(𝑡) (−𝜂 ≤ 𝑡 ≤ 0) (2.2)

with a given function 𝜙 having continuous derivatives up to 𝑛 − 1th order. Let
𝐾(.) be the characteristic function of the equation

𝑥(𝑛)(𝑡) +

𝑛−1∑
𝑘=0

∫ 𝜂

0

𝑥(𝑘)(𝑡− 𝜏)𝑑𝜇𝑘(𝜏) = 0 (𝑡 > 0). (2.3)

That is,

𝐾(𝜆) = 𝜆𝑛 +

𝑛−1∑
𝑘=0

𝜆𝑘

∫ 𝜂

0

𝑒−𝜆𝜏𝑑𝜇𝑘(𝜏).

It is assumed that all the zeros of 𝐾(.) are in 𝐶−. Introduce the Green function
of (2.3):

𝐺(𝑡) :=
1

2𝜋

∫ ∞

−∞

𝑒𝑡𝑖𝜔𝑑𝜔

𝐾(𝑖𝜔)
(𝑡 ≥ 0).

If 𝑛 = 1, then the notions of the Green function and fundamental solution coincide.

It is simple to check that the equation

𝑤(𝑛)(𝑡) +

𝑛−1∑
𝑘=0

∫ 𝜂

0

𝑤(𝑘)(𝑡− 𝜏)𝑑𝜇𝑘(𝜏) = 𝑓(𝑡) (𝑡 ≥ 0) (2.4)

with the zero initial condition

𝑤(𝑘)(𝑡) ≡ 0 (−𝜂 ≤ 𝑡 ≤ 0; 𝑘 = 1, . . . , 𝑛− 1) (2.5)

and the locally integrable function 𝑓 satisfying

∣𝑓(𝑡)∣ ≤ 𝑐0𝑒
𝑐1𝑡 (𝑐0, 𝑐1 = const; 𝑡 ≥ 0)

admits the Laplace transform. So by the inverse Laplace transform, problem (2.4),
(2.5) has the solution

𝑤(𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑡1)𝑓(𝑡1)𝑑𝑡1 (𝑡 > 0).

Hence it follows that (2.1) is equivalent to the equation

𝑥(𝑡) = 𝜁(𝑡) +

∫ 𝑡

0

𝐺(𝑡− 𝑡1)(𝐹𝑥)(𝑡1)𝑑𝑡1 (𝑡 > 0), (2.6)

where 𝜁 is a solution of problem (2.3), (2.2).

A continuous solution of the integral equation (2.6) with condition (2.2) will
be called a (mild) solution of problem (2.1), (2.2).
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Lemma 11.2.1. Let all the zeros of 𝐾(𝑧) be in 𝐶−. Then the linear equation (2.3)
is exponentially stable.

Proof. As it is well known, if all the zeros of 𝐾(𝑧) are in 𝐶−, then (2.3) is asymp-
totically stable, cf. [77, 78]. Now we get the required result by small perturbations
and the continuity of the zeros of 𝐾(𝑧). □

Introduce in 𝑋(0,∞) the operator

𝐺̂𝑤(𝑡) =

∫ 𝑡

0

𝐺(𝑡− 𝑡1)𝑤(𝑡1)𝑑𝑡1 (𝑡 > 0).

Thanks to the preceding lemma it is bounded, since

∥𝐺̂∥𝑋(0,∞) ≤ ∥𝐺∥𝐿1(0,∞) < ∞.

Moreover, since (2.3) is exponentially stable, for a solution 𝜁 of problem (2.2),
(2.3) we have

∣𝜁(𝑡)∣ ≤ const 𝑒−𝜖𝑡
𝑛−1∑
𝑘=0

∥𝜙(𝑘)∥𝐶[−𝜂 ,0] (𝜖 > 0; 𝑡 ≥ 0). (2.7)

Hence, 𝜁 ∈ 𝑋(−𝜂 ,∞). Now Lemma 11.1.1 implies the following result.
Theorem 11.2.2. Assume that condition (1.3) holds for 𝑋(−𝜂 ,∞) = 𝐿𝑝(−𝜂 ,∞),
𝑝 ≥ 1 or 𝑋(−𝜂 ,∞) = 𝐶(−𝜂 ,∞), and all the zeros of 𝐾(𝑧) are in 𝐶−. If, in
addition,

𝑞∥𝐺̂∥𝑋(0,∞) < 1, (2.8)

then problem (2.1), (2.2) has a solution 𝑥 ∈ 𝑋(−𝜂 ,∞) and

∥𝑥∥𝑋(0,∞) ≤
∥𝜁∥𝑋(−𝜂 ,∞)

1− 𝑞∥𝐺̂∥𝑋(0,∞)

,

where 𝜁 is a solution of problem (2.2), (2.3), and consequently,

∥𝑥∥𝑋(0,∞) ≤ 𝑀

𝑛−1∑
𝑘=0

∥𝜙(𝑘)∥𝐶[−𝜂 ,0], (2.9)

where the constant 𝑀 does not depend on the initial conditions.

Combining this theorem with Corollary 11.1.4 we obtain the following result.

Corollary 11.2.3. Assume that condition (1.3) holds with 𝑋(−𝜂 ,∞) = 𝐿𝑝(−𝜂 ,∞)
for a 𝑝 ≥ 1, or 𝑋(−𝜂 ,∞) = 𝐶(−𝜂 ,∞), and all the zeros of 𝐾(𝑧) are in 𝐶−. If,
in addition, 𝐺(𝑡) is non-negative and

𝐾(0) > 𝑞, (2.10)

then problem (2.1), (2.2) has a solution 𝑥 ∈ 𝑋(0,∞). Moreover, that solution
satisfies inequality (2.9).
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Furthermore, Corollary 11.1.3 implies

Corollary 11.2.4. Let all the zeros of 𝐾(𝑧) be in 𝐶−. Assume that the conditions
(1.3) with 𝑋(−𝜂 ,∞) = 𝐿2(−𝜂 ,∞) and

inf
𝑠∈ℝ

∣𝐾(𝑖𝑠)∣ > 𝑞 (2.11)

hold. Then problem (2.1), (2.2) has a solution 𝑥 ∈ 𝐿2(0,∞). Moreover, that solu-
tion satisfies the inequality (2.9) with 𝑋(0,∞) = 𝐿2(0,∞).
Definition 11.2.5. Equation (2.1) is said to be absolutely 𝑋-stable in the class of
nonlinearities satisfying (1.3), if there is a positive constant 𝑀0 independent of
the specific form of mapping 𝐹 (but dependent on 𝑞), such that (2.9) holds for
any solution 𝑥(𝑡) of (2.1).

Let us appeal to the following corollary to Theorem 11.2.2.

Corollary 11.2.6. Assume that all the zeros of 𝐾(𝑧) be in 𝐶−. and condition (2.8)
holds, then (2.1) is absolutely 𝑋-stable in the class of nonlinearities (1.3) with
𝑋(−𝜂 ,∞) = 𝐿𝑝(−𝜂 ,∞), 𝑝 ≥ 1 or 𝑋(−𝜂 ,∞) = 𝐶(−𝜂 ,∞).

If, in addition, 𝐺 is positive, then condition (2.8) can be replaced by (2.10).

In the case 𝑋(−𝜂,∞) = 𝐿2(−𝜂,∞), condition (2.8) can be replaced by (2.11).

11.3 The Aizerman–Myshkis problem

We consider the following problem, which we call the Aizerman–Myshkis problem.

Problem 11.3.1: To separate a class of equations (2.1), such that the asymptotic
stability of the linear equation

𝑥(𝑛) +
𝑛−1∑
𝑘=0

∫ 𝜂

0

𝑥(𝑘)(𝑡− 𝜏)𝑑𝜇𝑗(𝜏) = 𝑞𝑥(𝑡), (3.1)

with some 𝑞 ∈ [0, 𝑞] provides the absolute 𝑋-stability of (2.1) in the class of non-
linearities (1.3).

Recall that 𝑋(−𝜂 ,∞) = 𝐶(−𝜂 ,∞) or 𝑋(−𝜂 ,∞) = 𝐿𝑝(−𝜂 ,∞).
Theorem 11.3.1. Let the Green function of (2.3) be non-negative and condition
(2.10) hold. Then equation (2.1) is absolutely 𝐿2-stable in the class of nonlinear-
ities satisfying (1.3). Moreover, (2.1) satisfies the Aizerman–Myshkis problem in
𝐿2(−𝜂 ,∞) with 𝑞 = 𝑞.

Proof. Corollary 11.2.6 at once yields that (2.1) is absolutely stable, provided
(2.10) holds. By Lemma 11.1.5 this is equivalent to the asymptotic stability of
(3.1) with 𝑞 = 𝑞. This proves the theorem. □
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Let us consider the first-order equation

𝑥̇(𝑡) +

∫ 𝜂

0

𝑥(𝑡− 𝑠)𝑑𝜇(𝑠) = [𝐹𝑥](𝑡) (𝑡 ≥ 0), (3.2)

where 𝜇 is a nondecreasing function having a bounded variation var(𝜇). We need
the corresponding linear equation

𝑦̇(𝑡) +

∫ 𝜂

0

𝑦(𝑡− 𝑠)𝑑𝜇(𝑠) = 0 (𝑡 > 0). (3.3)

Denote by 𝐺𝜇(𝑡) the Green function (the fundamental solution) of this equation.
In the next section we prove the following result.

Lemma 11.3.2. Under the condition,

𝑒𝜂 var(𝜇) < 1, (3.4)

𝐺𝜇 is non-negative on the positive half-line.

Denote by 𝐾𝜇 the characteristic function of (3.3):

𝐾𝜇(𝑧) = 𝑧 +

∫ 𝜂

0

𝑒−𝑠𝑧𝑑𝜇(𝑠).

So 𝐾𝜇(0) is equal to the variation var(𝜇) of 𝜇. By Lemma 11.1.5, 𝐾𝜇(𝑧) − 𝑞 has
all its zeros in 𝐶− if and only if 𝑞 < var(𝜇). Now by Theorem 11.3.1 we easily get
the following result.

Corollary 11.3.3. Assume that the conditions (3.4) and 𝑞 < var(𝜇) are fulfilled.
Then equation (3.2) is 𝑋-absolutely stable in the class of nonlinearities (1.3).

Now let us consider the second-order equation

𝑢̈(𝑡)+𝐴𝑢̇(𝑡)+𝐵𝑢̇(𝑡− 1)+𝐶𝑢(𝑡)+𝐷𝑢(𝑡− 1)+𝐸𝑢(𝑡− 2) = [𝐹𝑢](𝑡) (𝑡 > 0) (3.5)

with non-negative constants 𝐴,𝐵,𝐶,𝐷,𝐸.

Introduce the functions

𝐾2(𝜆) = 𝜆2 + 𝐴𝜆+𝐵𝜆𝑒−𝜆 + 𝐶 +𝐷𝑒−𝜆 + 𝐸𝑒−2𝜆 (3.6)

and

𝐺2(𝑡) :=
1

2𝜋𝑖

∫ 𝑐0+𝑖∞

𝑐0−∞𝑖

𝑒𝑡𝑧𝑑𝑧

𝐾2(𝑧)
(𝑐0 = const).

Assume that
𝐵2/4 > 𝐸, 𝐴2/4 > 𝐶, (3.7)

and let

𝑟±(𝐴,𝐶) =
𝐴

2
±

√
𝐴2

4
− 𝐶, and 𝑟±(𝐵,𝐸) =

𝐵

2
±

√
𝐵2

4
− 𝐸.
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In the next section we also prove the following result.

Lemma 11.3.4. Let the conditions (3.7),

𝐷 ≤ 𝑟+(𝐵,𝐸)𝑟−(𝐴,𝐶) + 𝑟−(𝐵,𝐸)𝑟+(𝐴,𝐶) (3.8)

and

𝑟+(𝐵,𝐸)𝑒𝑟+(𝐴,𝐶) <
1

𝑒
(3.9)

hold. Then 𝐺2(𝑡) is non-negative on the positive half-line.

Clearly, 𝐾2(0) = 𝐶 +𝐷 + 𝐸. Now Theorem 11.3.1 and Lemma 11.1.5 yield
the following corollary.

Corollary 11.3.5. Let the conditions (3.7)–(3.9) and 𝑞 < 𝐶 + 𝐷 + 𝐸 hold. Then
equation (3.5) is 𝑋-absolutely stable in the class of nonlinearities (1.3).

Finally, consider the higher-order equations. To this end at a continuous
function 𝑣 defined on [−𝜂 ,∞), let us define an operator 𝑆𝑘 by

(𝑆𝑘𝑣)(𝑡) = 𝑎𝑘𝑣(𝑡− ℎ𝑘) (𝑘 = 1, . . . , 𝑛; 𝑎𝑘 = const > 0, ℎ𝑘 = const ≥ 0; 𝑡 ≥ 0).
Besides,

ℎ1 + ⋅ ⋅ ⋅+ ℎ𝑛 = 𝜂 .

Consider the equation

𝑛∏
𝑘=1

(
𝑑

𝑑𝑡
+ 𝑆𝑘

)
𝑥(𝑡) = [𝐹𝑥](𝑡) (𝑡 ≥ 0). (3.10)

Put

𝑊̂𝑛(𝑧) :=

𝑛∏
𝑘=1

(𝑧 + 𝑎𝑘𝑒
−ℎ𝑘𝑧) and 𝐺𝑛(𝑡) =

1

2𝜋𝑖

∫ 𝑐0+𝑖∞

𝑐0−𝑖∞

𝑒𝑧𝑡𝑑𝑧

𝑊̂𝑛(𝑧)
.

So 𝐺𝑛(𝑡) is the Green function of the linear equation

𝑛∏
𝑘=1

(
𝑑

𝑑𝑡
+ 𝑆𝑘

)
𝑥(𝑡) = 0.

Due to the properties of the convolution, we have

𝐺𝑛(𝑡) =

∫ 𝑡

0

𝐺̂1(𝑡− 𝑡1)

∫ 𝑡1

0

𝐺̂2(𝑡1 − 𝑡2) . . .

∫ 𝑡𝑛−2

0

𝐺̂𝑛(𝑡𝑛−1)𝑑𝑡𝑛−1 . . . 𝑑𝑡2 𝑑𝑡1,

where 𝐺̂𝑘(𝑡) (𝑘 = 1, . . . , 𝑛) is the Green function of the equation(
𝑑

𝑑𝑡
+ 𝑆𝑘

)
𝑥(𝑡) = 𝑥̇(𝑡) + 𝑎𝑘𝑥(𝑡− ℎ𝑘) = 0.
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Assume that
𝑒𝑎𝑘ℎ𝑘 < 1 (𝑘 = 1, . . . , 𝑛); (3.11)

then due to Lemma 11.3.2 𝐺̂𝑘(𝑡) ≥ 0 (𝑡 ≥ 0; 𝑘 = 1, . . . , 𝑛). We thus have proved
the following result.

Lemma 11.3.6. Let condition (3.11) hold. Then 𝐺𝑛(𝑡) is non-negative.

Clearly,

𝑊̂𝑛(0) =

𝑛∏
𝑘=1

𝑎𝑘 .

Now Theorem 11.3.1 and Lemma 11.1.5 yield our next result.

Corollary 11.3.7. Let the conditions (3.11) and

𝑞 <

𝑛∏
𝑘=1

𝑎𝑘

hold. Then equation (3.10) is 𝑋-absolutely stable in the class of nonlinearities
(1.3).

11.4 Proofs of Lemmas 11.3.2 and 11.3.4

With constants 𝑎 ≥ 0, 𝑏 > 0, let us consider the equation

𝑢̇(𝑡) + 𝑎𝑢(𝑡) + 𝑏𝑢(𝑡− ℎ) = 0. (4.1)

Lemma 11.4.1. Let the condition

ℎ𝑏𝑒𝑎ℎ < 𝑒−1 (4.2)

hold. Then the Green function of equation (4.1) is positive.

Proof. First, we consider the Green function 𝐺𝑏(𝑡) of the equation

𝑢̇+ 𝑏𝑢(𝑡− ℎ) = 0 (𝑏 = const, 𝑡 ≥ 0). (4.3)

Recall that 𝐺𝑏 satisfies with the initial condition

𝐺𝑏(0) = 1, 𝐺𝑏(𝑡) = 0 (𝑡 < 0). (4.4)

Suppose that
𝑏ℎ < 𝑒−1. (4.5)

Since
max
𝜏≥0

𝜏𝑒−𝜏 = 𝑒−1,
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there is a positive solution 𝑤0 of the equation 𝑤𝑒−𝑤 = 𝑏ℎ. Taking 𝑐 = ℎ−1𝑤0, we
get a solution 𝑐 of the equation 𝑐 = 𝑏𝑒ℎ𝑐. Put in (4.3) 𝐺𝑏(𝑡) = 𝑒−𝑐𝑡𝑧(𝑡). Then

𝑧̇ − 𝑐𝑧 + 𝑏𝑒ℎ𝑐𝑧(𝑡− ℎ) = 𝑧̇ + 𝑐(𝑧(𝑡− ℎ)− 𝑧(𝑡)) = 0.

But due to (4.4) 𝑧(0) = 1, 𝑧(𝑡) = 0 (𝑡 < 0). So the latter equation is equivalent to
the following one:

𝑧(𝑡) = 1 +

∫ 𝑡

0

𝑐[𝑧(𝑠)− 𝑧(𝑠− ℎ)]𝑑𝑠 = 1 + 𝑐

∫ 𝑡

0

𝑧(𝑠)𝑑𝑠− 𝑐

∫ 𝑡−ℎ

0

𝑧(𝑠)𝑑𝑠.

Consequently,

𝑧(𝑡) = 1 + 𝑐

∫ 𝑡

𝑡−ℎ

𝑧(𝑠)𝑑𝑠.

Due to the von Neumann series it follows that 𝑧(𝑡) and, therefore, the Green
function 𝐺𝑏(𝑡) of (4.3) are positive.

Furthermore, substituting 𝑢(𝑡) = 𝑒−𝑎𝑡𝑣(𝑡) into (4.1), we have the equation

𝑣̇(𝑡) + 𝑏𝑒𝑎ℎ𝑣(𝑡− ℎ) = 0.

According to (4.5), condition (4.2) provides the positivity of the Green function
of the latter equation. Hence the required result follows. □

Denote by 𝐺+ the Green function of equation (4.3) with 𝑏 = var(𝜇). Due to
the previous lemma, under condition (3.4) 𝐺+ is positive.

The assertion of Lemma 11.3.2 follows from the next result.

Lemma 11.4.2. If condition (3.4) holds, then the Green function 𝐺𝜇 of equation
(3.3) is non-negative and satisfies the inequality

𝐺𝜇(𝑡) ≥ 𝐺+(𝑡) ≥ 0 (𝑡 ≥ 0).

Proof. Indeed, according to the initial conditions, for a sufficiently small 𝑡0 > 𝜂 ,

𝐺𝜇(𝑡) ≥ 0, 𝐺̇𝜇(𝑡) ≤ 0 (0 ≤ 𝑡 ≤ 𝑡0).

Thus,

𝐺𝜇(𝑡− 𝜂 ) ≥ 𝐺𝜇(𝑡− 𝑠) (𝑠 ≤ 𝜂 ; 0 ≤ 𝑡 ≤ 𝑡0).

Hence,

var (𝜇)𝐺𝜇(𝑡− 𝜂 ) ≥
∫ 𝜂

0

𝐺𝜇(𝑡− 𝑠)𝑑𝜇(𝑠) (𝑡 ≤ 𝑡0).

According to (3.3) we get

𝐺̇𝜇(𝑡) + var (𝜇)𝐺𝜇(𝑡− 𝜂 ) = 𝑓(𝑡)
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with

𝑓(𝑡) = var (𝜇)𝐺𝜇(𝑡− 𝜂 )−
∫ 𝜂

0

𝐺𝜇(𝑡− 𝑠)𝑑𝜇(𝑠) ≥ 0 (0 ≤ 𝑡 ≤ 𝑡0).

Hence, by virtue of the variation of constants formula, arrive at the relation

𝐺𝜇(𝑡) = 𝐺+(𝑡) +

∫ 𝑡

0

𝐺+(𝑡− 𝑠)𝑓(𝑠)𝑑𝑠 ≥ 𝐺+(𝑡) (0 ≤ 𝑡 ≤ 𝑡0).

Extending this inequality to the whole half-line, we get the required result. □

Proof of Lemma 11.3.4. First, consider the function

𝐾0(𝜆) = (𝜆+ 𝑎1 + 𝑏1𝑒
−𝜆)(𝜆+ 𝑎2 + 𝑏2𝑒

−𝜆)

with non-negative constants 𝑎𝑘, 𝑏𝑘 (𝑘 = 1, 2). Then

𝐺0(𝑡) :=
1

2𝜋𝑖

∫ 𝑐0+𝑖∞

𝑐0−∞𝑖

𝑒𝑡𝑧𝑑𝑧

𝐾0(𝑧)
(𝑐0 = const)

is the Green function to equation(
𝑑

𝑑𝑡
+ 𝑆1

)(
𝑑

𝑑𝑡
+ 𝑆2

)
𝑥(𝑡) = 0 (𝑡 ≥ 0) (4.6)

where
(𝑆𝑘𝑣)(𝑡) = 𝑎𝑘𝑣(𝑡) + 𝑏𝑘𝑣(𝑡− 1) (𝑘 = 1, 2; 𝑡 ≥ 0).

Due to the properties of the convolution, we have

𝐺0(𝑡) =

∫ 𝑡

0

𝑊1(𝑡− 𝑡1)𝑊2(𝑡1)𝑑𝑡1,

where 𝑊𝑘(𝑡) (𝑘 = 1, 2) is the Green function of the equation(
𝑑

𝑑𝑡
+ 𝑆𝑘

)
𝑥(𝑡) = 𝑥̇(𝑡) + 𝑎𝑘𝑥(𝑡) + 𝑏𝑘𝑥(𝑡− 1) = 0.

Assume that

𝑒𝑎𝑘𝑏𝑘 <
1

𝑒
(𝑘 = 1, 2), (4.7)

then due to Lemma 11.4.1 𝐺0(𝑡) ≥ 0 (𝑡 ≥ 0).
Now consider the function

𝑃2(𝜆) = 𝐾0(𝜆) −𝑚𝑒−𝜆

with a constant 𝑚. It is the characteristic function of the equation(
𝑑

𝑑𝑡
+ 𝑆1

)(
𝑑

𝑑𝑡
+ 𝑆2

)
𝑥(𝑡) = 𝑚𝑥(𝑡− 1) (𝑡 ≥ 0). (4.8)
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By the integral inequalities (see Section 1.6), it is not hard to show that, if 𝐺0(𝑡) ≥
0 and 𝑚 ≥ 0, then the Green function of (4.8) is also non-negative.

Furthermore, assume that 𝑃2(𝜆) = 𝐾2(𝜆), where 𝐾2(𝜆) is defined in Section
11.3. That is,

(𝜆+𝑎1+𝑏1𝑒
−𝜆)(𝜆+𝑎2+𝑏2𝑒

−𝜆)−𝑚𝑒−𝜆 = 𝜆2+𝐴𝜆+𝐵𝜆𝑒−𝜆+𝐶+𝐷𝑒−𝜆+𝐸𝑒−2𝜆.

Then, comparing the coefficients of 𝑃2(𝜆) and 𝐾2(𝜆), we get the relations

𝑎1 + 𝑎2 = 𝐴, 𝑎1𝑎2 = 𝐶, (4.9)

𝑏1 + 𝑏2 = 𝐵, 𝑏1𝑏2 = 𝐸, (4.10)

and

𝑎1𝑏2 + 𝑏1𝑎2 −𝑚 = 𝐷. (4.11)

Solving (4.9), we get

𝑎1,2 = 𝐴/2± (𝐴2/4− 𝐶)1/2 = 𝑟±(𝐴,𝐶).

Similarly, (4.10) implies

𝑏1,2 = 𝐵/2± (𝐵2/4− 𝐸)1/2 = 𝑟±(𝐵,𝐸).

From the hypothesis (3.7) it follows that 𝑎1,2, 𝑏1,2 are real. Condition (3.9) im-
plies (4.7). So 𝐺0(𝑡) ≥ 0, 𝑡 ≥ 0. Moreover, (3.8) provides relation (4.11) with a
positive 𝑚.

But as it was mentioned above, if 𝐺0(𝑡) ≥ 0, then the Green function 𝐺2(𝑡)
corresponding to 𝐾2(𝜆) = 𝑃2(𝜆) is also positive. This proves the lemma. □

11.5 First-order nonlinear non-autonomous equations

First consider the linear equation

𝑥̇(𝑡) +

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜏𝜇(𝑡, 𝜏) = 0, (5.1)

where 𝜇(𝑡, 𝜏) is a function defined on [0,∞)× [0, 𝜂 ] nondecreasing in 𝜏 and contin-
uous in 𝑡. Assume that there are nondecreasing functions 𝜇±(𝜏) defined on [0, 𝜂 ],
such that

𝜇−(𝜏2)−𝜇−(𝜏1) ≤ 𝜇(𝑡, 𝜏2)−𝜇(𝑡, 𝜏1) ≤ 𝜇+(𝜏2)−𝜇+(𝜏1) (𝜂 ≥ 𝜏2 > 𝜏1 ≥ 0). (5.2)

We need also the autonomous equations

𝑥̇+(𝑡) +

∫ 𝜂

0

𝑥+(𝑡− 𝜏)𝑑𝜇+(𝜏) = 0 (5.3)



206 Chapter 11. Scalar Nonlinear Equations

and

𝑥̇−(𝑡) +
∫ 𝜂

0

𝑥−(𝑡− 𝜏)𝑑𝜇−(𝜏) = 0. (5.4)

Denote by 𝐺1(𝑡, 𝑠), 𝐺+(𝑡) and 𝐺−(𝑡) the Green functions to (5.1), (5.3) and (5.4),
respectively.

Lemma 11.5.1. Let the conditions (5.2) and

var(𝜇+)𝜂 𝑒 < 1 (5.5)

hold. Then

0 ≤ 𝐺+(𝑡− 𝑠) ≤ 𝐺1(𝑡, 𝑠) ≤ 𝐺−(𝑡− 𝑠) (𝑡 ≥ 𝑠 ≥ 0). (5.6)

Proof. Due to Lemma 11.3.2, 𝐺±(𝑡) ≥ 0 for all 𝑡 ≥ 0. In addition, according to
the initial conditions,

𝐺+(0) = 𝐺1(0, 0) = 𝐺−(0) = 1, 𝐺+(𝑡) = 𝐺1(𝑡, 0) = 𝐺−(𝑡) = 0 (𝑡 < 0).

For a sufficiently small 𝑡0 > 0, we have

𝐺1(𝑡, 0) ≥ 0, 𝐺̇1(𝑡, 0) ≤ 0 (0 ≤ 𝑡 ≤ 𝑡0).

From (5.1) we obtain

𝐺̇1(𝑡, 0) +

∫ 𝜂

0

𝐺1(𝑡− 𝜏, 0)𝑑𝜇+(𝜏) = 𝑓(𝑡)

with

𝑓(𝑡) =

∫ 𝜂

0

𝐺1(𝑡− 𝜏)(𝑑𝜇+(𝜏)− 𝑑𝜏𝜇(𝑡, 𝜏)).

Hence, by virtue of the Variation of Constants formula and (5.2), we arrive at the
relation

𝐺1(𝑡, 0) = 𝐺+(𝑡) +

∫ 𝑡

0

𝐺+(𝑡− 𝑠)𝑓(𝑠)𝑑𝑠 ≥ 𝐺+(𝑡) (0 ≤ 𝑡 ≤ 𝑡0).

Extending this inequality to the whole positive half-line, we get the left-hand part
of inequality (5.6) for 𝑠 = 0. Similarly the right-hand part of inequality (5.6) and
the case 𝑠 > 0 can be investigated. □

Note that due to (5.6)

sup
𝑡

∫ 𝑡

0

𝐺1(𝑡, 𝑠)𝑑𝑡 ≤ sup
𝑡

∫ 𝑡

0

𝐺−(𝑡− 𝑠)𝑑𝑠 =

∫ ∞

0

𝐺−(𝑠)𝑑𝑠.
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But by (5.4)

𝐺−(0) = 1 =
∫ ∞

0

∫ 𝜂

0

𝐺−(𝑡− 𝜏)𝑑𝜇−(𝜏)𝑑𝑡 =
∫ 𝜂

0

∫ ∞

0

𝐺−(𝑡− 𝜏)𝑑𝑡 𝑑𝜇−(𝜏)

=

∫ 𝜂

0

∫ ∞

−𝜏

𝐺−(𝑠)𝑑𝑡𝑑𝜇−(𝜏) =
∫ 𝜂

0

∫ ∞

0

𝐺−(𝑠)𝑑𝑡 𝑑𝜇−(𝜏)

=

∫ ∞

0

𝐺−(𝑠)𝑑𝑡 var(𝜇−).

So we obtain the equality ∫ ∞

0

𝐺±(𝑠)𝑑𝑠 =
1

var(𝜇±)
. (5.7)

Hence, we get

Corollary 11.5.2. Let conditions (5.2) and (5.5) be fulfilled. Then

𝐺1(𝑡, 𝑠) ≤ 1 (𝑡 ≥ 𝑠 ≥ 0),

0 ≥ ∂𝐺1(𝑡, 𝑠)

∂𝑡
≥ −

∫ 𝜂

0

𝑑𝜏𝜇(𝑡, 𝜏) = − var𝜇(𝑡, .) (𝑡 ≥ 𝑠),

and

sup
𝑡

∫ 𝑡

0

𝐺1(𝑡, 𝑠)𝑑𝑠 ≤ 1

var(𝜇−)
. (5.8)

Furthermore, consider the nonlinear equation

𝑥̇(𝑡) +

∫ 𝜂

0

𝑥(𝑡− 𝜏)𝑑𝜏𝜇(𝑡, 𝜏) = [𝐹𝑥](𝑡) (𝑡 > 0), (5.9)

where 𝐹 is a causal mapping in 𝐶(−𝜂 ,∞).
Denote

Ω(𝑟) := {𝑣 ∈ 𝐶(−𝜂 ,∞) : ∥𝑣∥𝐶(−𝜂 ,∞) ≤ 𝑟}
for a positive 𝑟 ≤ ∞.

It is assumed that there is a constant 𝑞, such that

∥𝐹𝑣∥𝐶(−𝜂 ,∞) ≤ 𝑞 ∥𝑣∥𝐶(−𝜂 ,∞) (𝑣 ∈ Ω(𝑟)). (5.10)

Following the arguments of the proof of Theorem 10.1.2, according to (5.8),
we arrive at the main result of the present section.

Theorem 11.5.3. Let the conditions (5.2), (5.5), (5.10) and

𝑞 < var(𝜇−) (5.11)

hold. Then the zero solution of equation (5.9) is stable.
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11.6 Comparison of Green’s functions to
second-order equations

Let us consider the equation

𝑢̈(𝑡) + 2𝑐0(𝑡)𝑢̇(𝑡) + 𝑐1(𝑡)𝑢̇(𝑡− ℎ) + 𝑑0(𝑡)𝑢(𝑡)

+ 𝑑1(𝑡)𝑢(𝑡− ℎ) + 𝑑2(𝑡)𝑢(𝑡− 2ℎ) = 0 (𝑡 ≥ 0), (6.1)

where 𝑐1(𝑡), 𝑑𝑗(𝑡) (𝑡 ≥ 0; 𝑗 = 0, 1, 2) are piece-wise continuous functions, and
𝑐0(𝑡) (𝑡 ≥ 0) is an absolutely continuous function having a piece-wise continuous
derivative 𝑐̇0(𝑡).

Let 𝐺(𝑡, 𝑠) be the Green function to equation (6.1). So it is a function defined
for 𝑡 ≥ 𝑠 − 2ℎ (𝑠 ≥ 0), having continuous first and second derivatives in 𝑡 for
𝑡 > 𝑠, satisfying that equation for all 𝑡 > 𝑠 ≥ 0 and the conditions

𝐺(𝑡, 𝑠) = 0 (𝑠− 2ℎ ≤ 𝑡 ≤ 𝑠),
∂𝐺(𝑡, 𝑠)

∂𝑡
= 0 (𝑠− 2ℎ ≤ 𝑡 < 𝑠);

and

lim
𝑡↓𝑠

∂𝐺(𝑡, 𝑠)

∂𝑡
= 1.

Furthermore, extend 𝑐0(𝑡) to [−2ℎ,∞) by the relation

𝑐0(𝑡) ≡ 𝑐0(0) for − 2ℎ ≤ 𝑡 ≤ 0,

and put

𝑎1(𝑡) = 𝑐1(𝑡)𝑒
∫ 𝑡
𝑡−ℎ

𝑐0(𝑠)𝑑𝑠, and 𝑎2(𝑡) = 𝑑2(𝑡)𝑒
∫ 𝑡
𝑡−2ℎ

𝑐0(𝑠)𝑑𝑠 (𝑡 ≥ 0).

The aim of this section is to prove the following result.

Theorem 11.6.1. Let the conditions

−𝑐̇0(𝑡) + 𝑐20(𝑡) + 𝑑0(𝑡) ≤ 0 (6.2)

and

−𝑐1(𝑡)𝑐0(𝑡− ℎ) + 𝑑1(𝑡) ≤ 0 (𝑡 ≥ 0) (6.3)

hold. Let the Green function 𝐺0(𝑡, 𝑠) to the equation

𝑢(𝑡) + 𝑎1(𝑡)𝑢̇(𝑡− ℎ) + 𝑎2(𝑡)𝑢(𝑡− 2ℎ) = 0 (𝑡 ≥ 0) (6.4)

be non-negative. Then the Green function 𝐺(𝑡, 𝑠) to equation (6.1) is also non-
negative.
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Proof. Substitute the equality

𝑢(𝑡) = 𝑤(𝑡)𝑒−
∫ 𝑡
0

𝑐0(𝑠)𝑑𝑠 (6.5)

into (6.1). Then, taking into account that

𝑑

𝑑𝑡

∫ 𝑡−ℎ

0

𝑐0(𝑠)𝑑𝑠 =
𝑑

𝑑𝑡

∫ 𝑡

ℎ

𝑐0(𝑠1 − ℎ)𝑑𝑠1 = 𝑐0(𝑡− ℎ),

we have

𝑒−
∫ 𝑡
0

𝑐0(𝑠)𝑑𝑠
[
𝑤̈(𝑡)− 2𝑐0(𝑡)𝑤̇(𝑡) + 𝑤(𝑡)(−𝑐̇0(𝑡) + 𝑐20(𝑡) + 𝑑0(𝑡))

+ 2(𝑐0(𝑡)𝑤̇(𝑡)− 𝑐20(𝑡)𝑤(𝑡))
]

+ 𝑐1(𝑡)𝑒
− ∫ 𝑡−ℎ

0
𝑐0(𝑠)𝑑𝑠[−𝑐0(𝑡− ℎ)𝑤(𝑡− ℎ) + 𝑤̇(𝑡− ℎ)]

+ 𝑑1(𝑡)𝑒
− ∫

𝑡−ℎ
0

𝑐0(𝑠)𝑑𝑠𝑤(𝑡− ℎ) + 𝑑2(𝑡)𝑒
− ∫

𝑡−2ℎ
0

𝑐0(𝑠)𝑑𝑠𝑤(𝑡− 2ℎ) = 0.
Or

𝑤̈(𝑡) + 𝑎1(𝑡)𝑤̇(𝑡− ℎ) +𝑚0(𝑡)𝑤(𝑡) +𝑚1(𝑡)𝑤(𝑡 − ℎ) + 𝑎2(𝑡)𝑤(𝑡 − 2ℎ) = 0, (6.6)

where
𝑚0(𝑡) := −𝑐̇0(𝑡) + 𝑐20(𝑡) + 𝑑0(𝑡)

and
𝑚1(𝑡) := 𝑒

∫ 𝑡
𝑡−ℎ

𝑐0(𝑠)𝑑𝑠[−𝑐1(𝑡)𝑐0(𝑡− ℎ) + 𝑑1(𝑡)].

According to (6.3), 𝑚0(𝑡) ≤ 0,𝑚1(𝑡) ≤ 0. Hence, by the integral inequalities prin-
ciple, see Section 1.6, it easily follows that if the Green function to equation (6.4)
is non-negative, then the Green function to equation (6.6) is also non-negative.
This and (6.5) prove the theorem. □

11.7 Comments

This chapter is based on the papers [36, 49]. Theorem 11.6.1 is taken from the
paper [48].

Recall that in 1949 M.A. Aizerman conjectured the following hypothesis: let
𝐴, 𝑏, 𝑐 be an 𝑛× 𝑛-matrix, a column-matrix and a row-matrix, respectively. Then
for the absolute stability of the zero solution of the equation

𝑥̇ = 𝐴𝑥+ 𝑏𝑓(𝑐𝑥) (𝑥̇ = 𝑑𝑥/𝑑𝑡)

in the class of nonlinearities 𝑓 : ℝ → ℝ, satisfying the condition

0 ≤ 𝑓(𝑠)/𝑠 ≤ 𝑞 (𝑞 = const > 0, 𝑠 ∈ ℝ, 𝑠 ∕= 0),
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it is necessary and sufficient that the linear equation 𝑥̇ = 𝐴𝑥+𝑞1𝑏𝑐𝑥 be asymptot-
ically stable for any 𝑞1 ∈ [0, 𝑞] [3]. These hypotheses caused great interest among
specialists. Counterexamples were set up that demonstrated it was not, in general,
true, cf. [107]. Therefore, the following problem arose: to find the class of systems
that satisfy Aizerman’s hypothesis. In 1983 the author had shown that any sys-
tem satisfies the Aizerman hypothesis if its impulse function is non-negative. A
similar result was proved for multivariable systems, distributed ones and in the
input-output version. For the details see [24]. On the other hand, A.D. Myshkis
[95, Section 10] pointed out the importance of consideration of the generalized
Aizerman problem for retarded systems. In [27] that problem was investigated for
retarded systems, whose nonlinearities have discrete constant delays; in [30], more
general systems with nonlinearities acting in space 𝐶 were considered.

The positivity conditions for fundamental solutions of first-order scalar dif-
ferential equations are well known, cf. [1].

About recent very interesting results on absolute stability see, for instance,
[86, 116] and references therein.



Chapter 12

Forced Oscillations in
Vector Semi-Linear Equations

This chapter deals with forced periodic oscillations of coupled systems of semi-
linear functional differential equations. Explicit conditions for the existence and
uniqueness of periodic solutions are derived. These conditions are formulated in
terms of the roots of characteristic matrix functions.

In addition, estimates for periodic solutions are established.

12.1 Introduction and statement of the main result

As as it is well known, any 1-periodic vector-valued function 𝑓 with the property
𝑓 ∈ 𝐿2(0, 1) can be represented by the Fourier series

𝑓 =

∞∑
𝑘=−∞

𝑐𝑘𝑒𝑘

where

𝑒𝑘(𝑡) = 𝑒2𝜋𝑖𝑘𝑡 (𝑘 = 0,±1,±2, . . . ), and 𝑐𝑘 =

∫ 1

0

𝑓(𝑡)𝑒𝑘(𝑡)𝑑𝑡 ∈ ℂ
𝑛

are the Fourier coefficients. Introduce the Hilbert space PF of 1-periodic functions
defined on the real axis ℝ with values in ℂ𝑛, and the scalar product

(𝑓, 𝑢)𝑃𝐹 ≡
∞∑

𝑘=−∞
(𝑐𝑘, 𝑏𝑘)𝐶𝑛 (𝑓, 𝑢 ∈ 𝑃𝐹 ),

where (., .)𝐶𝑛 is the scalar product ℂ𝑛, 𝑐𝑘 and 𝑏𝑘 are the Fourier coefficients of 𝑓
and 𝑢, respectively. The norm in 𝑃𝐹 is

∣𝑓 ∣𝑃𝐹 =
√
(𝑓, 𝑓)𝑃𝐹 =

( ∞∑
𝑘=−∞

∥𝑐𝑘∥2𝑛
)1/2

.

Here ∥𝑐∥𝑛 =
√
(𝑐, 𝑐)𝐶𝑛 for a vector 𝑐.
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Due to the periodicity, for any real 𝑎 we have,

∥𝑣∥𝐿2([0,1],ℂ𝑛) =

[∫ 𝑎+1

𝑎

∥𝑣(𝑡)∥2𝑛𝑑𝑡
]1/2

(𝑣 ∈ 𝑃𝐹 ).

The Parseval equality yields

∣𝑣∣𝑃𝐹 = ∥𝑣∥𝐿2([0,1],ℂ𝑛) =

[∫ 𝑎+1

𝑎

∥𝑣(𝑡)∥2𝑛𝑑𝑡
]1/2

for any real 𝑎.

Let 𝑅(𝜏) be an 𝑛 × 𝑛-matrix-valued function of bounded variation defined
on [0, 1]. Consider the system

𝑢̇(𝑡)−
∫ 1

0

𝑑𝑅(𝜏)𝑢(𝑡 − 𝜏) + (𝐹𝑢)(𝑡) (𝑡 ∈ ℝ) (1.1)

where 𝐹 : 𝑃𝐹 → 𝑃𝐹 is a mapping satisfying the condition

∣𝐹𝑣 − 𝐹𝑤∣𝑃𝐹 ≤ 𝑞∣𝑣 − 𝑤∣𝑃𝐹 (𝑞 = const > 0; 𝑣, 𝑤 ∈ 𝑃𝐹 ). (1.2)

In addition,
𝑙 := ∣𝐹0∣𝑃𝐹 > 0. (1.3)

That is, 𝐹0 is not zero identically.

In particular, one can take 𝐹𝑣 = 𝐹𝑣 + 𝑓 , where 𝐹 is causal and 𝑓 ∈ 𝑃𝐹 .

Let 𝐾(𝑧) be the characteristic matrix of the linear term of (1.1):

𝐾(𝑧) = 𝑧𝐼 −
∫ 1

0

𝑒−𝑧𝜏𝑑𝑅(𝜏) (𝑧 ∈ ℂ),

where 𝐼 is the unit matrix. Assume that matrices 𝐾(2𝑖𝜋𝑗) are invertible for all
integer 𝑗 and the condition

𝑀0(𝐾) := sup
𝑗=0,±1,±2,...

∥𝐾−1(2𝑖𝜋𝑗)∥𝑛 < ∞

hold. Here the matrix norm is spectral.

An absolutely continuous function 𝑢 ∈ 𝑃𝐹 satisfying equation (1.1) for al-
most all 𝑡 ∈ ℝ will be called a periodic solution to that equation. A solution is
nontrivial if it is not equal to zero identically. Now we are in a position to formu-
late the main result of the chapter.

Theorem 12.1.1. Let the conditions (1.2), (1.3) and

𝑞𝑀0(𝐾) < 1 (1.4)

be fulfilled. Then equation (1.1) has a unique nontrivial periodic solution 𝑢. More-
over, it satisfies the estimate

∣𝑢∣𝑃𝐹 ≤ 𝑙𝑀0(𝐾)

1− 𝑞𝑀0(𝐾)
. (1.5)
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The proof of this theorem is presented in the next section.

Note that
𝑀0(𝐾) ≤ sup

𝜔∈ℝ

∥𝐾−1(𝑖𝜔)∥𝑛.

Now Lemma 4.3.1 implies

𝑀0(𝐾) ≤ 𝜃(𝐾) := sup
∣𝜔∣≤2var(𝑅)

∥𝐾−1(𝑖𝜔)∥𝑛.

So one can use the estimates for 𝜃(𝐾) derived in Sections 4.4 and 4.5.

12.2 Proof of Theorem 12.1.1

In this section for brevity we set𝑀0(𝐾) =𝑀0. Furthermore, consider an operator
𝑇 defined on 𝑃𝐹 by the equality

(𝑇𝑤)(𝑡) = 𝑤̇(𝑡)−
∫ 1

0

𝑑𝑅(𝜏)𝑤(𝑡 − 𝜏) (𝑡 ∈ ℝ, 𝑤 ∈ 𝑊 (𝑃𝐹 )).

We need the linear equation
(𝑇𝑤)(𝑡) = 𝑓(𝑡) (2.1)

with 𝑓 ∈ 𝑃𝐹, 𝑡 ∈ ℝ. For any ℎ ∈ ℂ𝑛 and an integer 𝑘 we have

(𝑇 (ℎ𝑒𝑘))(𝑡) = 𝑒𝑘(𝑡)

[
2𝑖𝜋𝑘𝐼 −

∫ 1

0

𝑒−2𝑖𝜋𝑘𝜏𝑑𝑅(𝜏)

]
ℎ = 𝑒𝑘(𝑡)𝐾(2𝜋𝑖𝑘)ℎ.

We seek a solution 𝑢 to (2.1) in the form

𝑢 =

∞∑
𝑘=−∞

𝑎𝑘𝑒𝑘 (𝑎𝑘 ∈ ℂ
𝑛).

Hence,

𝑇𝑢 =

∞∑
𝑘=−∞

𝑇𝑒𝑘𝑎𝑘𝑒𝑘 =

∞∑
𝑘=−∞

𝑒𝑘𝐾(2𝜋𝑖𝑘)𝑎𝑘

and by (2.1),
𝑎𝑘 = 𝐾−1(2𝜋𝑖𝑘)𝑐𝑘 (𝑘 = 0,±1,±2, . . . ).

Therefore,
∥𝑎𝑘∥𝑛 ≤ 𝑀0∥𝑐𝑘∥𝑛.

Hence, ∣𝑢∣𝑃𝐹 ≤ 𝑀0∣𝑓 ∣𝑃𝐹 . This means that ∣𝑇−1∣𝑃𝐹 ≤ 𝑀0.

Furthermore, equation (1.1) is equivalent to

𝑢 = Ψ(𝑢) (2.2)
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where
Ψ(𝑢) = 𝑇−1𝐹𝑢.

For any 𝑣, 𝑤 ∈ 𝑃𝐹 relation (1.2) implies

∣Ψ(𝑣)−Ψ(𝑤)∣𝑃𝐹 ≤ 𝑀0𝑞∣𝑣 − 𝑤∣𝑃𝐹 .

Due to (1.3) Ψ maps 𝑃𝐹 into itself. So according to (1.4) and the Contraction
Mapping theorem equation (1.1) has a unique solution 𝑢 ∈ 𝑃𝐹 . To prove estimate
(1.5), note that

∣𝑢∣𝑃𝐹 = ∣Ψ(𝑢)∣𝑃𝐹 ≤ 𝑀0(𝑞∣𝑢∣𝑃𝐹 + 𝑙).

Hence (1.4) implies the required result. □

12.3 Applications of matrix functions

Consider the problem

𝑦′(𝑡) = 𝐴𝑦(𝑡) + [𝐹𝑦](𝑡), 𝑦(0) = 𝑦(1), (3.1)

where 𝐴 is a constant invertible diagonalizable matrix (see Section 2.7) and 𝐹 is
an arbitrary continuous mapping of PF into itself, satisfying

∣𝐹𝑦∣𝑃𝐹 ≤ 𝑞∣𝑦∣𝑃𝐹 + 𝑙 (𝑞, 𝑙 = const > 0) and 𝐹 (0) ∕= 0. (3.2)

For example, let (𝐹𝑦)(𝑡) = 𝐵(𝑡)𝐹0(𝑦(𝑡 − 1)), where 𝐵(𝑡) is a 1-periodic matrix-
function and 𝐹0 : ℝ

𝑛 → ℝ𝑛 has the Lipschitz property and 𝐹0(0) ∕= 0.
First, consider the scalar problem

𝑥′(𝑡) = 𝜔𝑥(𝑡) + 𝑓0(𝑡) (𝑥(0) = 𝑥(1)) (3.3)

with a constant 𝜔 ∕= 0 and a function 𝑓0 ∈ 𝐿2([0, 1],ℂ). Then a solution of (3.3)
is given by

𝑥(𝑡) =

∫ 1

0

𝐺(𝜔, 𝑡, 𝑠)𝑓0(𝑠)𝑑𝑠, (3.4)

where

𝐺(𝜔, 𝑡, 𝑠) =
1

1− 𝑒𝜔

{
𝑒𝜔(1+𝑡−𝑠) if 0 ≤ 𝑡 ≤ 𝑠 ≤ 1,
𝑒𝜔(𝑡−𝑠) if 0 ≤ 𝑠 < 𝑡 ≤ 1

is the Green function to the problem (3.3), cf. [70].

Now consider the vector equation

𝑤′(𝑡) = 𝐴𝑤(𝑡) + 𝑓(𝑡), 𝑦(0) = 𝑦(1)

with an 𝑓 ∈ 𝑃𝐹 . Then a solution of this equation is given by

𝑤(𝑡) =

∫ 1

0

𝐺(𝐴, 𝑡, 𝑠)𝑓(𝑠)𝑑𝑠. (3.5)
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Since 𝐴 is a diagonalizable matrix, we have

𝐺(𝐴, 𝑡, 𝑠) =
𝑛∑

𝑘=1

𝐺(𝜆𝑘(𝐴), 𝑡, 𝑠)𝑃𝑘

where 𝑃𝑘 are the Riesz projections and 𝜆𝑘(𝐴) are the eigenvalues of 𝐴 (see Sec-
tion 2.7).

By Corollary 2.7.5,

∥𝐺(𝐴, 𝑡, 𝑠)∥𝑛 ≤ 𝛾(𝐴) max
𝑘

∣𝐺(𝜆𝑘(𝐴), 𝑡, 𝑠)∣.

Consequently, ∫ 1

0

∫ 1

0

∥𝐺(𝐴, 𝑡, 𝑠)∥2𝑛𝑑𝑠𝑑𝑡 ≤ 𝐽2
𝐴,

where

𝐽𝐴 = 𝛾(𝐴)max
𝑘

[∫ 1

0

∫ 1

0

∣𝐺(𝜆𝑘(𝐴), 𝑡, 𝑠)∣2𝑑𝑠 𝑑𝑡

]1/2
.

So the operator 𝐺̂ defined by

𝐺̂𝑓(𝑡) =

∫ 1

0

𝐺(𝐴, 𝑡, 𝑠)𝑓(𝑠)𝑑𝑠

is a Hilbert–Schmidt operator with the Hilbert–Schmidt norm 𝑁2(𝐺̂) ≤ 𝐽𝐴. By
the Parseval equality we can write ∣𝐺̂∣𝑃𝐹 ≤ 𝐽𝐴.

Rewrite (3.1) as

𝑦(𝑡) =

∫ 1

0

𝐺(𝐴, 𝑡, 𝑠)[𝐹𝑦](𝑠)𝑑𝑠.

Hence condition (3.2) implies the inequality

∣𝑦∣𝑃𝐹 ≤ 𝐽𝐴(𝑞∣𝑦∣𝑃𝐹 + 𝑙).

Due to the Schauder fixed point theorem, we thus arrive at the following
result.

Theorem 12.3.1. Let the conditions (3.2) and

𝐽𝐴𝑞 < 1

hold. Then (3.1) has a nontrivial solution 𝑦. Moreover, it satisfies the inequality

∣𝑦∣𝑃𝐹 ≤ 𝐽𝐴𝑙

1− 𝐽𝐴𝑞
.
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12.4 Comments

The material of this chapter is adapted from the paper [28].

Periodic solutions (forced periodic oscillations) of nonlinear functional dif-
ferential equations (FDEs) have been studied by many authors, see for instance
[10, 66, 79] and references given therein. In many cases, the problem of the ex-
istence of periodic solutions of FDEs is reduced to the solvability of the corre-
sponding operator equations. But for the solvability conditions of the operator
equations, estimates for the Green functions of linear terms of equations are often
required. In the general case, such estimates are unknown. Because of this, the
existence results were established mainly for semilinear coupled systems of FDEs.



Chapter 13

Steady States of
Differential Delay Equations

In this chapter we investigate steady states of differential delay equations. Steady
states of many differential delay equations are described by equations of the type

𝐹0(𝑥) = 0,

where 𝐹0 : ℂ
𝑛 → ℂ𝑛 is a function satisfying various conditions. For example

consider the equation

𝑦̇(𝑡) = 𝐹1(𝑦(𝑡), 𝑦(𝑡− ℎ)),

where 𝐹1 maps ℂ
𝑛 × ℂ𝑛 into ℂ𝑛. Then the condition 𝑦(𝑡) ≡ 𝑥 ∈ ℂ𝑛 yields the

equation 𝐹1(𝑥, 𝑥) = 0. So in this case 𝐹0(𝑥) = 𝐹1(𝑥, 𝑥).

13.1 Systems of semilinear equations

In this chapter ∥.∥ is the Euclidean norm and

Ω(𝑟;ℂ𝑛) := {𝑥 ∈ ℂ
𝑛 : ∥𝑥∥ ≤ 𝑟}

for a positive 𝑟 ≤ ∞.
Let us consider in ℂ𝑛 the nonlinear equation

𝐴𝑥 = 𝐹 (𝑥), (1.1)

where 𝐴 is an invertible matrix, and 𝐹 continuously maps Ω(𝑟;ℂ𝑛) into ℂ𝑛.

Assume that there are positive constants 𝑞 and 𝑙, such that

∥𝐹 (ℎ)∥ ≤ 𝑞∥ℎ∥+ 𝑙 (ℎ ∈ Ω(𝑟;ℂ𝑛)). (1.2)
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Lemma 13.1.1. Under condition (1.2) with 𝑟 < ∞, let

∥𝐴−1∥(𝑞𝑟 + 𝑙) ≤ 𝑟. (1.3)

Then equation (1.1) has at least one solution 𝑥 ∈ Ω(𝑟;ℂ𝑛), satisfying the inequality

∥𝑥∥ ≤ ∥𝐴−1∥𝑙
1− 𝑞∥𝐴−1∥ . (1.4)

Proof. Set

Ψ(𝑦) = 𝐴−1𝐹 (𝑦) (𝑦 ∈ ℂ
𝑛).

Hence,

∥Ψ(𝑦)∥ ≤ ∥𝐴−1∥(𝑞∥𝑦∥+ 𝑙) ≤ ∥𝐴−1∥(𝑞𝑟 + 𝑙) ≤ 𝑟 (𝑦 ∈ Ω(𝑟;ℂ𝑛)). (1.5)

So due to the Brouwer Fixed Point theorem, equation (1.1) has a solution. More-
over, due to (1.3),

∥𝐴−1∥𝑞 < 1.

Now, using (1.5), we easily get (1.4). □

Put

𝑅(𝐴) =

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴)

𝑑𝑘+1
0 (𝐴)

√
𝑘!

where 𝑔(𝐴) is defined in Section 2.3, 𝑑0(𝐴) is the lower spectral radius. That is,
𝑑0(𝐴) is the minimum of the absolute values of the eigenvalues of 𝐴:

𝑑0(𝐴) := min
𝑘=1,...,𝑛

∣𝜆𝑘(𝐴)∣.

Due to Corollary 2.3.3,

∥𝐴−1∥ ≤ 𝑅(𝐴).

Now the previous lemma implies

Theorem 13.1.2. Under condition (1.2), let

𝑅(𝐴)(𝑞𝑟 + 𝑙) ≤ 𝑟.

Then equation (1.1) has at least one solution 𝑥 ∈ Ω(𝑟;ℂ𝑛), satisfying the inequality

∥𝑥∥ ≤ 𝑅(𝐴) 𝑙

1− 𝑞𝑅(𝐴)
.
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13.2 Essentially nonlinear systems

Consider the coupled system

𝑛∑
𝑘=1

𝑎𝑗𝑘(𝑥)𝑥𝑘 = 𝑓𝑗

(
𝑗 = 1, . . . , 𝑛; 𝑥 = (𝑥𝑗)

𝑛
𝑗=1 ∈ ℂ

𝑛
)
, (2.1)

where
𝑎𝑗𝑘 : Ω(𝑟;ℂ

𝑛)→ ℂ (𝑗, 𝑘 = 1, . . . , 𝑛)

are continuous functions and 𝑓 = (𝑓𝑗) ∈ ℂ𝑛 is given. We can write system (2.1)
in the form

𝐴(𝑥)𝑥 = 𝑓 (2.2)

with the matrix
𝐴(𝑧) = (𝑎𝑗𝑘(𝑧))

𝑛
𝑗,𝑘=1 (𝑧 ∈ Ω(𝑟;ℂ𝑛)).

Theorem 13.2.1. Let

inf
𝑧∈Ω(𝑟;ℂ𝑛)

𝑑0(𝐴(𝑧)) ≡ inf
𝑧∈Ω(𝑟;ℂ𝑛)

min
𝑘

∣𝜆𝑘(𝐴(𝑧))∣ > 0

and

𝜃𝑟 := sup
𝑧∈Ω(𝑟;ℂ𝑛)

𝑛−1∑
𝑘=0

𝑔𝑘(𝐴(𝑧))√
𝑘!𝑑𝑘+1

0 (𝐴(𝑧))
≤ 𝑟

∥𝑓∥ . (2.3)

Then system (2.1) has at least one solution 𝑥 ∈ Ω(𝑟;ℂ𝑛), satisfying the estimate

∥𝑥∥ ≤ 𝜃𝑟∥𝑓∥. (2.4)

Proof. Thanks to Corollary 2.3.3,

∥𝐴−1(𝑧)∥ ≤ 𝜃𝑟 (𝑧 ∈ Ω(𝑟;ℂ𝑛)).

Rewrite (2.2) as
𝑥 = Ψ(𝑥) ≡ 𝐴−1(𝑥)𝑓. (2.5)

Due to (2.3)
∥Ψ(𝑧)∥ ≤ 𝜃𝑟∥𝑓∥ ≤ 𝑟 (𝑧 ∈ Ω(𝑟;ℂ𝑛)).

So Ψ maps Ω(𝑟;ℂ𝑛) into itself. Now the required result is due to the Brouwer
Fixed Point theorem. □
Corollary 13.2.2. Let matrix 𝐴(𝑧) be normal:

𝐴∗(𝑧)𝐴(𝑧) = 𝐴(𝑧)𝐴∗(𝑧) (𝑧 ∈ Ω(𝑟;ℂ𝑛)).

If, in addition,
∥𝑓∥ ≤ 𝑟 inf

𝑧∈Ω(𝑟;ℂ𝑛)
𝑑0(𝐴(𝑧)), (2.6)

then system (2.1) has at least one solution 𝑥 satisfying the estimate

∥𝑥∥ ≤ ∥𝑓∥
inf𝑧∈Ω(𝑟;ℂ𝑛) 𝑑0(𝐴(𝑧))

.
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Indeed, if 𝐴(𝑧) is normal, then 𝑔(𝐴(𝑧)) ≡ 0 and

𝜃𝑟 =
1

inf𝑧∈Ω(𝑟;ℂ𝑛) 𝑑0(𝐴(𝑧))
.

Corollary 13.2.3. Let matrix 𝐴(𝑧) be upper triangular:

𝑛∑
𝑘=𝑗

𝑎𝑗𝑘(𝑥)𝑥𝑘 = 𝑓𝑗 (𝑗 = 1, . . . , 𝑛). (2.7)

In addition to the notation

𝜏(𝐴(𝑧)) :=
∑

1≤𝑗<𝑘≤𝑛

∣𝑎𝑗𝑘(𝑧)∣2, and 𝑎̃(𝑧) := min
𝑗=1,...,𝑛

∣𝑎𝑗𝑗(𝐴(𝑧)∣,

let

sup
𝑧∈Ω(𝑟;ℂ𝑛)

𝑛−1∑
𝑘=0

𝜏𝑘(𝐴(𝑧))√
𝑘!𝑎̃𝑘+1(𝑧)

≤ 𝑟

∥𝑓∥ . (2.8)

Then system (2.7) has at least one solution 𝑥 ∈ Ω(𝑟;ℂ𝑛).

Indeed, this result is due to Theorem 13.2.1, since the eigenvalues of a trian-
gular matrix are its diagonal entries, and

𝑔(𝐴(𝑧)) ≤ 𝜏(𝐴(𝑧)) and 𝑑0(𝐴(𝑧)) = 𝑎̃(𝑧).

A similar result is true for lower triangular systems.

Note that according to the relation

𝑔(𝐴0) ≤
√
1/2𝑁2(𝐴

∗
0 −𝐴0)

for any constant matrix 𝐴0 (see Section 2.3), in the general case, 𝑔(𝐴(𝑧)) can be
replaced by the simply calculated quantity

𝑣(𝐴(𝑧)) =
√
1/2𝑁2(𝐴

∗(𝑧)−𝐴(𝑧)) =

[
1

2

𝑛∑
𝑘=1

∣𝑎𝑗𝑘(𝑧)− 𝑎𝑘𝑗(𝑧)∣2
]1/2

. (2.9)

Example 13.2.4. Let us consider the system

𝑎𝑗1(𝑥)𝑥1 + 𝑎𝑗2(𝑥)𝑥2 = 𝑓𝑗 (𝑥 = (𝑥1, 𝑥2) ∈ ℂ
2), (2.10)

where 𝑓𝑗 are given numbers, and continuous scalar-valued functions

𝑎𝑗𝑘 (𝑗, 𝑘 = 1, 2)

are defined on
Ω(𝑟;ℂ2) ≡ {𝑧 ∈ ℂ

2 : ∥𝑧∥ ≤ 𝑟}.
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Due to (2.9)
𝑔(𝐴(𝑧)) ≤ ∣𝑎21(𝑧)− 𝑎12(𝑧)∣.

In addition, 𝜆1,2(𝐴(𝑧)) are the roots of the polynomial

𝑦2 − 𝑡(𝑧)𝑦 + 𝑏(𝑧),

where
𝑡(𝑧) = Trace(𝐴(𝑧)) = 𝑎11(𝑧) + 𝑎22(𝑧)

and
𝑏(𝑧) = det (𝐴(𝑧)) = 𝑎11(𝑧)𝑎22(𝑧)− 𝑎12(𝑧)𝑎21(𝑧).

Then
𝑑0(𝐴(𝑧)) := min

𝑘=1,2
∣𝜆𝑘(𝐴(𝑧))∣.

Moreover, if inf𝑧∈Ω(𝑟;ℂ2) 𝑑0(𝐴(𝑧)) > 0, then

𝜃𝑟 ≤ 𝜃𝑟 := sup
𝑧∈Ω(𝑟;ℂ2)

1

𝑑0(𝐴(𝑧))
+

∣𝑎21(𝑧)− 𝑎12(𝑧)∣
𝑑20(𝐴(𝑧))

.

If
∥𝑓∥𝜃𝑟 ≤ 𝑟,

then due to Theorem 13.2.1, system (2.10) has a solution.

13.3 Nontrivial steady states

Consider the system

𝐹𝑗(𝑥) = 0 (𝑗 = 1, . . . , 𝑛; 𝑥 = (𝑥𝑗)
𝑛
𝑗=1 ∈ ℂ

𝑛 ), (3.1)

where functions 𝐹𝑗 : Ω(𝑟;ℂ
𝑛)→ ℂ admit the representation

𝐹𝑗(𝑥) = 𝜓𝑗(𝑥)

(
𝑛∑

𝑘=1

𝑎𝑗𝑘(𝑥)𝑥𝑘 − 𝑓𝑗

)
(𝑗 = 1, . . . , 𝑛). (3.2)

Here 𝜓𝑗 : Ω(𝑟;ℂ
𝑛) → ℂ are functions with the property 𝜓𝑗(0) = 0, 𝑎𝑗𝑘 :

Ω(𝑟;ℂ𝑛)→ ℂ are continuous functions, and 𝑓𝑗 (𝑗, 𝑘 = 1, . . . , 𝑛) are given numbers.
Again put

𝐴(𝑧) = (𝑎𝑗𝑘(𝑧))
𝑛
𝑗,𝑘=1 (𝑧 ∈ Ω(𝑟;ℂ𝑛))

assuming that it is invertible on Ω(𝑟;ℂ𝑛).

In the rest of this section it is assumed that at least one of the numbers 𝑓𝑗 is
non-zero. Then

∥𝐴(𝑥̂)∥∥𝑥̂∥ ≥ ∥𝑓∥ > 0
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for any solution 𝑥 ∈ Ω(𝑟;ℂ𝑛) of equation (2.2) (if it exists). So 𝑥 is non-trivial.
Obviously, (3.1) has the trivial (zero) solution. Moreover, if (2.2) has a solution
𝑥̂ ∈ Ω(𝑟;ℂ𝑛), then it is simultaneously a solution of (3.1).

Now Theorem 13.2.1 implies

Theorem 13.3.1. Let condition (2.3) hold. Then system (3.1) with 𝐹𝑗 defined by
(3.2) has at least two solutions: the trivial solution and a nontrivial one satisfying
inequality (2.4).

In addition, the previous theorem and Corollary 13.2.2 yield

Corollary 13.3.2. Let matrix 𝐴(𝑧) be normal for any 𝑧 ∈ Ω(𝑟;ℂ𝑛) and condition
(2.6) hold. Then system (3.1) has at least two solutions: the trivial solution and a
nontrivial one belonging to Ω(𝑟;ℂ𝑛).

Theorem 13.3.2 and Corollary 13.2.3 imply

Corollary 13.3.3. Let matrix 𝐴(𝑧) be upper triangular for any 𝑧 ∈ Ω(𝑟;ℂ𝑛). Then
under condition (2.8), system (3.1) has at least two solutions: the trivial solution
and a nontrivial one belonging to Ω(𝑟;ℂ𝑛).

A similar result is valid if 𝐴(𝑧) is lower triangular.

Example 13.3.4. Let us consider the system

𝜓𝑗(𝑥1, 𝑥2)(𝑎𝑗1(𝑥)𝑥1 + 𝑎𝑗2(𝑥)𝑥2 − 𝑓𝑗) = 0 (𝑥 = (𝑥1, 𝑥2) ∈ ℂ
2) (3.3)

where functions 𝜓𝑗 : Ω(𝑟;ℂ
𝑛) → ℂ have the property 𝜓𝑗(0, 0) = 0. In addition,

𝑓𝑗, 𝑎𝑗𝑘 (𝑗, 𝑘 = 1, 2) are the same as in Example 13.2.4. Assume that at least one
of the numbers 𝑓1, 𝑓2 is non-zero. Then due to Theorem 13.3.1, under conditions
(2.3), system (3.3) has in Ω(𝑟;ℂ𝑛) at least two solutions.

13.4 Positive steady states

Consider the coupled system

𝑢𝑗 −
𝑛∑

𝑘=1, 𝑘 ∕=𝑗

𝑎𝑗𝑘(𝑢)𝑢𝑘 = 𝐹𝑗(𝑢) (𝑗 = 1, . . . , 𝑛), (4.1)

where

𝑎𝑗𝑘, 𝐹𝑗 : Ω(𝑟;ℂ
𝑛)→ ℝ (𝑗 ∕= 𝑘; 𝑗, 𝑘 = 1, . . . , 𝑛)

are continuous functions. For instance, the coupled system

𝑛∑
𝑘=1

𝑤𝑗𝑘(𝑢)𝑢𝑘 = 𝑓𝑗 (𝑗 = 1, . . . , 𝑛), (4.2)



13.4. Positive steady states 223

where 𝑓𝑗 are given real numbers, 𝑤𝑗𝑘 : Ω(𝑟;ℂ
𝑛) → ℝ are continuous functions,

can be reduced to (4.1) with

𝑎𝑗𝑘(𝑢) ≡ −𝑤𝑗𝑘(𝑢)

𝑤𝑗𝑗(𝑢)
and 𝐹𝑗(𝑢) ≡ 𝑓𝑗

𝑤𝑗𝑗(𝑢)
,

provided
𝑤𝑗𝑗(𝑧) ∕= 0 (𝑧 ∈ Ω(𝑟;ℂ𝑛); 𝑗 = 1, . . . , 𝑛). (4.3)

Put
𝑐𝑟(𝐹 ) = sup

𝑧∈Ω(𝑟;ℂ𝑛)

∥𝐹 (𝑧)∥.

Denote

𝑉+(𝑧) :=

⎛
⎜⎜⎝
0 𝑎12(𝑧) . . . 𝑎1𝑛(𝑧)
0 0 . . . 𝑎2𝑛(𝑧)
. . . . . .
0 0 . . . 0

⎞
⎟⎟⎠ ,

𝑉−(𝑧) :=

⎛
⎜⎜⎝

0 . . . 0 0
𝑎21(𝑧) . . . 0 0

. . . . .
𝑎𝑛1(𝑧) . . . 𝑎𝑛,𝑛−1(𝑧) 0

⎞
⎟⎟⎠ .

Recall that 𝑁2(𝐴) is the Frobenius norm of a matrix 𝐴. So

𝑁2
2 (𝑉+(𝑧)) =

𝑛−1∑
𝑗=1

𝑛∑
𝑘=𝑗+1

𝑎2𝑗𝑘(𝑧), 𝑁2
2 (𝑉−(𝑧)) =

𝑛∑
𝑗=1

𝑗−1∑
𝑘=2

𝑎2𝑗𝑘(𝑧).

In addition, put

𝐽𝑅𝑛(𝑉±(𝑧)) ≡
𝑛−1∑
𝑘=0

𝑁𝑘
2 (𝑉±(𝑧))√

𝑘!
.

Theorem 13.4.1. Let the conditions

𝛼𝑟 ≡ max{ inf
𝑧∈Ω𝑟

(
1

𝐽𝑅𝑛(𝑉−(𝑧))
− ∥𝑉+(𝑧)∥), inf

𝑧∈Ω𝑟

(
1

𝐽𝑅𝑛(𝑉+(𝑧))
− ∥𝑉−(𝑧)∥)} > 0

and
𝑐𝑟(𝐹 ) < 𝑟𝛼𝑟(Ω𝑟)

hold. Then system (4.1) has at least one solution 𝑢 ∈ Ω(𝑟;ℂ𝑛) satisfying the
inequality

∥𝑢∥ ≤ 𝑐𝑟(𝐹 )

𝛼𝑟(Ω𝑟)
.

In addition, let 𝑎𝑗𝑘(𝑧) ≥ 0 and 𝐹𝑗(𝑧) ≥ 0 (𝑗 ∕= 𝑘; 𝑗, 𝑘 = 1, . . . , 𝑛) for all 𝑧 from
the ball

{𝑧 ∈ ℝ
𝑛 : ∥𝑧∥ ≤ 𝑐𝑟(𝐹 )

𝛼𝑟(Ω𝑟)
}.

Then the solution 𝑢 of (4.1) is non-negative

For the proof see [34].
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13.5 Systems with differentiable entries

Consider the system

𝑓𝑘(𝑦1, . . . , 𝑦𝑛) = ℎ𝑘 ∈ ℂ (𝑘 = 1, . . . , 𝑛),

where 𝑓𝑗(𝑥) = 𝑓𝑗(𝑥1, 𝑥2, . . . , 𝑥𝑛), 𝑓𝑗(0) = 0 (𝑗 = 1, . . . , 𝑛) are scalar-valued
continuously differentiable functions defined on ℂ𝑛. Put 𝐹 (𝑥) = (𝑓𝑗(𝑥))

𝑛
𝑗=1 and

𝐹 ′(𝑥) =
(
∂𝑓𝑖(𝑥)

∂𝑥𝑗

)𝑛

𝑖,𝑗=1

.

That is, 𝐹 ′(𝑥) is the Jacobian matrix. Rewrite the considered system as

𝐹 (𝑦) = ℎ ∈ ℂ
𝑛. (5.1)

For a positive number 𝑟 ≤ ∞ assume that

𝜌0(𝑟) ≡ min
𝑥∈Ω(𝑟;ℂ𝑛)

𝑑0(𝐹
′(𝑥)) = min

𝑥∈Ω(𝑟;ℂ𝑛)
min

𝑘
∣𝜆𝑘(𝐹

′(𝑥))∣ > 0, (5.2)

and
𝑔0(𝑟) = max

𝑥∈Ω(𝑟;ℂ𝑛)
𝑔(𝐹 ′(𝑥)) < ∞. (5.3)

Finally put

𝑝(𝐹, 𝑟) ≡
𝑛−1∑
𝑘=0

𝑔𝑘
0 (𝑟)√

𝑘!𝜌𝑘+1
0 (𝑟)

.

Theorem 13.5.1. Let 𝑓𝑗(𝑥) = 𝑓𝑗(𝑥1, 𝑥2, . . . , 𝑥𝑛), 𝑓𝑗(0) = 0 (𝑗 = 1, . . . , 𝑛) be
scalar-valued continuously differentiable functions, defined on Ω(𝑟;ℂ𝑛). Assume
that conditions (5.2) and (5.3) hold. Then for any ℎ ∈ ℂ𝑛 with the property

∥ℎ∥ ≤ 𝑟

𝑝(𝐹, 𝑟)
,

there is a solution 𝑦 ∈ ℂ
𝑛 of system (5.1) which subordinates to the inequality

∥𝑦∥ ≤ ∥ℎ∥
𝑝(𝐹, 𝑟)

.

For the proof of this result see [22].

13.6 Comments

This chapter is based on the papers [22] and [34].



Chapter 14

Multiplicative Representations
of Solutions

In this chapter we suggest a representation for solutions of differential delay equa-
tions via multiplicative operator integrals.

14.1 Preliminary results

Let 𝑋 be a Banach space with the unit operator 𝐼, and 𝐴 be a bounded linear
operator acting in 𝑋 .

A family 𝑃 (𝑡) of projections in 𝑋 defined on a finite real segment [𝑎, 𝑏] is
called a resolution of the identity, if it satisfies the following conditions:

1) 𝑃 (𝑎) = 0, 𝑃 (𝑏) = 𝐼,

2) 𝑃 (𝑡)𝑃 (𝑠) = 𝑃 (min{𝑡, 𝑠}) (𝑡, 𝑠 ∈ [𝑎, 𝑏])
and

3) sup
𝑡∈[𝑎,𝑏]

∥𝑃 (𝑡)∥𝑋 < ∞.

A resolution of the identity 𝑃 (𝑡) is said to be the spectral resolution of 𝐴, if

𝑃 (𝑡)𝐴𝑃 (𝑡) = 𝐴𝑃 (𝑡) (𝑡 ∈ [𝑎, 𝑏]). (1.1)

We will say that 𝐴 has a vanishing diagonal, if it has a spectral resolution 𝑃 (𝑡) (𝑎 ≤
𝑡 ≤ 𝑏), and with the notation

Δ𝑃𝑘 = Δ𝑃𝑘,𝑛 = 𝑃 (𝑡
(𝑛)
𝑘 )−𝑃 (𝑡

(𝑛)
𝑘−1) (𝑘 = 1, . . . , 𝑛; 𝑎 = 𝑡

(𝑛)
0 < 𝑡

(𝑛)
1 < ⋅ ⋅ ⋅ < 𝑡(𝑛)𝑛 = 𝑏),

the sums

𝐷𝑛 :=
𝑛∑

𝑘=1

Δ𝑃𝑘𝐴Δ𝑃𝑘

tend to zero in the operator norm, as max𝑘 ∣𝑡(𝑛)𝑘 − 𝑡
(𝑛)
𝑘−1∣ → 0.

DOI 10.1007/978-3-0348-0 -3_14, © Springer Basel 2013 577
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Lemma 14.1.1. Let a bounded linear operator 𝐴 acting in 𝑋 have a spectral res-
olution 𝑃 (𝑡) (𝑎 ≤ 𝑡 ≤ 𝑏) and a vanishing diagonal. Then the sequence of the
operators

𝑍𝑛 =

𝑛∑
𝑘=1

𝑃 (𝑡𝑘−1)𝐴Δ𝑃𝑘

converges to 𝐴 in the operator norm as max𝑘 ∣𝑡(𝑛)𝑘 − 𝑡
(𝑛)
𝑘−1∣ tends to zero.

Proof. Thanks to (1.1) Δ𝑃𝑗𝐴Δ𝑃𝑘 for 𝑗 > 𝑘. So

𝐴 =

𝑛∑
𝑗=1

𝑛∑
𝑘=1

Δ𝑃𝑗𝐴Δ𝑃𝑘 =

𝑛∑
𝑘=1

𝑘∑
𝑗=1

Δ𝑃𝑗𝐴Δ𝑃𝑘 = 𝑍𝑛 +𝐷𝑛.

By the assumption 𝐷𝑛 → 0 as 𝑛 → ∞. Thus 𝑍𝑛 − 𝐴 = 𝐷𝑛 → 0 as 𝑛 → ∞, as
claimed. □

For bounded operators 𝐴1, 𝐴2, . . . , 𝐴𝑗 put

→∏
1≤𝑘≤𝑗

𝐴𝑘 ≡ 𝐴1𝐴2, . . . 𝐴𝑗 .

That is, the arrow over the symbol of the product means that the indexes of the
co-factors increase from left to right.

Lemma 14.1.2. Let {𝑃𝑘}𝑛
𝑘=0 (𝑛 < ∞) be an increasing chain of projections in 𝑋.

That is,

0 = range𝑃0 ⊂ range𝑃𝑛−1 ⊂ ⋅ ⋅ ⋅ ⊂ range 𝑃𝑛 = 𝐼.

Suppose a linear operator 𝑊 in 𝑋 satisfies the relation

𝑃𝑘−1𝑊𝑃𝑘 =𝑊𝑃𝑘 for 𝑘 = 1, 2, . . . , 𝑛.

Then 𝑊 is a nilpotent operator and

(𝐼 −𝑊 )−1 =

→∏
2≤𝑘≤𝑛

(𝐼 +𝑊𝑘)

with 𝑊𝑘 =𝑊 (𝑃𝑘 − 𝑃𝑘−1).

Proof. Taking into account that 𝑃𝑛 = 𝐼 and 𝑊𝑃1 = 0, we can write down

𝑊 𝑗 =𝑊𝑃𝑛−𝑗+1𝑊𝑃𝑛−𝑗+2 ⋅ ⋅ ⋅𝑃𝑛−1𝑊𝑃𝑛.

Hence

𝑊𝑛 = 0, (1.2)
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i.e., 𝑊 is a nilpotent operator. Besides,

𝑊𝑃𝑚 =

𝑚∑
𝑘=1

𝑊𝑘 (𝑚 ≤ 𝑛)

and thus
𝑊 𝑗 =

∑
2≤𝑘1<𝑘2<⋅⋅⋅<𝑘𝑗≤𝑛

𝑊𝑘1𝑊𝑘2 . . .𝑊𝑘𝑗 .

Furthermore, we have

→∏
2≤𝑘≤𝑛

(𝐼 +𝑊𝑘) = 𝐼 +

𝑛∑
𝑘=2

𝑊𝑘 +
∑

2≤𝑘1<𝑘2≤𝑛

𝑊𝑘1𝑊𝑘2 + ⋅ ⋅ ⋅+𝑊2𝑊3 . . .𝑊𝑛.

Simple calculations show that

→∏
2≤𝑘≤𝑛

(𝐼 +𝑊𝑘) =
𝑛−1∑
𝑗=1

𝑊 𝑗 .

But thanks to (1.2) it follows that

(𝐼 −𝑊 )−1 =

𝑛−1∑
𝑗=1

𝑊 𝑗 .

This proves the result. □

Furthermore, let 𝑃 (𝑡) be a resolution of the identity in 𝑋 and let 𝐹 (𝑡) be a
function defined on [𝑎, 𝑏], whose values are bounded operators in 𝑋 and continuous
in 𝑡 in the operator topology. Introduce the right multiplicative integral∫ →

[𝑎,𝑏]

(𝐼 + 𝐹 (𝑠) 𝑑𝑃 (𝑠))

as the limit in the operator norm (if it exists) of the sequence of the products

→∏
1≤𝑘≤𝑛

(𝐼 + 𝐹 (𝑡𝑘)Δ𝑃𝑘),

as max𝑘 ∣𝑡(𝑛)𝑘 − 𝑡
(𝑛)
𝑘−1∣ tends to zero. In particular,∫ →

[𝑎,𝑏]

(𝐼 +𝐴𝑑𝑃 (𝑠))

denotes the limit in the operator norm of the sequence of the products

→∏
1≤𝑘≤𝑛

(𝐼 +𝐴Δ𝑃𝑘).
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Similarly, the left multiplicative integral is defined as the limit in the operator
norm (if it exists) of the sequence of the products

←∏
1≤𝑘≤𝑛

(𝐼 + 𝐹 (𝑡𝑘)Δ𝑃𝑘) = (𝐼 + 𝐹 (𝑡𝑛)Δ𝑃𝑛)(𝐼 + 𝐹 (𝑡𝑛−1)Δ𝑃𝑛−1) . . . (𝐼 + 𝐹 (𝑡1)Δ𝑃1).

The left multiplicative integral is denoted by∫ ←

[𝑎,𝑏]

(𝐼 + 𝐹 (𝑠) 𝑑𝑃 (𝑠)).

Lemma 14.1.3. Let a linear operator 𝐴 have a continuous spectral resolution 𝑃 (𝑡)
defined on a segment [𝑎, 𝑏] and a vanishing diagonal. Then

(𝐼 −𝐴)−1 =

∫ →

[𝑎,𝑏]

(1 +𝐴𝑑𝑃 (𝑡)).

Proof. By Lemma 14.1.1,𝐴 is the limit in the operator norm of 𝑍𝑛. Due to Lemma
14.1.2,

(𝐼 − 𝑍𝑛)
−1 =

→∏
1≤𝑘≤𝑛

(𝐼 + 𝑍𝑛Δ𝑃𝑘).

Hence letting 𝑛 → ∞, we get the required result. □

14.2 Volterra equations

Let ℂ𝑛 be a complex Euclidean space and 𝐶(0, 𝑇 ) = 𝐶([0, 𝑇 ],ℂ𝑛) (𝑇 < ∞).
Consider in ℂ𝑛 the equation

𝑥(𝑡)−
∫ 𝑡

0

𝐾(𝑡, 𝑠)𝑥(𝑠)𝑑𝑠 = 𝑓(𝑡) (2.1)

where 𝐾(𝑡, 𝑠) is a matrix kernel, such that

𝐾(𝑡, 𝑠) = 0 (0 ≤ 𝑠 < 𝑡 ≤ 𝑇 ). (2.2)

In addition, 𝐾(𝑡, 𝑠) is continuous in 𝑡 and Reimann-integrable in 𝑠, and 𝑓 is
Reimann-integrable. It is not hard to check the operator 𝑉 defined by

(𝑉 𝑤)(𝑡) =

∫ 𝑡

0

𝐾(𝑡, 𝑠)𝑤(𝑠) 𝑑𝑠 (𝑤 ∈ 𝐶(0, 𝑇 )) (2.3)

is a compact operator in 𝐶(0, 𝑇 ).

For each 𝜏 ∈ (0, 𝑇 ) we define the projection 𝑄(𝜏) by

(𝑄(𝜏)𝑤)(𝑡) :=

{
0 if 𝜏 < 𝑡 ≤ 𝑇,

𝑤(𝑡) if 0 ≤ 𝑡 ≤ 𝜏.
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In addition, 𝑄(0) = 0 and 𝑄(𝑇 ) = 𝐼 – the identity operator in 𝐶(0, 𝑇 ). Then,

𝑄(𝜏)𝑉 𝑄(𝜏) = 𝑄(𝜏)𝑉, 𝜏 ∈ [0, 𝑇 ],
𝑉 𝑑𝑃 (𝜏)𝑤(𝑡) = 0 if 𝑡 ∕= 𝜏 and

𝑉 𝑑𝑃 (𝜏)𝑤(𝜏) = 𝐾(𝑡, 𝜏)𝑤(𝜏)𝑑𝜏 (𝑤 ∈ 𝐶(0, 𝑇 )).

If we put 𝑃 (𝜏) = 𝐼 −𝑄(𝑇 − 𝜏), then we obtain

(𝐼 − 𝑃 (𝜏))𝑉 (𝐼 − 𝑃 (𝜏)) = (𝐼 − 𝑃 (𝜏))𝑉.

Otherwise 𝑃 (𝜏)𝑉 𝑃 (𝜏) = 𝑉 𝑃 (𝜏). Consequently, 𝑃 (𝑡) is the spectral resolution of
𝑉 . Moreover, relation (2.2) and simple calculations show that 𝑉 has a vanishing
diagonal with respect to 𝑃 (𝜏).

So we can use Lemma 14.1.3. It asserts that (𝐼 − 𝑉 )−1 is the limit in the
operator norm of the products

→∏
2≤𝑘≤𝑚

(𝐼 + 𝑉Δ𝑃 (𝑡𝑘))

which are equivalent to the products

←∏
1≤𝑘≤𝑚−1

(𝐼 + 𝑉Δ𝑄(𝑡𝑘)).

So we have proved the following result.

Theorem 14.2.1. One has

(𝐼 − 𝑉 )−1 =

∫ ←

[0,𝑇 ]

(𝐼 + 𝑉 𝑑𝑄(𝑠)).

14.3 Differential delay equations

Consider the equation

𝑦̇(𝑡) =

∫ 𝜂

0

𝐴(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠+
𝑚∑

𝑘=0

𝐵𝑘(𝑡)𝑦(𝑡− ℎ𝑘) + 𝑓(𝑡) (𝑡 ≥ 0; 𝑚 < ∞) (3.1)

where 𝑓 ∈ 𝐶(0, 𝑇 ), and 0 ≤ ℎ0 < ℎ1 < ⋅ ⋅ ⋅ < ℎ𝑚 ≤ 𝜂 < ∞ are constants, 𝐵𝑘(𝑡)
are continuous matrices and 𝐴(𝑡, 𝑠) is Riemann integrable in 𝑠 and continuous in
𝑡. Take the zero initial condition

𝑦(𝑡) = 0, 𝑡 ≤ 0 (3.2)

and integrate (3.1). Then

𝑦(𝑡) =

∫ 𝑡

0

[∫ 𝜂

0

𝐴(𝑡1, 𝑠)𝑦(𝑡1 − 𝑠)𝑑𝑠+

𝑚∑
𝑘=0

𝐵𝑘(𝑡1)𝑦(𝑡1 − ℎ𝑘)

]
𝑑𝑡1 + 𝑓1(𝑡1), (3.3)
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where

𝑓1(𝑡) =

∫ 𝑡

0

𝑓(𝑡1)𝑑𝑡1.

Take into account that according to (3.2),∫ 𝜂

0

𝐴(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠 =

∫ 𝑡

0

𝐴(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠, 𝑡 ≤ 𝜂 .

Put

𝐴1(𝑡, 𝑠) :=

{
𝐴(𝑡, 𝑠) if 𝑠 ≤ 𝜂 ,

0 if 𝑠 > 𝜂 .

Then ∫ 𝜂

0

𝐴(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠 =

∫ 𝑡

0

𝐴1(𝑡, 𝑠)𝑦(𝑡− 𝑠)𝑑𝑠.

Hence, ∫ 𝑡

0

∫ 𝜂

0

𝐴(𝑡1, 𝑠)𝑦(𝑡1 − 𝑠)𝑑𝑠𝑑𝑡1 =

∫ 𝑡

0

∫ 𝑡1

0

𝐴1(𝑡1, 𝑡1 − 𝜏)𝑦(𝜏)𝑑𝜏𝑑𝑡1

=

∫ 𝑡

0

𝐾1(𝑡, 𝜏)𝑦(𝜏)𝑑𝜏,

where

𝐾1(𝑡, 𝜏) =

∫ 𝑡

𝜏

𝐴1(𝑡1, 𝑡1 − 𝜏)𝑑𝑡1.

Moreover,∫ 𝑡

0

𝐵𝑘(𝑡1)𝑦(𝑡1 − ℎ𝑘)𝑑𝑡1 =

∫ 𝑡

ℎ𝑘

𝐵𝑘(𝑡1)𝑦(𝑡1 − ℎ𝑘)𝑑𝑡1

=

∫ 𝑡−ℎ𝑘

0

𝐵𝑘(𝜏 + ℎ𝑘)𝑦(𝜏)𝑑𝜏 =

∫ 𝑡

0

𝐵̂𝑘(𝑡, 𝜏)𝑦(𝜏)𝑑𝜏,

where

𝐵̂𝑘(𝑡, 𝜏) :=

{
𝐵𝑘(𝜏 + ℎ𝑘) if 𝜏 ≤ 𝑡− ℎ𝑘,

0 if 𝜏 > 𝑡− ℎ𝑘.

Thus equation (3.1) can be written as equation (2.1) with 𝑓 = 𝑓1 and

𝐾(𝑡, 𝜏) = 𝐾1(𝑡, 𝜏) +

𝑚∑
𝑘=0

𝐵̂𝑘(𝑡, 𝜏).

Now we can directly apply Theorem 14.2.1.

14.4 Comments

The results of this chapter are probably new.



Appendix A

The General Form of Causal Operators

The aim of this appendix is to establish the general form of a linear bounded
causal operator acting in space 𝐶(0, 𝑇 ) of continuous real functions defined on a
finite segment [0, 𝑇 ] with the sup-norm ∥.∥𝐶(0,𝑇 ).

Let Σ𝑇 be the 𝜎-algebra of the Borel subsets of [0, 𝑇 ].

Lemma A.1. Let 𝐴 be a bounded linear operator acting in 𝐶(0, 𝑇 ). Then there is
a scalar function 𝑚 defined on [0, 𝑇 ]× Σ𝑇 additive and having bounded variation
var𝑚(𝑡, .) with respect to the second argument, such that

𝑚(.,Δ) ∈ 𝐶(0, 𝑇 ) (Δ ∈ Σ𝑇 ) and sup
𝑡∈[0,𝑇 ]

var𝑚(𝑡, .) ≤ ∥𝐴∥𝐶(0,𝑇 ) (1)

and

[𝐴𝑓 ](𝑡) =

∫ 𝑇

0

𝑓(𝑠)𝑚(𝑡, 𝑑𝑠) (0 ≤ 𝑡 ≤ 𝑇 ; 𝑓 ∈ 𝐶(0, 𝑇 )). (2)

Proof. Let

0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑛 = 𝑇, Δ𝑘 = 𝑡𝑘 − 𝑡𝑘−1 (𝑘 = 1, . . . , 𝑛).

Take a piece-wise constant function,

𝑓𝑛 =

𝑛∑
𝑘=1

𝑐𝑘𝜒(Δ𝑘),

where 𝜒 is the characteristic function:

(𝜒(Δ))(𝑡) =

{
1 if 𝑡 ∈ (Δ),
0 if 𝑡 ∕∈ (Δ)

for any Δ ∈ Σ𝑇 . It is clear that 𝐴 can be defined on piece-wise constant functions.

Then

(𝐴𝑓𝑛)(𝑡) =

𝑛∑
𝑘=1

𝑐𝑘(𝐴𝜒(Δ𝑘))(𝑡) =

𝑛∑
𝑘=1

𝑐𝑘𝑚(𝑡,Δ𝑘),
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where 𝑚(𝑡,Δ) = (𝐴𝜒(Δ))(𝑡). Hence letting max𝑘 ∣𝑡𝑘 − 𝑡𝑘−1∣ → 0, we get (2).
Clearly,

𝑛∑
𝑘=1

𝑚(𝑡,Δ𝑘) ≤ ∥𝐴∥𝐶(0,𝑇 )∥
𝑛∑

𝑘=1

𝜒(Δ𝑘)∥𝐶(0,𝑇 ) = ∥𝐴∥𝐶(0,𝑇 ) (𝑡 ∈ (0, 𝑇 )).

So variation of 𝑚(𝑡, .) is less than or is equal to ∥𝐴∥𝐶(0,𝑇 ). This completes the
proof. □

Note that a result similar to the preceding lemma is well known [16].

Put 𝜈(𝑡, 𝑠) = 𝑚(𝑡, [0, 𝑠]). So 𝜈(𝑡, 𝑠) = 𝑚(𝑡, [0, 𝑠]) = (𝐴𝜒[0, 𝑠])(𝑡). Now (2) can
be written as

[𝐴𝑓 ](𝑡) =

∫ 𝑇

0

𝑓(𝑠)𝑑𝑠𝜈(𝑡, 𝑠). (3)

If, in addition, 𝐴 is positive then 𝜈(𝑡, 𝑠) is non-decreasing in 𝑠.

Let us turn now to the causal mappings. For all 𝜏 ∈ (0, 𝑇 ) and 𝑤 ∈ 𝐶(0, 𝑇 ),
let the projections 𝑃𝜏 be defined by

(𝑃𝜏𝑤)(𝑡) =

{
𝑤(𝑡) if 0 ≤ 𝑡 ≤ 𝜏 ,

0 if 𝜏 < 𝑡 ≤ 𝑇 .

In addition, 𝑃𝑇 = 𝐼, 𝑃0 = 0.

We have 𝑃𝜏𝐶(0, 𝑇 ) = 𝐶(0, 𝜏). Clearly, for any 𝑤 ∈ 𝐶(0, 𝑇 ), the function
𝑃𝜏𝑤 is in 𝐵(0, 𝑇 ), where 𝐵(0, 𝑇 ) is the Banach space of all bounded functions
defined on [0, 𝑇 ] with the same sup-norm ∥.∥𝐶(0,𝑇 ). Since 𝐶(0, 𝑇 ) is embedded
into 𝐵(0, 𝑇 ), the equality

𝑃𝜏𝐴𝑃𝜏𝑤 = 𝑃𝜏𝐴𝑤 (𝑤 ∈ 𝐶(0, 𝑇 ); 𝜏 ∈ [0, 𝑇 ]) (4)

has a sense.

Recall that a bounded linear operator 𝐴 is said to be causal, if (4) is fulfilled
(see Section 1.8).

Theorem A.2. Let 𝐴 be a bounded causal linear operator acting in 𝐶(0, 𝑇 ). Then
there is a function 𝜇(𝑡, 𝑠) defined on [0, 𝑇 ]2, having bounded variation with respect
to the second argument, and continuous with respect to the first argument, such
that

[𝐴𝑓 ](𝑡) =

∫ 𝑡

0

𝑓(𝑠)𝑑𝑠𝜇(𝑡, 𝑠) (𝑓 ∈ 𝐶(0, 𝑇 ), 0 ≤ 𝑡 ≤ 𝑇 ).

Proof. According to (3) we obtain,

[𝑃𝜏𝐴𝑓 ](𝑡) =

∫ 𝑇

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝑡, 𝑠),
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and

[𝑃𝜏𝐴𝑃𝜏𝑓 ](𝑡) =

∫ 𝜏

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝑡, 𝑠) (0 ≤ 𝜏 < 𝑇 ),

where 𝜈𝜏 (𝑡, 𝑠) = 0 for 𝑡 > 𝜏 and 𝜈𝜏 (𝑡, 𝑠) = 𝜈(𝑡, 𝑠) for 𝑡 ≤ 𝜏 . Due to (4) we get

∫ 𝑇

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝑡, 𝑠) =

∫ 𝜏

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝑡, 𝑠).

Take 𝑡 = 𝜏 . Then ∫ 𝑇

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝜏, 𝑠) =

∫ 𝜏

0

𝑓(𝑠)𝑑𝑠𝜈𝜏 (𝜏, 𝑠).

Hence 𝜈𝜏 (𝜏, 𝑠) = 0 for 𝑠 > 𝜏 . So taking 𝜇(𝑡, 𝑠) = 𝜈𝑡(𝜏, 𝑠) we prove the theorem. □

Theorem A.2 appears in [40].
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Infinite Block Matrices

This appendix contains the proofs of the results applied in Chapter 7. It deals with
infinite block matrices having compact off diagonal parts. Bounds for the spectrum
are established and estimates for the norm of the resolvent are proposed. The main
tool in this appendix is the so-called 𝜋-triangular operators defined below. The
appendix is organized as follows. It consists of 7 sections. In this section we define
the 𝜋-triangular operators. In Section B.2 some properties of Volterra operators
are considered. In Section B.3 we establish the norm estimates and multiplicative
representation for the resolvents of 𝜋-triangular operators. Section B.4 is devoted
to perturbations of block triangular matrices. Bounds for the spectrum of an in-
finite block matrix close to a triangular infinite block matrix are presented in
Section B.5. Diagonally dominant infinite block matrices are considered in Section
B.6. Section B.7 contains examples illustrating our results.

B.1 Definitions

Let 𝐻 be a separable complex Hilbert space, with the norm ∥.∥ and unit operator
𝐼. All the operators considered in this appendix are linear and bounded. Recall
that 𝜎(𝐴) and 𝑅𝜆(𝐴) = (𝐴 − 𝜆𝐼)−1 denote the spectrum and resolvent of an
operator 𝐴, respectively.

Recall also that a linear operator 𝑉 is called quasinilpotent, if 𝜎(𝑉 ) = 0. A
linear operator is called a Volterra operator, if it is compact and quasinilpotent.

In what follows
𝜋 = {𝑃𝑘, 𝑘 = 0, 1, 2, . . .}

is an infinite chain of orthogonal projections 𝑃𝑘 in 𝐻, such that

0 = 𝑃0𝐻 ⊂ 𝑃1𝐻 ⊂ 𝑃2𝐻 ⊂ ⋅ ⋅ ⋅

and 𝑃𝑛 → 𝐼 in the strong topology as 𝑛 → ∞. In addition

sup
𝑘≥1

dimΔ 𝑃𝑘𝐻 < ∞, where Δ𝑃𝑘 = 𝑃𝑘 − 𝑃𝑘−1.
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Let a linear operator 𝐴 acting in 𝐻 satisfy the relations

𝐴𝑃𝑘 = 𝑃𝑘𝐴𝑃𝑘 (𝑘 = 1, 2, . . . ). (1.1)

That is, 𝑃𝑘 are invariant projections for 𝐴. Put

𝐷 :=

∞∑
𝑘=1

Δ𝑃𝑘𝐴Δ𝑃𝑘

and 𝑉 = 𝐴−𝐷. Then
𝐴 = 𝐷 + 𝑉, (1.2)

and

𝐷𝑃𝑘 = 𝑃𝑘𝐷 (𝑘 = 1, 2, . . . ), (1.3)

and
𝑃𝑘−1𝑉 𝑃𝑘 = 𝑉 𝑃𝑘 (𝑘 = 2, 3, . . . ); 𝑉 𝑃1 = 0. (1.4)

Definition B.1.1. Let relations (1.1)–(1.4) hold with a compact operator 𝑉 . Then
we will say that 𝐴 is a 𝜋-triangular operator, 𝐷 is a 𝜋-diagonal operator and 𝑉 is
a 𝜋-Volterra operator.

Besides, relation (1.2) will be called the 𝜋-triangular representation of 𝐴, and
𝐷 and 𝑉 will be called the 𝜋-diagonal part and 𝜋-nilpotent part of 𝐴, respectively.

B.2 Properties of 𝝅-Volterra operators

Lemma B.2.1. Let 𝜋𝑚 = {𝑄𝑘, 𝑘 = 1, . . . ,𝑚; 𝑚 < ∞}, 𝑄𝑚 = 𝐼 be a finite chain
of projections. Then any operator 𝑉 satisfying the condition 𝑄𝑘−1𝑉 𝑄𝑘 = 𝑉 𝑄𝑘

(𝑘 = 2, . . . ,𝑚), 𝑉 𝑄1 = 0 is a nilpotent operator. Namely, 𝑉
𝑚 = 0.

Proof. Since

𝑉 𝑚 = 𝑉 𝑚𝑄𝑚 = 𝑉 𝑚−1𝑄𝑚−1𝑉 = 𝑉 𝑚−2𝑄𝑚−2𝑉 𝑄𝑚−1𝑉 = ⋅ ⋅ ⋅
⋅ ⋅ ⋅ = 𝑉 𝑄1 ⋅ ⋅ ⋅𝑉 𝑄𝑚−2𝑉 𝑄𝑚−1𝑉,

we have 𝑉 𝑚 = 0, as claimed. □

Lemma B.2.2. Let 𝑉 be a 𝜋-Volterra operator (i.e., it is compact and satisfies
(1.4)). Then 𝑉 is quasinilpotent.

Proof. Thanks to the definition of a 𝜋-Volterra operator and the previous lemma,
𝑉 is a limit of nilpotent operators in the operator norm. This and Theorem I.4.1
from [65] prove the lemma. □

Lemma B.2.3. Let 𝑉 be a 𝜋-Volterra operator and 𝐵 be 𝜋-triangular. Then 𝑉 𝐵
and 𝐵𝑉 are 𝜋-Volterra operators.
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Proof. It is obvious that

𝑃𝑘−1𝐵𝑉 𝑃𝑘 = 𝑃𝑘−1𝐵𝑃𝑘−1𝑉 𝑃𝑘 = 𝐵𝑃𝑘−1𝑉 𝑃𝑘 = 𝐵𝑉 𝑃𝑘.

Similarly 𝑃𝑘−1𝑉 𝐵𝑃𝑘 = 𝑉 𝐵𝑃𝑘. This proves the lemma. □
Lemma B.2.4. Let 𝐴 be a 𝜋-triangular operator. Let 𝑉 and 𝐷 be the 𝜋-nilpotent
and 𝜋-diagonal parts of 𝐴, respectively. Then for any regular point 𝜆 of 𝐷, the
operators 𝑉 𝑅𝜆(𝐷) and 𝑅𝜆(𝐷)𝑉 are 𝜋-Volterra ones.

Proof. Since 𝑃𝑘𝑅𝜆(𝐷) = 𝑅𝜆(𝐷)𝑃𝑘, the previous lemma ensures the required re-
sult. □

Let 𝑌 be a norm ideal of compact linear operators in 𝐻 . That is, 𝑌 is alge-
braically a two-sided ideal, which is complete in an auxiliary norm ∣ ⋅ ∣𝑌 for which
∣𝐶𝐵∣𝑌 and ∣𝐵𝐶∣𝑌 are both dominated by ∥𝐶∥∣𝐵∣𝑌 .

In the sequel we suppose that there are positive numbers 𝜃𝑘 (𝑘 ∈ N), with

𝜃
1/𝑘
𝑘 → 0 as 𝑘 → ∞,

such that
∥𝑉 𝑘∥ ≤ 𝜃𝑘∣𝑉 ∣𝑘𝑌 (2.1)

for an arbitrary Volterra operator

𝑉 ∈ 𝑌. (2.2)

Recall that the Schatten–von Neumann ideal 𝑆𝑁2𝑝 (𝑝 = 1, 2, . . . ) is the ideal of
compact operators with the finite ideal norm

𝑁2𝑝(𝐾) = [Trace(𝐾∗𝐾)𝑝]1/2𝑝 (𝐾 ∈ 𝑆𝑁2𝑝).

Let 𝑉 ∈ 𝑆𝑁2𝑝 be a Volterra operator. Then due to Corollary 6.9.4 from [31],
we get

∥𝑉 𝑗∥ ≤ 𝜃
(𝑝)
𝑗 𝑁 𝑗

2𝑝(𝑉 ) (𝑗 = 1, 2, . . . ), (2.3)

where

𝜃
(𝑝)
𝑗 =

1√
[𝑗/𝑝]!

and [𝑥] means the integer part of a positive number 𝑥. Inequality (2.3) can be
written as

∥𝑉 𝑘𝑝+𝑚∥ ≤ 𝑁𝑝𝑘+𝑚
2𝑝 (𝑉 )√

𝑘!
(𝑘 = 0, 1, 2, . . . ; 𝑚 = 0, . . . , 𝑝− 1). (2.4)

In particular, if 𝑉 is a Hilbert–Schmidt operator, then

∥𝑉 𝑗∥ ≤ 𝑁 𝑗
2 (𝑉 )√
𝑗!

(𝑗 = 0, 1, 2, . . . ). (2.5)



238 Appendix B. Infinite Block Matrices

B.3 Resolvents of 𝝅-triangular operators

Lemma B.3.1. Let 𝐴 be a 𝜋-triangular operator. Then 𝜎(𝐴) = 𝜎(𝐷), where 𝐷 is
the 𝜋-diagonal part of 𝐴. Moreover,

𝑅𝜆(𝐴) = 𝑅𝜆(𝐷)

∞∑
𝑘=0

(𝑉 𝑅𝜆(𝐷))
𝑘(−1)𝑘. (3.1)

Proof. Let 𝜆 be a regular point of operator 𝐷. According to the triangular repre-
sentation (1.2) we obtain

𝑅𝜆(𝐴) = (𝐷 + 𝑉 − 𝜆𝐼)−1 = 𝑅𝜆(𝐷)(𝐼 + 𝑉 𝑅𝜆(𝐷))
−1.

Operator 𝑉 𝑅𝜆(𝐷) for a regular point 𝜆 of operator 𝐷 is a Volterra one due to
Lemma B.2.3. Therefore,

(𝐼 + 𝑉 𝑅𝜆(𝐷))
−1 =

∞∑
𝑘=0

(𝑉 𝑅𝜆(𝐷))
𝑘(−1)𝑘

and the series converges in the operator norm. Hence, it follows that 𝜆 is a regular
point of 𝐴.

Conversely let 𝜆 ∕∈ 𝜎(𝐴). According to the triangular representation (1.2) we
obtain

𝑅𝜆(𝐷) = (𝐴− 𝑉 − 𝜆𝐼)−1 = 𝑅𝜆(𝐴)(𝐼 − 𝑉 𝑅𝜆(𝐴))
−1.

Since 𝑉 is a 𝑝-Volterra, for a regular point 𝜆 of 𝐴, operator 𝑉 𝑅𝜆(𝐴) is a Volterra
one due to Lemma B.2.4. So

(𝐼 − 𝑉 𝑅𝜆(𝐴))
−1 =

∞∑
𝑘=0

(𝑉 𝑅𝜆(𝐴))
𝑘

and the series converges in the operator norm. Thus,

𝑅𝜆(𝐷) = 𝑅𝜆(𝐴)

∞∑
𝑘=0

(𝑉 𝑅𝜆(𝐴))
𝑘.

Hence, it follows that 𝜆 is a regular point of 𝐷. This finishes the proof. □

With 𝑉 ∈ 𝑌 , introduce the function

𝜁𝑌 (𝑥, 𝑉 ) :=

∞∑
𝑘=0

𝜃𝑘∣𝑉 ∣𝑘𝑌 𝑥𝑘+1 (𝑥 ≥ 0).

Corollary B.3.2. Let 𝐴 be a 𝜋-triangular operator and let its 𝜋-nilpotent part 𝑉
belong to a norm ideal 𝑌 with the property (2.1). Then

∥𝑅𝜆(𝐴)∥ ≤ 𝜁𝑌 (∥𝑅𝜆(𝐷)∥, 𝑉 ) :=
∞∑

𝑘=0

𝜃𝑘∣𝑉 ∣𝑘𝑌 ∥𝑅𝜆(𝐷)∥𝑘+1

for all regular 𝜆 of 𝐴.



B.3. Resolvents of 𝜋-triangular operators 239

Indeed, according to Lemma B.2.3 and (2.1),

∥(𝑉 𝑅𝜆(𝐷))
𝑘∥ ≤ 𝜃𝑘∣𝑉 𝑅𝜆(𝐷)∣𝑘𝑌 .

But
∣𝑉 𝑅𝜆(𝐷)∣𝑌 ≤ ∣𝑉 ∣𝑌 ∥𝑅𝜆(𝐷)∥.

Now the required result is due to (3.1).

Corollary B.3.2 and inequality (2.3) yield

Corollary B.3.3. Let 𝐴 be a 𝜋-triangular operator and its 𝜋-nilpotent part 𝑉 ∈
𝑆𝑁2𝑝 for some integer 𝑝 ≥ 1. Then

∥𝑅𝜆(𝐴)∥ ≤
∞∑

𝑘=0

𝜃
(𝑝)
𝑘 𝑁𝑘

2𝑝(𝑉 )∥𝑅𝜆(𝐷)∥𝑘+1 (𝜆 ∕∈ 𝜎(𝐴)),

where 𝐷 is the 𝜋-diagonal part of 𝐴. In particular, if 𝑉 is a Hilbert–Schmidt
operator, then

∥𝑅𝜆(𝐴)∥ ≤
∞∑

𝑘=0

𝑁𝑘
2 (𝑉 )√
𝑘!

∥𝑅𝜆(𝐷)∥𝑘+1 (𝜆 ∕∈ 𝜎(𝐴)).

Note that under the condition 𝑉 ∈ 𝑆𝑁2𝑝, 𝑝 > 1, inequality (2.4) implies

∥𝑅𝜆(𝐴)∥ ≤
𝑝−1∑
𝑗=0

∞∑
𝑘=0

𝑁𝑝𝑘+𝑗
2𝑝 (𝑉 )√

𝑘!
∥𝑅𝜆(𝐷)∥𝑝𝑘+𝑗+1. (3.2)

Thanks to the Schwarz inequality, for all 𝑥 > 0 and 𝑎 ∈ (0, 1),[ ∞∑
𝑘=0

𝑥𝑘

√
𝑘!

]2

=

[ ∞∑
𝑘=0

𝑥𝑘𝑎𝑘

𝑎𝑘
√
𝑘!

]2

≤
∞∑

𝑘=0

𝑎2𝑘
∞∑

𝑘=0

𝑥2𝑘

𝑎2𝑘𝑘!
= (1 − 𝑎2)−1𝑒𝑥

2/𝑎2

.

In particular, take 𝑎2 = 1/2. Then

∞∑
𝑘=0

𝑥𝑘

√
𝑘!

≤
√
2𝑒𝑥

2

.

Now (3.2) implies

Corollary B.3.4. Let 𝐴 be a 𝜋-triangular operator and its 𝜋-nilpotent part 𝑉 ∈
𝑆𝑁2𝑝 for some integer 𝑝 ≥ 1. Then

∥𝑅𝜆(𝐴)∥ ≤ 𝜁𝑝(∥𝑅𝜆(𝐷)∥, 𝑉 ) (𝜆 ∕∈ 𝜎(𝐴)),

where

𝜁𝑝(𝑥, 𝑉 ) :=
√
2

𝑝−1∑
𝑗=0

𝑁 𝑗
2𝑝(𝑉 )𝑥

𝑗+1 exp[ 𝑁2𝑝
2𝑝 (𝑉 )𝑥

2𝑝] (𝑥 > 0). (3.3)
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Lemma B.3.5. Let 𝐴 be a 𝜋 triangular operator, whose 𝜋-nilpotent part 𝑉 belongs
to a norm ideal 𝑌 with the property (2.1). Let 𝐵 be a bounded operator in 𝐻. Then
for any 𝜇 ∈ 𝜎(𝐵) either 𝜇 ∈ 𝜎(𝐷), or

∥𝐴−𝐵∥𝜁𝑌 (∥𝑅𝜇(𝐷)∥, 𝑉 ) ≥ 1.

In particular, if 𝑉 ∈ 𝑆𝑁2𝑝 for some integer 𝑝 ≥ 1, then this inequality holds with
𝜁𝑌 = 𝜁𝑝.

Indeed this result follows from Corollaries B.3.2 and B.3.4.

Let us establish the multiplicative representation for the resolvent of a 𝜋-
triangular operator. To this end, for bounded linear operators 𝑋1, 𝑋2, . . . , 𝑋𝑚

and 𝑗 < 𝑚, denote
→∏

𝑗≤𝑘≤𝑚

𝑋𝑘 := 𝑋𝑗𝑋𝑗+1 . . .𝑋𝑚.

In addition →∏
𝑗≤𝑘≤∞

𝑋𝑘 := lim
𝑚→∞

→∏
𝑗≤𝑘≤𝑚

𝑋𝑘

if the limit exists in the operator norm.

Lemma B.3.6. Let 𝜋 = {𝑃𝑘}∞𝑘=1 be a chain of orthogonal projections, 𝑉 a 𝜋-
Volterra operator. Then

(𝐼 − 𝑉 )−1 =

→∏
𝑘=2,3,...

(𝐼 + 𝑉Δ𝑃𝑘). (3.4)

Proof. First let 𝜋 = {𝑃1, . . . , 𝑃𝑚} be finite. According to Lemma B.2.1,

(𝐼 − 𝑉 )−1 =

𝑚−1∑
𝑘=0

𝑉 𝑘. (3.5)

On the other hand,

→∏
2≤𝑘≤𝑚

(𝐼 + 𝑉Δ𝑃𝑘) = 𝐼 +

𝑚∑
𝑘=2

𝑉𝑘 +
∑

2≤𝑘1<𝑘2≤𝑚

𝑉𝑘1𝑉𝑘2 + ⋅ ⋅ ⋅+ 𝑉2𝑉3 . . . 𝑉𝑚.

Here, as above, 𝑉𝑘 = 𝑉Δ𝑃𝑘. However,∑
2≤𝑘1<𝑘2≤𝑚

𝑉𝑘1𝑉𝑘2 = 𝑉
∑

2≤𝑘1<𝑘2≤𝑚

Δ𝑃𝑘1𝑉Δ𝑃𝑘2

= 𝑉
∑

3≤𝑘2≤𝑚

𝑃𝑘2−1𝑉Δ𝑃𝑘2 = 𝑉 2
∑

3≤𝑘2≤𝑚

Δ𝑃𝑘2 = 𝑉 2.



B.4. Perturbations of block triangular matrices 241

Similarly, ∑
2≤𝑘1<𝑘3⋅⋅⋅<𝑘𝑗≤𝑚

𝑉𝑘1𝑉𝑘2 . . . 𝑉𝑘𝑗 = 𝑉 𝑗

for 𝑗 < 𝑚. Thus from (3.5) the relation (3.4) follows. The rest of the proof is left
to the reader. □
Theorem B.3.7. For any 𝜋-triangular operator 𝐴 and a regular 𝜆 ∈ ℂ we have

𝑅𝜆(𝐴) = (𝐷 − 𝜆𝐼)−1
→∏

2≤𝑘≤∞
(𝐼 − 𝑉Δ𝑃𝑘(𝐷 − 𝜆𝐼)−1Δ𝑃𝑘),

where 𝐷 and 𝑉 are the 𝜋-diagonal and 𝜋-nilpotent parts of 𝐴, respectively.

Proof. Due to Lemma B.2.4, 𝑉 𝑅𝜆(𝐷) is 𝜋-nilpotent. Now the previous lemma
implies

(𝐼 + 𝑉 𝑅𝜆(𝐷))
−1 =

→∏
2≤𝑘≤𝑚

(𝐼 − 𝑉 𝑅𝜆(𝐷)Δ𝑃𝑘).

But 𝑅𝜆(𝐷)Δ𝑃𝑘 = Δ𝑃𝑘𝑅𝜆(𝐷). This proves the result. □

Let 𝐴 be a 𝜋-triangular operator and

Π(𝐴, 𝜆) := ∥𝑅𝜆(𝐷)∥
∞∏

𝑘=2

(1 + ∥𝑅𝜆(𝐷)Δ𝑃𝑘∥∥𝑉Δ𝑃𝑘∥) < ∞.

Then from the previous theorem follows the inequality ∥𝑅𝜆(𝐴)∥ ≤ Π(𝐴, 𝜆).

B.4 Perturbations of block triangular matrices

Let 𝐻 = 𝑙2(ℂ𝑛) be the space of sequences ℎ = {ℎ𝑘 ∈ ℂ𝑛}∞𝑘=1 with values in the
Euclidean space ℂ𝑛 and the norm

∣ℎ∣𝑙2(ℂ𝑛) =

[ ∞∑
𝑘=1

∥ℎ𝑘∥2𝑛
]1/2

,

where ∥ ⋅ ∥𝑛 is the Euclidean norm in ℂ𝑛.

Consider the operator defined in 𝑙2(ℂ𝑛) by the upper block triangular matrix

𝐴+ =

⎛
⎜⎜⎝

𝐴11 𝐴12 𝐴13 . . .
0 𝐴22 𝐴23 . . .
0 0 𝐴33 . . .
. . . . . .

⎞
⎟⎟⎠ , (4.1)

where 𝐴𝑗𝑘 are 𝑛× 𝑛-matrices.
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So 𝐴+ = 𝐷̃ + 𝑉+, where 𝑉+ and 𝐷̃ are the strictly upper triangular, and
diagonal parts of 𝐴+, respectively:

𝑉+ =

⎛
⎜⎜⎝
0 𝐴12 𝐴13 𝐴14 . . .
0 0 𝐴23 𝐴24 . . .
0 0 0 𝐴34 . . .
. . . . . . .

⎞
⎟⎟⎠

and 𝐷̃ = diag[𝐴11, 𝐴22, 𝐴33, . . . ]. Put

𝜂 𝑛(𝜆) := sup
𝑘

∥𝑅𝜆(𝐴𝑘𝑘)∥𝑛.

Lemma B.4.1. Let 𝐴+ be the block triangular matrix defined by (4.1) and 𝑉+ be
a compact operator belonging to a norm ideal 𝑌 with the property (2.1). Then
𝜎(𝐴+) = 𝜎(𝐷̃), and

∣𝑅𝜆(𝐴+)∣𝑙2 ≤ 𝜁𝑌 (𝜂 𝑛(𝜆), 𝑉+) (4.2)

for all regular 𝜆 of 𝐷̃. Moreover, for any bounded operator 𝐵 acting in 𝑙2(ℂ𝑛) and
a 𝜇 ∈ 𝜎(𝐵), either 𝜇 ∈ 𝜎(𝐷̃), or

𝑞𝜁𝑌 (𝜂 𝑛(𝜇), 𝑉+) ≥ 1
where 𝑞 := ∣𝐴+ −𝐵∣𝑙2(ℂ𝑛). In particular, if

𝑉+ ∈ 𝑆𝑁2𝑝 (𝑝 = 1, 2, . . . ) (4.3)

then 𝜁𝑌 = 𝜁𝑝.

Proof. Let 𝑃𝑗 , 𝑗 = 0, 1, 2, . . . be projections onto the subspaces of 𝑙2(ℂ𝑛) gener-
ated by the first 𝑛𝑗 elements of the standard basis. Then 𝜋 = {𝑃𝑘} is the infinite
chain of orthogonal projections in 𝑙2(ℂ𝑛), such that (1.1) holds and 𝑃𝑛 → 𝐼
strongly as 𝑛 → ∞. Moreover, dimΔ𝑃𝑘𝐻 ≡ 𝑛 (𝑘 = 1, 2, . . . ) and

𝐴𝑗𝑘 = Δ𝑃𝑗𝐴Δ𝑃𝑘, 𝐷̃ =

∞∑
𝑗=1

𝐴𝑗𝑗 .

Hence it follows that 𝐴+ is a 𝜋 triangular operator. Now Corollaries B.3.2 and
B.3.5 prove the result. □

Let

∥𝑅𝜆(𝐴𝑘𝑘)∥ ≤ 𝜙(𝜌(𝐴𝑘𝑘 , 𝜆)) :=

𝑛−1∑
𝑙=0

𝑐𝑙
𝜌𝑙+1(𝐴𝑘𝑘, 𝜆)

(𝜆 ∕∈ 𝜎(𝐷̃))

where 𝑐𝑙 are non-negative coefficients, independent of 𝑘, and 𝜌(𝐴, 𝜆) is the distance
between a complex point 𝜆 and 𝜎(𝐴). Then

∥𝑅𝜆(𝐴𝑘𝑘)∥ ≤ 𝜙(𝜌(𝐷̃, 𝜆)) :=

𝑛−1∑
𝑙=0

𝑐𝑙

𝜌𝑙+1(𝐷̃, 𝜆)
(𝜆 ∕∈ 𝜎(𝐷̃)) (4.4)
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and

𝜌(𝐷̃, 𝜆) = inf
𝑘=1,2,...

min
𝑗=1,...,𝑛

∣𝜆− 𝜆𝑗(𝐴𝑘𝑘)∣

is the distance between a point 𝜆 and 𝜎(𝐷̃), and

𝜙(𝑦) =

𝑛−1∑
𝑘=0

𝑐𝑘
𝑦𝑘+1

(𝑦 > 0).

We have

𝜂 𝑛(𝜆) = sup
𝑗=1,2,...

∥𝑅𝜆(𝐴𝑗𝑗)∥ ≤ 𝜙(𝜌(𝐷̃, 𝜆)).

Under (4.3), Lemma B.4.1 gives us the inequality

∣𝑅𝜆(𝐴+)∣𝑙2(ℂ𝑛) ≤ 𝜁𝑝(𝜙(𝜌(𝐷̃, 𝜆)), 𝑉+) (4.5)

for all regular 𝜆 of 𝐷̃, provided 𝑉+ ∈ 𝑆𝑁2𝑝. So for a bounded operator 𝐵 and

𝜇 ∈ 𝜎((𝐵), either 𝜇 ∈ 𝜎(𝐷̃) or

𝑞𝜁𝑝(𝜙(𝜌(𝐷̃, 𝜇)), 𝑉+) ≥ 1. (4.6)

Furthermore, let 𝐶 = (𝑐𝑗𝑘)
𝑛
𝑗,𝑘=1 be an 𝑛 × 𝑛-matrix. Then as it is shown in Sec-

tion 2.3,

∥𝑅𝜆(𝐶)∥𝑛 ≤
𝑛−1∑
𝑘=0

𝑔𝑘(𝐶)√
𝑘!𝜌𝑘+1(𝐶, 𝜆)

,

where 𝜆𝑘(𝐶); 𝑘 = 1, . . . , 𝑛 are the eigenvalues of 𝐶 including their multiplicities,
and

𝑔(𝐶) = (𝑁2
2 (𝐶) −

𝑛∑
𝑘=1

∣𝜆𝑘(𝐶)∣2)1/2.

In particular, the inequalities

𝑔2(𝐶) ≤ 𝑁2
2 (𝐶)− ∣Trace𝐶2∣ and 𝑔2(𝐶) ≤ 1

2
𝑁2

2 (𝐶
∗ − 𝐶) (4.7)

are true. If 𝐶 is a normal matrix, then 𝑔(𝐶) = 0. Thus

∥𝑅𝜆(𝐴𝑗𝑗)∥𝑛 ≤
𝑛−1∑
𝑘=0

𝑔𝑘(𝐴𝑗𝑗)√
𝑘!𝜌𝑘+1(𝐴𝑗𝑗 , 𝜆)

.

Since 𝐷̃ is bounded, we have

𝑔0 := sup
𝑘=1,2,...

𝑔(𝐴𝑘𝑘) < ∞.



244 Appendix B. Infinite Block Matrices

Then one can take 𝜙(𝑦) = 𝜙0(𝑦), where

𝜙0(𝑦) =

𝑛−1∑
𝑘=0

𝑔𝑘
0√

𝑘!𝑦𝑘+1
.

If all the diagonal matrices 𝐴𝑘𝑘 are normal, then 𝑔(𝐴𝑘𝑘) = 0 and 𝜙0(𝑦) = 1/𝑦.
Relation (4.6) yields

Lemma B.4.2. Let 𝐴+ be defined by (4.1) and 𝐵 a linear operator on 𝑙2(ℂ𝑛). If,
in addition, condition (4.3) holds, then for any 𝜇 ∈ 𝜎(𝐵), there is a 𝜆 ∈ 𝜎(𝐷̃),
such that

∣𝜆− 𝜇∣ ≤ 𝑟𝑝(𝑞, 𝑉+)),

where 𝑟𝑝(𝑞, 𝑉+) is the unique positive root of the equation

𝑞𝜁𝑝(𝜙0(𝑦), 𝑉+) = 1. (4.8)

Here 𝑦 is the unknown.

It is simple to see that

𝑟𝑝(𝑞, 𝑉+) ≤ 𝑦𝑛(𝑧𝑝(𝑞, 𝑉+)), (4.9)

where 𝑦𝑛(𝑏) is the unique positive root of the equation

𝜙0(𝑦) = 𝑏 (𝑏 = const > 0),

and 𝑧𝑝(𝑞, 𝑉+) is the unique positive root of the equation

𝑞𝜁𝑝(𝑥, 𝑉+) = 𝑞
√
2

𝑝−1∑
𝑗=0

𝑁 𝑗
2𝑝(𝑉+)𝑥

𝑗+1 exp[ 𝑁2𝑝
2𝑝 (𝑉+)𝑥

2𝑝] = 1. (4.10)

Furthermore, due to Lemma 2.4.3, 𝑦𝑛(𝑏) ≤ 𝑝𝑛(𝑏), where

𝑝𝑛(𝑏) =

{
𝜙0(1)/𝑏 if 𝜙0(1) ≥ 𝑏,
𝑛
√

𝜙0(1)/𝑏 if 𝜙0(1) < 𝑏.

We need the following

Lemma B.4.3. The unique positive root 𝑧𝑎 of the equation

𝑝−1∑
𝑗=0

𝑧𝑗+1 exp[𝑧2𝑝] = 𝑎 (𝑎 = const > 0) (4.11)

satisfies the inequality 𝑧𝑎 ≥ 𝛿𝑝(𝑎), where

𝛿𝑝(𝑎) :=

{
𝑎/𝑝𝑒 if 𝑎 ≤ 𝑝𝑒,

[𝑙𝑛 (𝑎/𝑝)]1/2𝑝 if 𝑎 > 𝑝𝑒.
(4.12)
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For the proof see [31, Lemma 8.3.2]. Put in (4.10) 𝑁2𝑝(𝑉+)𝑥 = 𝑧. Then we
get equation (4.12) with 𝑎 = 𝑁2𝑝(𝑉+)/𝑞

√
2. The previous lemma implies

𝑧𝑝(𝑞, 𝑉+) ≥ 𝛾𝑝(𝑞, 𝑉+), where 𝛾𝑝(𝑞, 𝑉+) :=
𝛿𝑝(𝑁2𝑝(𝑉+)/𝑞

√
2)

𝑁2𝑝(𝑉+)
.

We thus get
𝑟𝑝(𝑞, 𝑉+) ≤ 𝑝𝑛(𝛾𝑝(𝑞, 𝑉+)). (4.13)

B.5 Block matrices close to triangular ones

Consider in 𝑙2(ℂ𝑛) the operator defined by the block matrix

𝐴 =

⎛
⎜⎜⎝

𝐴11 𝐴12 𝐴13 . . .
𝐴21 𝐴22 𝐴23 . . .
𝐴31 𝐴32 𝐴33 . . .
. . . . . .

⎞
⎟⎟⎠ (5.1)

where 𝐴𝑗𝑘 are 𝑛× 𝑛-matrices. Clearly,

𝐴 = 𝐷̃ + 𝑉+ + 𝑉−

where 𝑉+ is the strictly upper triangular, part, 𝐷̃ is the diagonal part and 𝑉− is
the strictly lower triangular part of 𝐴:

𝑉− =

⎛
⎜⎜⎜⎜⎝

0 0 0 0 . . .
𝐴21 0 0 0 . . .
𝐴31 𝐴32 0 0 . . .
𝐴41 𝐴42 𝐴43 0 . . .
. . . . . . .

⎞
⎟⎟⎟⎟⎠ .

Now we get the main result of the paper which is due to (4.6) with 𝐵 = 𝐴.

Recall that 𝜙0 is defined in the previous section and 𝜁𝑝 is defined by (3.3).

Theorem B.5.1. Let 𝐴 be defined by (5.1) and condition (4.3) hold. Then for any
𝜇 ∈ 𝜎(𝐴), either 𝜇 ∈ 𝜎(𝐷̃), or there is a 𝜆 ∈ 𝜎(𝐷̃), such that

∣𝑉−∣𝑙2(ℂ𝑛)𝜁𝑝(𝜙0(∣𝜆− 𝜇∣), 𝑉+) ≥ 1.

The theorem is exact in the following sense: if 𝑉− = 0, then 𝜎(𝐴) = 𝜎(𝐷̃).
Moreover, Lemma B.4.2 with 𝐵 = 𝐴 implies

Corollary B.5.2. Let 𝐴 be defined by (5.1) and condition (4.3) hold. Then for any
𝜇 ∈ 𝜎(𝐷̃), there is a 𝜆 ∈ 𝜎(𝐷̃), such that

∣𝜆− 𝜇∣ ≤ 𝑟𝑝(𝐴),
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where 𝑟𝑝(𝐴) is the unique positive root of the equation

∣𝑉−∣𝑙2(ℂ𝑛)𝜁𝑝(𝜙0(𝑦), 𝑉+) = 1.

Moreover, (4.13) gives us the bound for 𝑟𝑝(𝐴) if we take 𝑞 = ∣𝑉−∣𝑙2(ℂ𝑛).

Note that in Theorem B.5.1 it is enough that 𝑉+ is compact. Operator 𝑉−
can be noncompact.

Clearly, one can exchange 𝑉+ and 𝑉−.

B.6 Diagonally dominant block matrices

Put
𝑚𝑗𝑘 = ∥𝐴𝑗𝑘∥𝑛 (𝑗, 𝑘 = 1, 2, . . . )

and consider the matrix
𝑀 = (𝑚𝑗𝑘)

∞
𝑗,𝑘=1.

Lemma B.6.1. The spectral radius 𝑟𝑠(𝐴) of 𝐴 is less than or is equal to the spectral
radius of 𝑀 .

Proof. Let 𝐴
(𝜈)
𝑗𝑘 and 𝑚

(𝜈)
𝑗𝑘 (𝜈 = 2, 3, . . . ) be the entries of 𝐴𝜈 and𝑀𝜈 , respectively.

We have

∥𝐴(2)
𝑗𝑘 ∥𝑛 = ∥

∞∑
𝑙=1

𝐴𝑗𝑙𝐴𝑙𝑘∥𝑛 ≤
∞∑
𝑙=1

∥𝐴𝑗𝑙∥𝑛∥𝐴𝑙𝑘∥𝑛 =
∞∑
𝑙=1

𝑚𝑗𝑙𝑚𝑙𝑘 = 𝑚
(2)
𝑗𝑘 .

Similarly, we get ∥𝐴(𝜈)
𝑗𝑘 ∥𝑛 ≤ 𝑚

(𝜈)
𝑗𝑘 .

But for any ℎ = {ℎ𝑘} ∈ 𝑙2(ℂ𝑛), we have

∣𝐴ℎ∣2𝑙2(𝐶𝑛) ≤
∞∑

𝑗=1

( ∞∑
𝑘=1

∥𝐴𝑗𝑘ℎ𝑘∥𝑛

)2

≤
∞∑

𝑗=1

( ∞∑
𝑘=1

𝑚𝑗𝑘∥ℎ𝑘∥𝑛

)2

= ∣𝑀ℎ̃∣2𝑙2(ℝ)

where
ℎ̃ = {∥ℎ𝑘∥𝑛} ∈ 𝑙2(𝑅1).

Since

∣ℎ∣2𝑙2(𝐶𝑛) =

∞∑
𝑘=1

∥ℎ𝑘∥2𝑛 = ∣ℎ̃∣2𝑙2(ℝ),

we obtain ∣𝐴𝜈 ∣𝑙2(𝐶𝑛) ≤ ∣𝑀𝜈 ∣𝑙2(ℝ) (𝜈 = 2, 3, . . . ). Now the Gel’fand formula for the
spectral radius yields the required result. □

Let

𝑆𝑗 :=

∞∑
𝑘=1,𝑘 ∕=𝑗

∥𝐴𝑗𝑘∥𝑛.
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Theorem B.6.2. Let 𝐴𝑗𝑗 be invertible for all integer 𝑗. In addition, let

sup
𝑗

𝑆𝑗 < ∞ (6.1)

and there be an 𝜖 > 0, such that

∥𝐴−1
𝑗𝑗 ∥−1

𝑛 − 𝑆𝑗 ≥ 𝜖 (𝑗 = 1, 2, . . . ). (6.2)

Then 𝐴 is invertible. Moreover, let

𝜓(𝜆) := sup
𝑗

∥(𝐴𝑗𝑗 − 𝜆)−1∥𝑆𝑗 < 1.

Then 𝜆 is a regular point of 𝐴, and

∣(𝐴− 𝜆)−1∣𝑙2(ℂ𝑛) ≤ (1− 𝜓(𝜆))−1 sup
𝑗

∥(𝐴𝑗𝑗 − 𝜆)−1∥𝑛.

Proof. Put 𝑊 = 𝐴 − 𝐷̃ = 𝑉+ + 𝑉− with an invertible 𝐷̃. That is, 𝑊 is the
off-diagonal part of 𝐴, and

𝐴 = 𝐷̃ +𝑊 = 𝐷̃(𝐼 + 𝐷̃−1𝑊 ). (6.3)

Clearly,
∞∑

𝑘=1,𝑘 ∕=𝑗

∥𝐴−1
𝑗𝑗 𝐴𝑗𝑘∥𝑛 ≤ 𝑆𝑗∥𝐴−1

𝑗𝑗 ∥.

From (6.2) it follows that

1− 𝑆𝑗∥𝐴−1
𝑗𝑗 ∥𝑛 ≥ ∥𝐴−1

𝑗𝑗 ∥𝑛𝜖 (𝑗 = 1, 2, . . . ).

Therefore

sup
𝑗

∞∑
𝑘=1,𝑘 ∕=𝑗

∥𝐴−1
𝑗𝑗 𝐴𝑗𝑘∥𝑛 < 1.

Then thanks to Lemma 2.4.8 on the bound for the spectral radius and the previ-
ous lemma the spectral radius 𝑟𝑠(𝐷̃

−1𝑊 ) of the matrix 𝐷̃−1𝑊 is less than one.
Therefore 𝐼 + 𝐷̃−1𝑊 is invertible. Now (6.3) implies that 𝐴 is invertble. This
proves the theorem. □

It should be noted that condition (6.1) implies that the off-diagonal part 𝑊
of 𝐴 is compact, since under (6.1) the sequence of the finite-dimensional operators

𝑊𝑙 :=

⎛
⎜⎜⎜⎜⎝

0 𝐴12 𝐴13 . . . 𝐴1𝑙

𝐴21 0 𝐴23 . . . 𝐴2𝑙

𝐴31 𝐴32 0 . . . 𝐴3𝑙

. . . . . . .
𝐴𝑙1 𝐴𝑙2 𝐴𝑙3 . . . 0

⎞
⎟⎟⎟⎟⎠

converges to 𝑊 in the norm of space 𝑙2(ℂ𝑛) as 𝑙 → ∞.
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B.7 Examples

Let 𝑛 = 2. Then 𝐷̃ is the orthogonal sum of the 2× 2-matrices

𝐴𝑘𝑘 =

(
𝑎2𝑘−1,2𝑘−1 𝑎2𝑘−1,2𝑘

𝑎2𝑘,2𝑘−1 𝑎2𝑘,2𝑘

)
(𝑘 = 1, 2, . . . ).

If 𝐴𝑘𝑘 are real matrices, then due to the above-mentioned inequality 𝑔2(𝐶) ≤
𝑁2

2 (𝐶
∗ − 𝐶)/2, we have

𝑔(𝐴𝑘𝑘) ≤ ∣𝑎2𝑘−1,2𝑘 − 𝑎2𝑘,2𝑘−1∣.
So one can take

𝜙0(𝑦) =
1

𝑦

(
1 +

𝑔0
𝑦

)
with 𝑔0 := sup

𝑘
∣𝑎2𝑘−1,2𝑘 − 𝑎2𝑘,2𝑘−1∣.

Besides, 𝜎(𝐷̃) = {𝜆1,2(𝐴𝑘𝑘)}∞𝑘=1, where

𝜆1,2(𝐴𝑘𝑘) =
1

2
(𝑎2𝑘−1,2𝑘−1+𝑎2𝑘,2𝑘± [(𝑎2𝑘−1,2𝑘−1−𝑎2𝑘,2𝑘)

2−𝑎2𝑘−1,2𝑘𝑎2𝑘,2𝑘−1]
1/2).

Now we can directly apply Theorems B.5.1 and Corollary B.5.2.

Furthermore, let 𝐿2(𝜔,ℂ𝑛) be the space of vector-valued functions defined
on a bounded subset 𝜔 of ℝ𝑚 with the scalar product

(𝑓, 𝑔) =

∫
𝜔

(𝑓(𝑠), 𝑔(𝑠))𝐶𝑛𝑑𝑠

where (., .)𝐶𝑛 is the scalar product in ℂ𝑛. Let us consider in 𝐿2(𝜔,ℂ𝑛) the matrix
integral operator

(𝑇𝑓)(𝑥) =

∫
𝜔

𝐾(𝑥, 𝑠)𝑓(𝑠)𝑑𝑠

with the condition ∫
𝜔

∫
𝜔

∥𝐾(𝑥, 𝑠)∥2𝑛𝑑𝑥 𝑑𝑠 < ∞.

That is, 𝑇 is a Hilbert–Schmidt operator.

Let {𝑒𝑘(𝑥)} be an orthogonal normal basis in 𝐿2(𝜔,ℂ𝑛) and

𝐾(𝑥, 𝑠) =

∞∑
𝑗,𝑘=1

𝐴𝑗𝑘𝑒𝑘(𝑠)𝑒𝑘(𝑥)

be the Fourier expansion of𝐾, with the matrix coefficients 𝐴𝑗𝑘. Then 𝑇 is unitarily

equivalent to the operator 𝐴 defined by (1.1). Now one can apply Theorems B.5.1
and B.6.1, and Corollary B.5.2.

This appendix is based on the paper [37].
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Birkhäuser, Boston, 2003.

[68] Guter, P., Kudryavtsev L. and Levitan, B., Elements of the Theory of Func-
tions, Fizmatgiz, 1963. In Russian.

[69] Halanay, A., Stability Theory of Linear Periodic Systems with Delay, Rev.
Math. Pure Appl. 6(4), (1961), 633–653.

[70] Halanay, A., Differential Equations: Stability, Oscillation, Time Lags, Aca-
demic Press, NY, 1966.

[71] Hale, J.K., Theory of Functional Differential Equations, Springer- Verlag,
New York, 1977.

[72] Hale, J.K. and Lunel, S.M.V., Introduction to Functional Differential Equa-
tions, Springer, New York, 1993.

[73] Hewitt, E. and Stromberg, K., Real and Abstract Analysis, Springer Verlag,
Berlin 1969.

[74] Horn R.A and Johnson, C.R., Matrix Analysis, Cambridge Univ. Press,
Cambridge, 1985

[75] Insperger, T. and Stepan, G., Stability of the damped Mathieu equation with
time-delay, J. Dynam. Syst., Meas. Control, 125, (2003) no. 2, 166–171.

[76] Izobov, N.A., Linear systems of ordinary differential equations. Itogi Nauki
i Tekhniki. Mat. Analis, 12, (1974) 71–146, In Russian.

[77] Kolmanovskii, V. and Myshkis, A., Applied Theory of Functional Differential
Equations, Kluwer, Dordrecht, 1999.

[78] Kolmanovskii, V.B. and Nosov, V.R., Stability of Functional Differential
Equations, Ac Press, London, 1986.

[79] Krasnosel’skii, A.M., Asymptotic of Nonlinearities and Operator Equations,
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